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§5. Ǒ���������� � ������������¯.5.1. Ǒ®ïâ¨¥ ¯à®¨§¢®¤®©�¯à¥¤¥«¥¨¥ ¯à®¨§¢®¤®©.Ǒà®¨§¢®¤®© äãªæ¨¨ f ¢ â®çª¥ x  §ë¢ ¥âáï ¯à¥¤¥« ®â®è¥¨ï:
f ′(x) = lim

δ→0 f(x + δ)− f(x)
δ

.®â¬¥â¨¬ ¤¢  ®ç¥¢¨¤ëå á¢®©áâ¢ :
• c′ = 0 (¯à®¨§¢®¤ ï ¯®áâ®ï®© à ¢  ã«î)
•

(
c f(x))′ = c

(
f(x))′ (ª®áâ âã ¬®�® ¢ë®á¨âì §  § ª ¯à®¨§¢®¤-®©).

• Ǒà¨¬¥à 1. � ©¤¥¬ ¯à®¨§¢®¤ãî äãªæ¨¨ f(x) = sinx :(sinx)′ = lim
δ→0 sin(x + δ)− sin(x)

δ
= lim

δ→0 2 os ( 2x+δ2 ) sin (
δ2)

δ
== lim

δ→0 os(2x+ δ2 )

︸ ︷︷ ︸

↓osx sin (
δ2)

δ2
︸ ︷︷ ︸

↓1 = osx.(Ǒà¨¬¥¨«¨ ¯¥à¢ë© § ¬¥ç â¥«ìë© ¯à¥¤¥«.)
• Ǒà¨¬¥à 2. � ©¤¥¬ ¯à®¨§¢®¤ãî äãªæ¨¨ f(x) = osx :(osx)′ = lim

δ→0 os(x + δ)− os(x)
δ

= lim
δ→0 −2 sin ( 2x+δ2 ) sin (

δ2)

δ
== − lim

δ→0 sin(2x+ δ2 )

︸ ︷︷ ︸

↓sinx

sin (
δ2)

δ2
︸ ︷︷ ︸

↓1 = − sinx.(Ǒà¨¬¥¨«¨ ¯¥à¢ë© § ¬¥ç â¥«ìë© ¯à¥¤¥«.)4
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• Ǒà¨¬¥à 3. � ©¤¥¬ ¯à®¨§¢®¤ãî äãªæ¨¨ f(x) = ax :(ax)′ = lim
δ→0 ax+δ − ax

δ
= lim

δ→0 ax
(
aδ − 1)
δ

= ax ln a.(Ǒà¨¬¥¨«¨ ç¥â¢¥àâë© § ¬¥ç â¥«ìë© ¯à¥¤¥«.)�âáî¤ , ¢ ç áâ®áâ¨, á«¥¤ã¥â, çâ® (ex)′ = ex.
• Ǒà¨¬¥à 4. � ©¤¥¬ ¯à®¨§¢®¤ãî äãªæ¨¨ f(x) = loga x :(loga x)′ = lim

δ→0 loga(x + δ)− loga(x)
δ

= lim
δ→0 loga

(
x+δ

x

)

δ
== lim

δ→0 ln (
x+δ

x

)ln a · δ = lim
δ→0 ln (1 + δ

x

)ln a · x · δ
x

= 1ln a · x .(Ǒà¨¬¥¨«¨ âà¥â¨© § ¬¥ç â¥«ìë© ¯à¥¤¥«.)�âáî¤ , ¢ ç áâ®áâ¨, á«¥¤ã¥â, çâ® (ln x)′ = 1
x
.�¥®¬¥âà¨ç¥áª¨© á¬ëá« ¯à®¨§¢®¤®©.� áá¬®âà¨¬ £à ä¨ª äãªæ¨¨

y = f(x) ¨ â®çª¨ A(xo; f(xo)),
B(xo + δ; f(xo + δ)), C(xo + δ; f(xo)).�®£¤ 
AC = δ

BC = f(xo + δ)− f(xo)�«ï âà¥ã£®«ì¨ª  ABCtg B̂AC = BC

AC
= f(x + δ)− f(x)

δ
{ â £¥á ã£«   ª«®  á¥ªãé¥© ª£à ä¨ªã äãªæ¨¨.�á«¨ ¯¥à¥©â¨ ª ¯à¥¤¥«ã ¯à¨ δ → 0, â® á¥ªãé ï ¯¥à¥©¤¥â ¢ ª á -â¥«ìãî ª £à ä¨ªã äãªæ¨¨ ¢ â®çª¥ A. �«¥¤®¢ â¥«ì®, f ′(xo) à ¢ â £¥áã  ª«®  ª á â¥«ì®© ª £à ä¨ªã äãªæ¨¨ ¢ â®áª¥ á  ¡áæ¨á-á®© xo.
5

f(xo+δ) B 

    f(xo)         A      C   

              xo            xo+δ
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�à ¢¥¨ï ª á â¥«ì®© ¨ ®à¬ «¨.� áá¬®âà¨¬ ª á â¥«ìãî ¨ ®à¬ «ì ª £à ä¨ªã äãªæ¨¨ y = f(x)¢ â®çª¥ A(xo; f(xo)). Ǒãáâì ãà ¢¥¨¥ ª á â¥«ì®© ¨¬¥¥â ¢¨¤
y = k1x+ b1,ãà ¢¥¨¥ ®à¬ «¨
y = k2x+ b2.�®-¯¥à¢ëå, ª ª á«¥¤ã¥â ¨§ £¥®¬¥âà¨ç¥áª®£® á¬ëá«  ¯à®¨§¢®¤®©,

k1 = f ′(xo).�®-¢â®àëå, â ª ª ª ª á â¥«ì ï ¨ ®à¬ «ì ¯¥à¯¥¤¨ªã«ïàë ¤àã£¤àã£ã, k1k2 = −1 =⇒ k2 = − 1
f ′(xo) (¥á«¨ f ′(xo) 6= 0).�-âà¥âì¨å ®¡¥ ¯àï¬ë¥ ¯à®å®¤ïâ ç¥à¥§ â®çªã A(xo; f(xo)), á«¥¤®¢ -â¥«ì®

f(xo) = k1xo + b1 =⇒ b1 = f(xo)− k1xo = f(xo)− f ′(xo)xo ¨
f(xo) = k2xo + b2 =⇒ b2 = f(xo)− k2xo = f(xo) + xo

f ′(xo)Ǒ®¤áâ ¢«ïï  ©¤¥ë¥ § ç¥¨ï, ¯®«ãç¨¬ãà ¢¥¨¥ ª á â¥«ì®©:
y = f ′(xo)xo + f(xo)− f ′(xo)xo ¨«¨ y = f ′(xo)(x − xo) + f(xo),ãà ¢¥¨¥ ®à¬ «¨ (¥á«¨ f ′(xo) 6= 0):

y = − x

f ′(xo) + f(xo) + xo

f ′(xo) ¨«¨ y = −x − xo

f ′(xo) + f(xo).�á«¨ f ′(xo) = 0, â® ª á â¥«ì ï ¯ à ««¥«ì  ®á¨ OX,   ®à¬ «ì¯¥à¯¥¤¨ªã«ïà . �à ¢¥¨¥ ¢¥àâ¨ª «ì®© ¯àï¬®©, ¯à®å®¤ïé¥© ç¥-à¥§ â®çªã á  ¡áæ¨áá®© xo ¨¬¥¥â ¢¨¤: x = xo { ãà ¢¥¨¥ ®à¬ «¨ ¢á«ãç ¥ f ′(xo) = 0.�¨§¨ç¥áª¨© á¬ëá« ¯à®¨§¢®¤®©.� áá¬®âà¨¬ ¤¢¨�¥¨¥ ¬ â¥à¨ «ì®© â®çª¨. �¡®§ ç¨¬: t { ¢à¥¬ï,
S(t) { ¯à®©¤¥ë© ¯ãâì. �®£¤ 

S′(t) = lim
δ→0 S(t + δ)− S(t)

δ
= v(t) − áª®à®áâì â®çª¨ ¢ ¬®¬¥â t.

v′(t) = lim
δ→0 v(t + δ)− v(t)

δ
= a(t) − ãáª®à¥¨¥ â®çª¨ ¢ ¬®¬¥â t.6СА
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¯.5.2. Ǒ®ïâ¨¥ ¤¨ää¥à¥æ¨ « �¯à¥¤¥«¥¨¥ ¤¨ää¥à¥æ¨ « .� áá¬®âà¨¬ ¯à¨à é¥¨¥ äãªæ¨¨: �f = f(x +�x)− f(x).�á«¨ ¯à¨à é¥¨¥ äãªæ¨¨ ¬®�¥â ¡ëâì ¯à¥¤áâ ¢«¥® ¢ ¢¨¤¥�f = A(x)�x + α(x), £¤¥ A(x) 6= ∞, lim�x→0 α(x)�x
= 0,â® £« ¢ ï «¨¥© ï ç áâì íâ®£® ¯à¨à é¥¨ï A(x)�x  §ë¢ ¥âáï¤¨ää¥à¥æ¨ «®¬ äãªæ¨¨ f ¨ ®¡®§ ç ¥âáï df ,   äãªæ¨ï  §ë¢ -¥âáï ¤¨ää¥à¥æ¨àã¥¬®©.�® ¥áâì �f = df + o(�x).�à¨â¥à¨© ¤¨ää¥à¥æ¨àã¥¬®áâ¨.�ãªæ¨ï ¤¨ää¥à¥æ¨àã¥¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®  ¨¬¥¥âª®¥çãî ¯à®¨§¢®¤ãî.��������������. Ǒãáâì äãªæ¨ï f(x) ¤¨ää¥à¥æ¨àã¥¬ . �®-£¤  áãé¥áâ¢ã¥â ª®¥ç®¥ ç¨á«® A â ª®¥, çâ®

f(x +�x)− f(x) = A�x+ o(�x) =⇒
f(x +�x)− f(x)�x

= A+ o(�x)�x
=⇒lim�x→0 f(x +�x)− f(x)�x

= A, â® ¥áâì f ′(x) = A,â® ¥áâì ¥á«¨ äãªæ¨ï ¤¨ää¥à¥æ¨àã¥¬ , â® ®  ¨¬¥¥â ª®¥çãî ¯à®-¨§¢®¤ãî.Ǒãáâì â¥¯¥àì äãªæ¨ï ¨¬¥¥â ª®¥çãî ¯à®¨§¢®¤ãî: f ′(x) = A.�® ¥áâì lim�x→0 f(x +�x)− f(x)�x
= A =⇒¯® ®á®¢®© «¥¬¬¥ ® ¡¥áª®¥ç® ¬ «®©

γ(x) = f(x +�x)− f(x)�x
− A ¥áâì ¡¥áª®¥ç® ¬ « ï =⇒

f(x +�x)− f(x) = A�x+ γ(x)�x, ¯à¨ç¥¬ lim�x→0 γ(x)�x�x
= 0,â® ¥áâì γ(x)�x = o(�x),   íâ® ¨ ®§ ç ¥â, çâ® f ¤¨ää¥à¥æ¨àã¥¬ .
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�ëà �¥¨¥ ¤¨ää¥à¥æ¨ «  ç¥à¥§ ¯à®¨§¢®¤ãî.�§ ¤®ª § â¥«ìáâ¢  ªà¨â¥à¨ï ¤¨ää¥à¥æ¨àã¥¬®áâ¨ ¢¨¤®, çâ®
df = f ′(x)�x.Ǒ®áª®«ìªã dx = (x +�x) − x = �x, ¢ëà �¥¨¥ ¤«ï ¤¨ää¥à¥æ¨ « ¬®�¥â ¡ëâì § ¯¨á ® ¢ ¢¨¤¥
df = f ′(x)dx.�¥®¬¥âà¨ç¥áª¨© á¬ëá« ¤¨ää¥à¥æ¨ « .� áá¬®âà¨¬ £à ä¨ª äãªæ¨¨.Ǒ®áª®«ìªã df = f ′(x)dx,   f ′(x) à ¢-  â £¥áã ã£«   ª«®  ª á â¥«ì®©,¯®«ãç ¥¬ (á¬. à¨áã®ª), çâ® ¤¨ää¥-à¥æ¨ « { â® ¯à¨à é¥¨¥, ª®â®à®¥ ¯®-«ãç¨«  ¡ë äãªæ¨ï, ¥á«¨ ¡ë ¥¥ £à ä¨-ª®¬ ¡ë«  ¯àï¬ ï. ¯.5.3. Ǒà ¢¨«  ¢ëç¨á«¥¨ï¯à®¨§¢®¤ëå ¨ ¤¨ää¥à¥æ¨ «®¢Ǒà®¨§¢®¤ ï áã¬¬ë ¨ à §®áâ¨.

(

f(x) + g(x))′ = lim
δ→0 [

f(x + δ) + g(x + δ)] − [
f(x) + g(x)]

δ
== lim

δ→0 [
f(x + δ)− f(x)] + [

g(x + δ)− g(x)]
δ

== lim
δ→0 [

f(x + δ)− f(x)
δ

+ g(x + δ)− g(x)
δ

] = f ′(x) + g′(x).� «®£¨ç® ¤«ï à §®áâ¨: (

f(x)− g(x))′ = f ′(x)− g′(x).
8

f(x+Δx) 

df         Δf   
       f(x) 

x              x+Δx   
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Ǒà®¨§¢®¤ ï ¯à®¨§¢¥¤¥¨ï.
(

f(x)g(x))′ = lim
δ→0 f(x + δ)g(x + δ)− f(x)g(x)

δ
=lim

δ→0 f(x + δ)g(x + δ)− f(x)g(x + δ) + f(x)g(x + δ)− f(x)g(x)
δ

== lim
δ→0 [

f(x + δ)− f(x)]g(x + δ) + f(x)[g(x + δ)− g(x)]
δ

== lim
δ→0 [

f(x + δ)− f(x)
δ

g(x + δ) + f(x) g(x + δ)− g(x)
δ

] == f ′(x)g(x) + f(x)g′(x).� «®£¨ç® ¤«ï «î¡®£® ç¨á«  ¬®�¨â¥«¥©:
(
u v w h

)′ = u′ v w h+ u v′ w h+ u v w′ h+ u v w h′Ǒà®¨§¢®¤ ï ¤à®¡¨.
(

f(x)
g(x))′ = lim

δ→0 f(x+δ)
g(x+δ) − f(x)

g(x)
δ

= lim
δ→0 f(x + δ)g(x) − f(x)g(x + δ)

δ g(x) g(x + δ) =lim
δ→0 f(x + δ)g(x) − f(x)g(x) + f(x)g(x) − f(x)g(x + δ)

δ g(x) g(x + δ) == lim
δ→0 [

f(x + δ)− f(x)]g(x)− f(x)[g(x + δ)− g(x)]
δ g(x) g(x + δ) == lim

δ→0 [
f(x + δ)− f(x)

δ
g(x)− f(x) g(x + δ)− g(x)

δ

] 1
g(x)g(x + δ) == f ′(x)g(x) − f(x)g′(x)
g2(x) .� ç áâ®áâ¨,

•
(tgx)′ = ( sinxosx)′ = (sinx

)′ osx − sinx
(osx)′os2 x

== os2 x+ sin2 xos2 x
= 1os2 x

•
(tgx)′ = (osxsinx

)′ = (osx)′ sinx − osx(sinx
)′sin2 x

== − sin2 x − os2 xsin2 x
= − 1sin2 x9СА
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Ǒà®¨§¢®¤ ï ®¡à â®© äãªæ¨¨.�á«¨ ¢ ®ªà¥áâ®áâ¨ â®çª¨ xo äãªæ¨ï f ¥¯à¥àë¢ , áâà®£® ¬®-®â®  ¨ ¤¨ää¥à¥æ¨àã¥¬ , â® ®¡à â ï ª ¥© äãªæ¨ï g ¨¬¥¥â¯à®¨§¢®¤ãî ¢ â®çª¥ yo = f(xo), ¯à¨ç¥¬ g′(yo) = 1
f ′(xo) .��������������. �¡®§ ç¨¬:

f(xo) = yo, f(xo + δ) = yo + ε =⇒
g(yo) = xo, g(yo + ε) = xo + δ.�â¬¥â¨¬, çâ® ¢ á¨«ã ¥¯à¥àë¢®áâ¨, ¥á«¨ δ → 0, â® ¨ ε → 0.Ǒ®íâ®¬ã
f ′(xo) = lim

δ→0 f(xo + δ)− f(xo)
δ

= lim
δ→0, ε→0 (yo + ε)− yo(xo + δ)− xo

== lim
ε→0 ε

g(yo + ε)− g(yo) = 1
g′(yo) ,®âªã¤  ¨ á«¥¤ã¥â ¤®ª §ë¢ ¥¬®¥ ãâ¢¥à�¤¥¨¥. ¤

• � áá¬®âà¨¬ äãªæ¨î y = arsinx ¨ ®¡à âãî ª ¥© x = sin y ¤«ï
x ∈ [−1; 1℄, y ∈ [−π2 ; π2 ℄ .

(arsinx
)′ = 1(sin y)′ = 1os y = 1

√1− sin2 y
= 1√1− x2

• � áá¬®âà¨¬ äãªæ¨î y = arosx ¨ ®¡à âãî ª ¥© x = os y¤«ï x ∈ [−1; 1℄, y ∈ [−π2 ; π2 ℄.
(arosx)′ = 1(os y)′ = − 1sin y

= − 1
√1− os2 y

= − 1√1− x2
• � áá¬®âà¨¬ äãªæ¨î y = artgx ¨ ®¡à âãî ª ¥© x = tg y ¤«ï

x ∈ (−∞; +∞), y ∈ (−π2 ; π2 ).
(artgx

)′ = 1(tg y)′ = 11os2 y

= 1os2 y+sin2 yos2 y

= 11 + tg2y = 11 + x2
• � áá¬®âà¨¬ äãªæ¨î y = artgx ¨ ®¡à âãî ª ¥© x = tg y¤«ï x ∈ (−∞; +∞), y ∈ (−π2 ; π2 ).

(artgx
)′= 1(tg y)′ = 1

− 1sin2 y

= 1
− os2 y+sin2 yos2 y

= − 11 + tg2y = − 11+ x210СА
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Ǒà®¨§¢®¤ ï á«®�®© äãªæ¨¨.� áá¬®âà¨¬ á«®�ãî äãªæ¨î: h(x) = g
(
f(x)), £¤¥ f(x) { äãª-æ¨ï, ¤¨ää¥à¥æ¨àã¥¬ ï ¢ ®ªà¥áâ®áâ¨ â®çª¨ xo, g(y) { äãªæ¨ï,¤¨ää¥à¥æ¨àã¥¬ ï ¢ ®ªà¥áâ®áâ¨ yo = f(xo).�¡®§ ç¨¬ f(xo +�x) = yo +�y. �â¬¥â¨¬, çâ® ¥á«¨ �x → 0, â®¨ �y → 0. �®£¤ 

h′(xo) = lim�x→0 h(xo +�x)− h(xo)�x
== lim�x→0 g

(
f(xo +�x)) − g

(
f(xo))

f(xo +�x)− f(xo) · f(xo +�x)− f(xo)�x
== lim�x→0,�y→0 g(yo +�y)− g(yo)�y

· f(xo +�x)− f(xo)�x
= g′(y) · f ′(x)

• Ǒà¨¬¥à 1. � ©¤¥¬ ¯à®¨§¢®¤ãî áâ¥¯¥®© äãªæ¨¨:
(
xa

)′ = (
(
elnx

)a
)′ = (

ea lnx
)′ =

y=a lnx

(
ey

)′ · y′ = ey ·
(
a lnx

)′ == ey · a

x
= ea lnx · a

x
= xa · a

x
= axa−1

• Ǒà¨¬¥à 2. � ©¤¥¬ ¯à®¨§¢®¤ë¥ £¨¯¥à¡®«¨ç¥áª¨å äãªæ¨©:
(shx

)′ = (
ex − e−x2 )′ = (ex)′ − (e−x)′2 = ex + e−x2 = hx

(hx
)′ = (

ex + e−x2 )′ = (ex)′ + (e−x)′2 = ex − e−x2 = shx

• �ë¢¥¤¥¬ ä®à¬ã«ã ¤«ï ¯à®¨§¢®¤®© áâ¥¯¥®-¯®ª § â¥«ì®£®¢ëà �¥¨ï:
(
uv

)′ = (
(
elnu

)v
)′ = (

ev lnu
)′ = ev lnu

(
v lnu)′ = uv

(

v′ lnu+ vu′

u

)�¨ää¥à¥æ¨ « á«®�®© äãªæ¨¨.Ǒãáâì h á«®� ï äãªæ¨ï x: h = g(y), y = f(x). �®£¤ 
dh = h′(x)dx.� ¤àã£®© áâ®à®ë

dh = g′(y) f ′(x)dx = g′(y) dy11СА
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Ǒ®«ãç¨«¨, çâ® ¤¨ää¥à¥æ¨ « § ¯¨á  ¢ â®¬ �¥ ¢¨¤¥, ª ª ¨ ¢ ä®à-¬ã«¥ ¤«ï ¤¨ää¥à¥æ¨ «  äãªæ¨¨ ¥§ ¢¨á¨¬®© ¯¥à¥¬¥®© x, å®âï à£ã¬¥â y ï¢«ï¥âáï ¥ ¥§ ¢¨á¨¬®© ¯¥à¥¬¥®©,   äãªæ¨¥©.�«¥¤®¢ â¥«ì®, ¢ëà �¥¨¥ ¤¨ää¥à¥æ¨ «  äãªæ¨¨ ¢ ¢¨¤¥ ¯à®-¨§¢¥¤¥¨ï ¯à®¨§¢®¤®© íâ®© äãªæ¨¨   ¤¨ää¥à¥æ¨ « ¥ñ  à£ã¬¥â á¯à ¢¥¤«¨¢® ¥§ ¢¨á¨¬® ®â â®£®, ï¢«ï¥âáï «¨  à£ã¬¥â ¥§ ¢¨á¨¬®©¯¥à¥¬¥®© ¨«¨ äãªæ¨¥© ¤àã£®© ¯¥à¥¬¥®©. �â® á¢®©áâ¢®  §ë¢ -¥âáï ¨¢ à¨ â®áâìî (¥¨§¬¥®áâìî) ä®à¬ë ¤¨ää¥à¥æ¨ « .Ǒà®¨§¢®¤ ï äãªæ¨¨, § ¤ ®© ¯ à ¬¥âà¨ç¥áª¨.�¨áâ¥¬  ãà ¢¥¨© x = φ(t), y = ψ(t), t ∈ [α, β℄, £¤¥ φ ¨ ψ ¤¨ää¥-à¥æ¨àã¥¬ë¥ äãªæ¨¨ ¨ φ′(t) 6= 0, ®¯à¥¤¥«ï¥â ¢ ¥ª®â®à®© ®¡« áâ¨®¤®§ çãî ¤¨ää¥à¥æ¨àã¥¬ãî äãªæ¨î y(x), ¯à¨ç¥¬ y′
x = y′

t

x′
t
.�¥©áâ¢¨â¥«ì®, â ª ª ª φ′(t) 6= 0, x = φ(t) áâà®£® ¬®®â®  ¨áãé¥áâ¢ã¥â ®¡à â ï äãªæ¨ï t = t(x). �®£¤  y ¬®�® à áá¬ â-à¨¢ âì ª ª á«®�ãî äãªæ¨î: y = y(t(x)) ¨ ¯à¨¬¥ïï ä®à¬ã«ë¤«ï ¯à®¨§¢®¤®© á«®�®© äãªæ¨¨ ¨ ®¡à â®© äãªæ¨¨, ¯®«ãç ¥¬:

y′(x) = y′(t) · t′(x) = y′(t)
x′(t) .Ǒà®¨§¢®¤ ï äãªæ¨¨, § ¤ ®© ¥ï¢®.�á«¨ ¤¨ää¥à¥æ¨àã¥¬ ï äãªæ¨ï y = y(x) ã¤®¢«¥â¢®àï¥â ãà ¢¥-¨î F (x; y) = 0, â® ¯à®¨§¢®¤ ï y′(x) ¬®�¥â ¡ëâì  ©¤¥  ¨§ ãà ¢-¥¨ï d

dxF (x; y) = 0.(¤®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à�¤¥¨¥ ¡ã¤¥â ¤ ® ¯®§�¥ ¢ ¯ à £à ä¥"�¨ää¥à¥æ¨à®¢ ¨¥ äãªæ¨¨ ¬®£¨å ¯¥à¥¬¥ëå")Ǒà¨¬¥à. � ©â¨ y′(x) (¢ ®¡« áâ¨ áãé¥áâ¢®¢ ¨ï), ¥á«¨ x sin y+xy = 0.�¥è¥¨¥. Ǒà®¤¨ää¥à¥æ¨àã¥¬ ¤ ®¥ ãà ¢¥¨¥:
x′ sin y+x(sin y)′+x′y+xy′ = 0 ⇒ sin y+x os y ·y′+y+xy′ = 0 ⇒

y′(x os y + x) = − sin y − y ⇒ y′ = − sin y + y

x os y + x
.
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�¢®¤ ï â ¡«¨æ  ¯à®¨§¢®¤ëå ¨ ¯à ¢¨«. (a = onst).
a′ = 0 x′ = 1 (zn)′ = nzn−1 · z′(sin z)′ = os z · z′ (shz)′ = hz · z′ (arsin z)′ = z′√1− z2(os z)′ = − sin z · z′ (hz)′ = shz (aros z)′ = − z′√1− z2(tg z)′ = z′os2 z

(thz)′ = z′h2z (artg z)′ = z′1 + z2(tg z)′ = − z′sin2 z
(th z)′ = − z′sh2z (artg z)′ = − z′1 + z2(az)′ = az ln a · z′, a > 0, ¢ ç áâ®áâ¨ (ez)′ = ez · z′(logaz)′ = z′

z ln a
, a > 0, ¢ ç áâ®áâ¨ (ln z)′ = z′

z(au)′ = a · u′ (u ± v)′ = u′ ± v′ (uv)′ = u′v + v′u
(u

v

)′ = u′v − v′u

v2 (1
v

)′ = − v′

v2 (uv)′ = uv(ln u · v)′Ǒà¨¬¥à 1. � ©â¨ ¯à®¨§¢®¤ãî (sinx2)′.�¥è¥¨¥. � ª®© äãªæ¨¨ ¢ â ¡«¨æ¥ ¥â, ¯®íâ®¬ã á¤¥« ¥¬ § ¬¥ã
z = x2:(sinx2)′ = (sin z)′ = os z · z′ = (¢ë¯®«ï¥¬ ®¡à âãî § ¬¥ã)= osx2 · (x2)′ = osx2 · 2x · x′ = 2x osx2.Ǒà¨¬¥à 2. � ©â¨ ¯à®¨§¢®¤ãî (sin2 x)′.�¥è¥¨¥. � ª ¨ ¢ ¯à¨¬¥à¥ 1, ¥®¡å®¤¨¬  § ¬¥ . � ¤ ®© äãªæ¨¨"¯®á«¥¤ïï" ®¯¥à æ¨ï { "ª¢ ¤à â" (¢ ¯à¨¬¥à¥ 1 "¯®á«¥¤¨¬" ¡ë«"á¨ãá"). � ¬¥ï¥¬ ¢á¥, ªà®¬¥ íâ®© "¯®á«¥¤¥© ®¯¥à æ¨¨": z = sinx.�®£¤ (sin2 x)′ = (z2)′ = 2z · z′ = (¢ë¯®«ï¥¬ ®¡à âãî § ¬¥ã)= 2 sinx · (sinx)′ = 2 sinx · osx · x′ = sin 2x.13СА
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Ǒà¨¬¥à 3. � ©â¨ ¯à®¨§¢®¤ãî (sin3 x4)′.�¥è¥¨¥. � «®£¨ç® ¯à¨¬¥à ¬ 1 ¨ 2:(sin3 x4)′ = (§ ¬¥  z=sinx4) = (z3)′ = 3z2z′ = (®¡à â ï § ¬¥ )= 3 sin2x4 · (sinx4)′ = (§ ¬¥  z=x4, § ¬¥ï¥¬ â®«ìª® ¢ ¯à®¨§¢®¤®©) == 3 sin2x4 · (sin z)′ = 3 sin2x4 · os z · z′ = (®¡à â ï § ¬¥ )= 3 sin2x4 ·osx4 ·(x4)′ = 3 sin2x4 ·osx4 ·4x3 ·x′ = 12x3 sin2x4 osx4.Ǒà¨¬¥à 4. � ©â¨ ¯à®¨§¢®¤ãî (x5 sinx)′.�¥è¥¨¥. � ¤ ®© äãªæ¨¨ "¯®á«¥¤ïï" ®¯¥à æ¨ï { "ã¬®�¥¨¥",¯®íâ®¬ã ¯à¨¬¥ï¥¬ á ç «  ä®à¬ã«ã "¯à®¨§¢®¤ ï ¯à®¨§¢¥¤¥¨ï":(x5 sinx)′ = (x5)′ sinx+ x5(sinx)′ = 5x4 sinx+ x5 osx.¯.5.4. Ǒà®¨§¢®¤ë¥ ¨ ¤¨ää¥à¥æ¨ «ë ¢ëáè¨å ¯®àï¤ª®¢Ǒ®ïâ¨¥ ¯à®¨§¢®¤®© n-£® ¯®àï¤ª .Ǒà®¨§¢®¤®© n-£® ¯®àï¤ª  äãªæ¨¨ f(x) ¢ â®çª¥ x  §ë¢ ¥âáï ¯à®-¨§¢®¤ ï ®â (n-1)-®© ¯à®¨§¢®¤®© íâ®© äãªæ¨¨ ¨ ®¡®§ ç ¥âáï
f ′′(x) = (

f ′(x))′, f ′′′(x) = (
f ′′(x))′, ... , f (n)(x) = (

f (n−1)(x))′Ǒ®á«¥¤®¢ â¥«ìë¬ ¤¨ää¥à¥æ¨à®¢ ¨¥¬ «¥£ª® ¯®«ãç¨âì ä®à¬ã-«ë ¤«ï ¯à®¨§¢®¤ëå n-£® ¯®àï¤ª  í«¥¬¥â àëå äãªæ¨©:
(sinx

)(n) = sin(

x+ nπ2 )

(osx)(n) = os(x+ nπ2 )

(
ax

)(n) = ax
(ln a

)n
, ¢ ç áâ®áâ¨ (

ex
)(n) = ex

(shx
)(n) = { shx, n ç¥â®¥hx, n ¥ç¥â®¥

(hx
)(n) = { hx, n ç¥â®¥shx, n ¥ç¥â®¥� ª �¥ ®ç¥¢¨¤®, çâ® (

u+ v
)(n) = u(n) + v(n).14СА
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Ǒà®¨§¢®¤ ï n-£® ¯®àï¤ª  ®â ¯à®¨§¢¥¤¥¨ï (ä®à¬ã«  �¥©¡-¨æ 1). (f g)(n) = n∑

k=0(
n

k

)

f (k)g(n−k)� ¬¥ç ¨¥. � ä®à¬ã«  ¨ ¥¥ ¤®ª § â¥«ìáâ¢® ¯®å®�¨   ¡¨®¬ �ìî-â®  (á¬. §1).��������������. Ǒà¨¬¥¨¬ ¬¥â®¤ ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨.�«ï n = 1 ¤®ª §ë¢ ¥¬®¥ à ¢¥áâ¢® ¯à¨¬¥â ¢¨¤:(f g)′ = 1∑

k=0(1
k

)

f (k)g(1−k) = (10)f (0)g(1) +(11)f (1)g(0) = fg′ + f ′g,çâ®, ®ç¥¢¨¤®, ¢¥à®.Ǒãáâì à ¢¥áâ¢® ¢ë¯®«¥® ¤«ï ¥ª®â®à®£® n. �®£¤  ¤«ï n + 1¨¬¥¥¬:(f g)(n+1) = ((f g)(n))′ = (
n∑

k=0(
n

k

)

f (k)g(n−k))′ == n∑

k=0(
n

k

)

f (k+1)g(n−k) + n∑

k=0(
n

k

)

f (k)g(n−k+1) =1�®âäà¨¤ �¨«ì£¥«ì¬ �¥©¡¨æ 21 ¨îï (1 ¨î«ï) 1646 - 14 ®ï¡àï 1716) - ¥¬¥æ-ª¨© ä¨«®á®ä, «®£¨ª, ¬ â¥¬ â¨ª, ¬¥å ¨ª, ä¨§¨ª, îà¨áâ, ¨áâ®à¨ª, ¤¨¯«®¬ â,¨§®¡à¥â â¥«ì ¨ ï§ëª®¢¥¤. �á®¢ â¥«ì ¨ ¯¥à¢ë© ¯à¥§¨¤¥â �¥à«¨áª®© �ª ¤¥¬¨¨ ãª, ¨®áâà ë© ç«¥ �à æã§áª®© �ª ¤¥¬¨¨  ãª. �¥§ ¢¨á¨¬® ®â �ìîâ®- , á®§¤ « ¬ â¥¬ â¨ç¥áª¨©   «¨§, ª®¬¡¨ â®à¨ªã ª ª  ãªã, § «®�¨« ®á®¢ë¬ â¥¬ â¨ç¥áª®© «®£¨ª¨, ®¯¨á « ¤¢®¨çãî á¨áâ¥¬ã áç¨á«¥¨ï, ¢ ¬¥å ¨ª¥ ¢¢ñ«¯à®®¡à § á®¢à¥¬¥®£® ¯®ïâ¨ï ª¨¥â¨ç¥áª®© í¥à£¨¨ ¨ áä®à¬ã«¨à®¢ « § ª®á®åà ¥¨ï í¥à£¨¨, ¢ ¯á¨å®«®£¨¨ à §¢¨« ãç¥¨¥ ® ¡¥áá®§ â¥«ì®© ¯á¨å¨ç¥áª®©�¨§¨, à §¢¨« ãç¥¨¥ ®¡   «¨§¥ ¨ á¨â¥§¥, ¢¯¥à¢ë¥ áä®à¬ã«¨à®¢ « § ª® ¤®-áâ â®ç®£® ®á®¢ ¨ï, ¢¢ñ« â¥à¬¨ "¬®¤¥«ì", ¯¨á « ® ¢®§¬®�®áâ¨ ¬ è¨®£®¬®¤¥«¨à®¢ ¨ï äãªæ¨© ç¥«®¢¥ç¥áª®£® ¬®§£ , ¢ëáª § « ¨¤¥î ® ¯à¥¢à é¥¨¨ ®¤-¨å ¢¨¤®¢ í¥à£¨¨ ¢ ¤àã£¨¥, áä®à¬ã«¨à®¢ « ®¤¨ ¨§ ¢ �¥©è¨å ¢ à¨ æ¨®ëå¯à¨æ¨¯®¢ ä¨§¨ª¨ - "¯à¨æ¨¯  ¨¬¥ìè¥£® ¤¥©áâ¢¨ï" - ¨ á¤¥« « àï¤ ®âªàëâ¨©¢ á¯¥æ¨ «ìëå à §¤¥« å ä¨§¨ª¨, ¢¢ñ« ¨¤¥î æ¥«®áâ®áâ¨ ®à£ ¨ç¥áª¨å á¨áâ¥¬,¯à¨æ¨¯ ¥á¢®¤¨¬®áâ¨ ®à£ ¨ç¥áª®£® ª ¬¥å ¨ç¥áª®¬ã ¨ ¢ëáª § « ¬ëá«ì ®¡ í¢®-«îæ¨¨ �¥¬«¨. (� â¥à¨ « ¨§ �¨ª¨¯¥¤¨¨)15СА
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®¡®§ ç¨¬ ¢ ¯¥à¢®© áã¬¬¥ k + 1 = k∗ (¨«¨ k = k∗ − 1)= n+1∑

k∗=1(
n

k∗ − 1)f (k∗)g(n−k∗+1) + n∑

k=0(
n

k

)

f (k)g(n−k+1) == n∑

k=1(
n

k − 1)f (k)g(n−k+1) +(
n

n

)

f (n+1)g(0)
︸ ︷︷ ︸¯¥à¢ ï áã¬¬ (®â¤¥«ì® ¢ë¯¨á ® á« £ ¥¬®¥ ¤«ï k=n+1) ++ n∑

k=1(
n

k

)

f (k)g(n−k+1) +(
n0)f (0)g(n+1)

︸ ︷︷ ︸¢â®à ï áã¬¬ (®â¤¥«ì® ¢ë¯¨á ® á« £ ¥¬®¥ ¤«ï k=0) =
= (

n0)f (0)g(n+1) + n∑

k=1 [(
n

k − 1)+(
n

k

)]

f (k)g(n−k+1)++(
n

n

)

f (n+1)g(0) =¢®-¯¥à¢ëå, (
n0) = 1 = (

n+ 10 );¢®-¢â®àëå, (
n

k − 1)+(
n

k

) = n!(k − 1)!(n − k + 1)! + n!
k!(n − k)! == n!(k − 1)!(n − k)! ( 1

n − k + 1 + 1
k

) = n!(k − 1)!(n − k)! n+ 1(n − k + 1)k == (n + 1)!
k!(n − k + 1)! = (

n+ 1
k

)¢-âà¥âì¨å, (
n

n

) = 1 = (
n+ 1
n+ 1);= (

n+ 10 )

f (0)b(n+1) + n∑

k=1(
n+ 1

k

)

f (k)g(n−k+1)++(
n+ 1
n+ 1)f (n+1)g(0) = n+1∑

k=0 (
n+ 1

k

)

f (k)g(n−k+1)� ª¨¬ ®¡à §®¬ ¯®«ãç¨«¨:(f g)(n+1) = n+1∑

k=0 (
n+ 1

k

)

f (k)g(n+1−k),â® ¥áâì ¤®ª §ë¢ ¥¬®¥ à ¢¥áâ¢® ¢ë¯®«¥® ¨ ¤«ï n+ 1. ¤16СА
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�¨ää¥à¥æ¨ «ë ¢ëáè¨å ¯®àï¤ª®¢.
• �¯à¥¤¥«¥¨¥. �¨ää¥à¥æ¨ «®¬ ¯®àï¤ª  n, £¤¥ n > 1, ®â äãª-æ¨¨ f ¢ ¥ª®â®à®© â®çª¥  §ë¢ ¥âáï ¤¨ää¥à¥æ¨ « ¢ íâ®© â®çª¥ ®â¤¨ää¥à¥æ¨ «  ¯®àï¤ª  (n − 1), â® ¥áâì dnf = d(dn−1f)
• �®à¬ã« . �«ï äãªæ¨¨ f(x), § ¢¨áïé¥© ®â ®¤®© ¥§ ¢¨á¨¬®©¯¥à¥¬¥®© x ¢â®à®© ¨ âà¥â¨© ¤¨ää¥à¥æ¨ «ë ¢ë£«ï¤ïâ â ª:
d2f = d(df) = d(f ′dx) = d(f ′)dx = (f ′′dx)dx = f ′′dx2
d3f = d(d2f) = d(f ′′dx2) = d(f ′′)dx2 = (f ′′′dx)dx2 = f ′′′dx3.�âáî¤  ¬®�® ¢ë¢¥áâ¨ ®¡é¨© ¢¨¤ ¤¨ää¥à¥æ¨ «  n-£® ¯®àï¤ª ®â äãªæ¨¨ f(x), ¯à¨ ãá«®¢¨¨, çâ® x - ¥§ ¢¨á¨¬ ï ¯¥à¥¬¥ ï:

dnf = f (n)dxn.Ǒà¨ ¢ëç¨á«¥¨¨ ¤¨ää¥à¥æ¨ «®¢ ¢ëáè¨å ¯®àï¤ª®¢ ®ç¥ì ¢ �®,çâ® dx ¥áâì ¯à®¨§¢®«ì®¥ ¨ ¥ § ¢¨áïé¥¥ ®â x ¯à¨à é¥¨¥ ¯¥à¥¬¥-®©, ª®â®à®¥ ¯à¨ ¤¨ää¥à¥æ¨à®¢ ¨¨ ¯® x á«¥¤ã¥â à áá¬ âà¨¢ âìª ª ¯®áâ®ïë© ¬®�¨â¥«ì. �á«¨ x ¥ ï¢«ï¥âáï ¥§ ¢¨á¨¬®© ¯¥à¥-¬¥®©, â® ¤¨ää¥à¥æ¨ « ¡ã¤¥â ¤àã£¨¬.
• � àãè¥¨¥ ¨¢ à¨ â®áâ¨. Ǒà¨ n ≥ 2 n-© ¤¨ää¥à¥æ¨ « ¥¨¢ à¨ â¥ (¢ ®â«¨ç¨¥ ®â ¨¢ à¨ â®áâ¨ ¯¥à¢®£® ¤¨ää¥à¥æ¨ « ),â® ¥áâì ¢ëà �¥¨¥ dnf § ¢¨á¨â, ¢®®¡é¥ £®¢®àï, ®â â®£®, à áá¬ âà¨-¢ ¥âáï «¨ ¯¥à¥¬¥ ï x ª ª ¥§ ¢¨á¨¬ ï, «¨¡® ª ª ¥ª®â®à ï ¯à®¬¥-�ãâ®ç ï äãªæ¨ï ¤àã£®£® ¯¥à¥¬¥®£®,  ¯à¨¬¥à, x = ϕ(t). �®£¤ 

d2x 6= 0 (ªà®¬¥ á«ãç ï «¨¥©®© äãªæ¨¨). � íâ®¬ á«ãç ¥ ä®à¬ã« ¤«ï ¢â®à®£® ¤¨ää¥à¥æ¨ «  ¡ã¤¥â ¨¬¥âì ¢¨¤:
d2f = f ′′(dx)2 = d(df) = d(f ′dx) = f ′′ (dx)2 + f ′d2x�® ¥áâì ã�¥ ¢â®à®© ¤¨ää¥à¥æ¨ « ¥ ®¡« ¤ ¥â á¢®©áâ¢®¬ ¨¢ à¨- â®áâ¨ ¯à¨ § ¬¥¥ ¯¥à¥¬¥®©. � ª�¥ ¥ ¨¢ à¨ âë ¤¨ää¥à¥-æ¨ «ë ¯®àï¤ª®¢ 3 ¨ ¢ëè¥.
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¯.5.5. �¨ää¥à¥æ¨ «ìë¥ â¥®à¥¬ë ® áà¥¤¥¬�¥®à¥¬  �¥à¬ 2.� â®çª¥ «®ª «ì®£® íªáâà¥¬ã¬  äãªæ¨¨ ¯à®¨§¢®¤ ï (¥á«¨ ® áãé¥áâ¢ã¥â) à ¢  ã«î.��������������. Ǒãáâì ¤«ï ®¯à¥¤¥«¥®áâ¨ xo { â®çª  «®ª «ì-®£® ¬ ªá¨¬ã¬  äãªæ¨¨ f(x), ®¯à¥¤¥«¥®© ¢ ¥ª®â®à®© ®ªà¥áâ®-áâ¨ íâ®© â®çª¨ ¨ ¤¨ää¥à¥æ¨àã¥¬®© ¢ xo. (�«ãç © ¬¨¨¬ã¬  ¤®ª -§ë¢ ¥âáï   «®£¨ç®).�«ï x > xo
f(x)− f(xo)

x − xo
< 0 =⇒ lim

x→xo+0 f(x)− f(xo)
x − xo

≤ 0.�«ï x < xo
f(x)− f(xo)

x − xo
> 0 =⇒ lim

x→xo−0 f(x)− f(xo)
x − xo

≥ 0.� ª ª ª áãé¥áâ¢ã¥â f ′(x) = lim
x→xo

f(x)− f(xo)
x − xo

, ®¡  ®¤®áâ®à®¨å¯à¥¤¥«  à ¢ë ¤àã£ ¤àã£ã, â® ¥áâì à ¢ë ã«î,   á«¥¤®¢ â¥«ì® ¨®¡é¨© ¯à¥¤¥«, ª ª ¨ ¯à®¨§¢®¤ ï, â ª �¥ à ¢ë ã«î. ¤�¥®à¥¬  �®««ï3.�á«¨ äãªæ¨ï f ¥¯à¥àë¢    [a; b℄, ¤¨ää¥à¥æ¨àã¥¬    (a; b) ¨  ª®æ å ®âà¥§ª  ¯à¨¨¬ ¥â à ¢ë¥ § ç¥¨ï, â®  ©¤¥âáï å®âï ¡ë®¤  â®çª  ξ ∈ (a; b) â ª ï, çâ® f ′(ξ) = 0.2Ǒì¥à ¤¥ �¥à¬ , 17  ¢£ãáâ  1601 - 12 ï¢ àï 1665 - äà æã§áª¨© ¬ â¥¬ â¨ª-á ¬®ãçª , ®¤¨ ¨§ á®§¤ â¥«¥©   «¨â¨ç¥áª®© £¥®¬¥âà¨¨, ¬ â¥¬ â¨ç¥áª®£®   «¨-§ , â¥®à¨¨ ¢¥à®ïâ®áâ¥© ¨ â¥®à¨¨ ç¨á¥«. �«¥áâïé¨© ¯®«¨£«®â. � ¨¡®«¥¥ ¨§¢¥áâ¥ä®à¬ã«¨à®¢ª®© �¥«¨ª®© â¥®à¥¬ë �¥à¬ , "á ¬®© § ¬¥¨â®© ¬ â¥¬ â¨ç¥áª®© § -£ ¤ª¨ ¢á¥å ¢à¥¬ñ": ¤«ï «î¡®£®  âãà «ì®£® ç¨á«  n > 2 ãà ¢¥¨¥ an+bn = cn¥ ¨¬¥¥â  âãà «ìëå à¥è¥¨©. �¥®à¥¬  ¡ë«  áä®à¬ã«¨à®¢   ¨¬ ¢ 1637 £®¤ã,  ¯®«ïå ª¨£¨ á ¯à¨¯¨áª®©, çâ®  ©¤¥®¥ ¨¬ ®áâà®ã¬®¥ ¤®ª § â¥«ìáâ¢® íâ®©â¥®à¥¬ë á«¨èª®¬ ¤«¨® ¤«ï ¨§«®�¥¨ï   ¯®«ïå. �®ª § â¥«ìáâ¢® íâ®£® ä ªâ ¤® á¨å ¯®à ¥  ©¤¥® (® ¨ ¥ ®¯à®¢¥à£ãâ®). (� â¥à¨ « ¨§ �¨ª¨¯¥¤¨¨)3�¨è¥«ì �®««ì, 21  ¯à¥«ï 1652, �¬¡¥à - 8 ®ï¡àï 1719, äà æã§áª¨© ¬ â¥-¬ â¨ª. �®àïç®  ¯ ¤ «   ¤¨ää¥à¥æ¨ «ì®¥ ¨áç¨á«¥¨¥ ¨     «¨§ �¥ª àâ .� 1705 £®¤ã  ª ¤¥¬¨ï ¯à¨§ «  �®««ï ¥¯à ¢ë¬, á ç¥¬ ¯®§¤¥¥ á®£« á¨«áï ¨á ¬ �®««ì. Ǒ®«¥¬¨ç¥áª¨¥ á®ç¨¥¨ï �®««ï ¯®«ë ®è¨¡®ª ¨ ®â«¨ç îâáï â¥¬®-â®© ¨§«®�¥¨ï. �¥á¬®âàï íâ®, ® ¢áñ-â ª¨ § áâ ¢¨« �¥©¡¨æ  ¨ ¥£® áâ®à®¨ª®¢¯à®ï¢¨âì ª «®£¨ç¥áª¨¬ ®á®¢ ¨ï¬ ¯à¥¤¬¥â  ¡®«ìèãî ¢¨¬ â¥«ì®áâì, ç¥¬ íâ®®¡ëª®¢¥® ¤¥« ¥âáï ¢ ®â®è¥¨¨ ®¢ëå ãç¥¨©. (� â¥à¨ « ¨§ �¨ª¨¯¥¤¨¨)18СА
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��������������. Ǒ® ¢â®à®© â¥®à¥¬¥ �¥©¥àèâà áá  äãªæ¨ï¤®áâ¨£ ¥â á¢®¥£® ¬¨¨¬ «ì®£® ¨ ¬ ªá¨¬ «ì®£® § ç¥¨ï.�á«¨ min f = max f , â® f(x) = onst ¨ f ′(x) = 0 ¢® ¢á¥å â®çª å.�á«¨ min f 6= max f , â® â ª ª ª   ª®æ å ®âà¥§ª  äãªæ¨ï ¯à¨-¨¬ ¥â à ¢ë¥ § ç¥¨ï, íªáâà¥¬ã¬ ¤®áâ¨£ ¥âáï ¢ ¥ª®â®à®© â®çª¥
ξ ∈ (a; b) ¨ ¢ á¨«ã â¥®à¥¬ë �®««ï ¢ íâ®© â®çª¥ f ′(ξ) = 0. ¤�¥®à¥¬  � £à � 4.�á«¨ äãªæ¨ï f ¥¯à¥àë¢    [a; b℄, ¤¨ää¥à¥æ¨àã¥¬    (a; b),â®  ©¤¥âáï â®çª  ξ ∈ (a; b) â ª ï, çâ®

f(b)− f(a) = f ′(ξ)(b − a)(ä®à¬ã«  ª®¥çëå ¯à¨à é¥¨© � £à � )��������������. � áá¬®âà¨¬ ¢á¯®¬®£ â¥«ìãî äãªæ¨î
ϕ(x) = f(x)− f(a)− f(b)− f(a)

b − a
(x − a)�ç¥¢¨¤®, çâ® ϕ ¥¯à¥àë¢    [a; b℄, ¤¨ää¥à¥æ¨àã¥¬    (a; b),¯à¨ íâ®¬

ϕ(a) = f(a)− f(a)− f(b)− f(a)
b − a

(a − a) = 0 ¨
ϕ(b) = f(b)− f(a)− f(b)− f(a)

b − a
(b − a) = 0,â® ¥áâì ϕ ã¤®¢«¥â¢®àï¥â â¥®à¥¬¥ �®««ï, á®£« á® ª®â®à®©  ©¤¥âáïå®âï ¡ë ®¤  â®çª  ξ ∈ (a; b) â ª ï, çâ® ϕ′(ξ) = 0.� ª ª ª

ϕ′(x) = f ′(x)− 0− f(b)− f(a)
b − a

(x − a)′ = f ′(x)− f(b)− f(a)
b − aǑ®«ãç ¥¬, çâ®

ϕ′(ξ) = f ′(ξ)− f(b)− f(a)
b − a

= 0 =⇒ f ′(ξ) = f(b)− f(a)
b − a

,®âªã¤  ¨ á«¥¤ã¥â ¤®ª §ë¢ ¥¬®¥ ãâ¢¥à�¤¥¨¥. ¤4�®§¥ä �ã¨ � £à �, 25 ï¢ àï 1736 - 10  ¯à¥«ï 1813, äà æã§áª¨©  áâà®-®¬ ¨ ¬¥å ¨ª ¨â «ìïáª®£® ¯à®¨áå®�¤¥¨ï, ªàã¯¥©è¨© ¬ â¥¬ â¨ª XVIII ¢¥ª .�á®¡¥® ¯à®á« ¢¨«áï ¨áª«îç¨â¥«ìë¬ ¬ áâ¥àáâ¢®¬ ¢ ®¡« áâ¨ ®¡®¡é¥¨ï ¨ á¨-â¥§   ª®¯«¥®£®  ãç®£® ¬ â¥à¨ « . �ñá ®£à®¬ë© ¢ª« ¤ ¢ ¬ â¥¬ â¨ç¥áª¨©  «¨§, â¥®à¨î ç¨á¥«,  «£¥¡àã, â¥®à¨î ¢¥à®ïâ®áâ¥© ¨ ç¨á«¥ë¥ ¬¥â®¤ë, á®§¤ «¢ à¨ æ¨®®¥ ¨áç¨á«¥¨¥. (� â¥à¨ « ¨§ �¨ª¨¯¥¤¨¨)19СА
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�¥®à¥¬  �®è¨5. �á«¨�á«¨ äãªæ¨¨ f ¨ g ¥¯à¥àë¢ë   [a; b℄, ¤¨ää¥à¥æ¨àã¥¬ë  (a; b), ¯à¨ç¥¬ g′(x) 6= 0, â®  ©¤¥âáï â®çª  ξ ∈ (a; b) â ª ï, çâ®
f(b)− f(a)
g(b)− g(a) = f ′(ξ)

g′(ξ)��������������. � áá¬®âà¨¬ ¢á¯®¬®£ â¥«ìãî äãªæ¨î
ϕ(x) = f(x)− f(a)− f(b)− f(a)

g(b)− g(a) (
g(x)− g(a))�ç¥¢¨¤®, çâ® ϕ ¥¯à¥àë¢    [a; b℄, ¤¨ää¥à¥æ¨àã¥¬    (a; b),¯à¨ íâ®¬

ϕ(a) = f(a)− f(a)− f(b)− f(a)
g(b)− g(a) (

g(a)− g(a)) = 0 ¨
ϕ(b) = f(b)− f(a)− f(b)− f(a)

g(b)− g(a) (
g(b)− g(a)) = 0,â® ¥áâì ϕ ã¤®¢«¥â¢®àï¥â â¥®à¥¬¥ �®««ï, á®£« á® ª®â®à®©  ©¤¥âáïå®âï ¡ë ®¤  â®çª  ξ ∈ (a; b) â ª ï, çâ® ϕ′(ξ) = 0.� ª ª ª

ϕ′(x) = f ′(x)− f(b)− f(a)
g(b)− g(a) (

g(x)− g(a))′ = f ′(x)− f(b)− f(a)
d(b)− g(a) g′(x)Ǒ®«ãç ¥¬, çâ®

ϕ′(ξ) = f ′(ξ)− f(b)− f(a)
g(b)− g(a) g′(ξ) = 0 =⇒ f ′(ξ) = f(b)− f(a)

g(b)− g(a) g′(ξ),®âªã¤  ¨ á«¥¤ã¥â ¤®ª §ë¢ ¥¬®¥ ãâ¢¥à�¤¥¨¥. ¤5á¬. ¯.3.5
20СА
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¯.5.6. �®à¬ã«  �¥©«®à 6�®à¬ã«  �¥©«®à  ¤«ï ¬®£®ç«¥ .� áá¬®âà¨¬ ¬®£®ç«¥: p(x) = a0 + a1x+ a2x2 + a3x3 + ...+ anxn.�ç¥¢¨¤®, çâ® p(0) = a0.� ª ª ª
p′(x) = a1 + 2a2x+ 3a3x2 + ...+ nanxn−1 =⇒ p′(0) = a1
p′′(x) = 2a2 + 3 · 2a3x+ ...+ n(n − 1)anxn−2 =⇒ p′′(0) = 2a2
p′′′(x) = 3 · 2a3 + ...+ n(n − 1)(n − 2)anxn−3 =⇒ p′′′(0) = 3 · 2 a3
.........................................................................  «®£¨ç® p(n)(0) = n! an�âªã¤  ¯®«ãç ¥¬, çâ® ¤«ï k = 0, 1, 2, ..., n ak = p(k)(0)

k! , á«¥¤®¢ -â¥«ì®, ¬®£®ç«¥ ¬®�¥â ¡ëâì § ¯¨á  ¢ ¢¨¤¥:
p(x) = p(0)0! + p′(0)1! x+ p′′(0)2! x2 + ...

p(k)(0)
k! xk + ...+ p(n)(0)

n! xn == n∑

k=0 p(k)(0)
k! xk� «®£¨ç® ¢ ®¡é¥¬ á«ãç ¥ ¤«ï ¬®£®ç«¥ :

p(x) = a0 + a1(x− xo) + a2(x− xo)2 + a3(x− xo)3 + ...+ an(x− xo)n¯®«ãç ¥âáï ¯à¥¤áâ ¢«¥¨¥
p(x) = n∑

k=0 p(k)(xo)
k! (x − xo)k6�àãª �¥©«®à, 18  ¢£ãáâ  1685 - 29 ¤¥ª ¡àï 1731,  £«¨©áª¨© ¬ â¥¬ â¨ª. Ǒ®«ãç¨«áâ¥¯¥ì ¤®ªâ®à  ¯à ¢, ® ¥§ ¢¨á¨¬® ®â íâ®£® ¨§ãç « ¬ â¥¬ â¨ªã. �§¢¥áâë¥£® áâ âì¨ ®â®áïé¨¥áï ª ¢¥áì¬  à §®®¡à §ë¬ ¢®¯à®á ¬: ® æ¥âà¥ ª ç ¨©,® ¯®«ñâ¥ á àï¤®¢, ® ¢§ ¨¬®¤¥©áâ¢¨¨ ¬ £¨â®¢, ® ª ¯¨««ïàëå ï¢«¥¨ïå, ®áæ¥¯«¥¨¨ ¬¥�¤ã �¨¤ª®áâï¬¨ ¨ â¢ñà¤ë¬¨ â¥« ¬¨. �¬ã ¯à¨ ¤«¥�¨â ¡®«ìè®©âà ªâ â, ¢ ª®â®à®¬, ªà®¬¥ ¢ë¢®¤  ¥£® § ¬¥¨â®© ä®à¬ã«ë,  å®¤¨âáï â¥®à¨ïª®«¥¡ ¨ï áâàã, ¢ ª®â®à®© ® ¯à¨å®¤¨â ª â¥¬ �¥ á ¬ë¬ à¥§ã«ìâ â ¬, ªª®â®àë¬ ¢¯®á«¥¤áâ¢¨¨ ¯à¨è«¨ � « ¬¡¥à ¨ � £à �. � �¥ ¯¥à¢ë© § ¨¬ «áïâ¥®à¥â¨ç¥áª¨ ¢®¯à®á®¬ ®¡  áâà®®¬¨ç¥áª®© à¥äà ªæ¨¨ ¢  â¬®áä¥à¥. �¡« ¤ ï¡®«ìè¨¬¨ ¬ â¥¬ â¨ç¥áª¨¬¨ á¯®á®¡®áâï¬¨, ¢ â® �¥ ¢à¥¬ï ¡ë« ¢¥áì¬  å®à®è¨¬¬ã§ëª â®¬ ¨ ãá¯¥è® § ¨¬ «áï �¨¢®¯¨áìî. Ǒ®¤ ª®¥æ �¨§¨ ¯à¥¤ «áï¨áá«¥¤®¢ ¨ï¬ ¯® ¢®¯à®á ¬ à¥«¨£¨¨ ¨ ä¨«®á®ä¨¨. (� â¥à¨ « ¨§ �¨ª¨¯¥¤¨¨)21СА
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�®à¬ã«  �¥©«®à  ¤«ï ¯à®¨§¢®«ì®© äãªæ¨¨.Ǒãáâì äãªæ¨ï f(x) ¨¬¥¥â ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨ xo ¢á¥¯à®¨§¢®¤ë¥ ¤® n-£® ¯®àï¤ª  ¢ª«îç¨â¥«ì®. �®áâ ¢¨¬ ¬®£®ç«¥
ϕn(x) = n∑

k=0 f (k)(xo)
k! (x − xo)k�¡®§ ç¨¬ rn(x) { à §®áâì ¬¥�¤ã ¨áå®¤®© äãªæ¨¥© ¨ á®áâ ¢«¥-ë¬ ¬®£®ç«¥®¬, â®£¤ 

f(x) = n∑

k=0 f (k)(xo)
k! (x − xo)k + rn(x)Ǒ®«ãç¥®¥ ¯à¥¤áâ ¢«¥¨¥  §ë¢ ¥âáï ä®à¬ã«  �¥©«®à  ¯®àï¤ª  n¤«ï äãªæ¨¨ f ¢ ®ªà¥áâ®áâ¨ â®çª¨ xo. �¥«¨ç¨  rn(x)  §ë¢ ¥âáï®áâ â®çë¬ ç«¥®¬ ä®à¬ã«ë �¥©«®à  ¯®àï¤ª  n.�áâ â®çë© ç«¥ ä®à¬ã«ë �¥©«®à  ¢ ä®à¬¥ Ǒ¥ ®7.Ǒãáâì äãªæ¨ï f(x) ¨¬¥¥â ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨ xo ¢á¥¯à®¨§¢®¤ë¥ ¤® n-£® ¯®àï¤ª  ¢ª«îç¨â¥«ì®.�«ï ®áâ â®ç®£® ç«¥  ä®à¬ã«ë �¥©«®à  ¨¬¥¥â ¬¥áâ® á®®â®è¥-¨¥: ¯à¨ x → xo rn(x) = o

((x − xo)n).��������������. Ǒ® ®¯à¥¤¥«¥¨î
rn(x) = f(x)− f(xo)− f ′(xo)(x − xo)− f ′′(xo)2! (x − xo)2 − ...

... − f (n)(xo)
n! (x − xo)n =⇒ rn(xo) = 0,

r′n(x) = f ′(x)− f ′(xo)− f ′′(xo)2! 2(x − xo)− ...

... − f (n)(xo)
n! n(x − xo)n−1 =⇒ r′n(xo) = 0,7��ã§¥¯¯¥ Ǒ¥ ®, 27  ¢£ãáâ  1858 - 20  ¯à¥«ï 1932, ¨â «ìïáª¨© ¬ â¥¬ -â¨ª. �ñá ¢ª« ¤ ¢ ¬ â¥¬ â¨ç¥áªãî «®£¨ªã,  ªá¨®¬ â¨ªã, ä¨«®á®ä¨î ¬ â¥¬ -â¨ª¨. �®§¤ â¥«ì ¢á¯®¬®£ â¥«ì®£® ¨áªãááâ¢¥®£® ï§ëª . �®«¥¥ ¢á¥£® ¨§¢¥áâ¥ª ª  ¢â®à áâ ¤ àâ®©  ªá¨®¬ â¨§ æ¨¨  âãà «ì®©  à¨ä¬¥â¨ª¨. (� â¥à¨ « ¨§�¨ª¨¯¥¤¨¨) 22СА
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r′′n(x) = f ′′(x)− f ′′(xo)− f ′′′(xo)3! 3 · 2 (x − xo)− ...

... − f (n)(xo)
n! n(n − 1)(x − xo)n−2 =⇒ r′n(xo) = 0,¨ â ª ¤ «¥¥. � ª¨¬ ®¡à §®¬ ¯®«ãç ¥¬:

rn(xo) = r′n(xo) = r′′n(xo) = r′′′n (xo) = ... = r(n)n (xo) = 0Ǒ® ®¯à¥¤¥«¥¨î ¯à®¨§¢®¤®©0
‖

r(n)n (xo) = lim
x→xo

r
(n−1)
n (x)− 0

‖

r
(n−1)
n (xo)

x − xo
=⇒ lim

x→xo

r
(n−1)
n (x)
x − xo

= 0,â® ¥áâì r
(n−1)
n (x) = o(x − xo). ¤Ǒ® â¥®à¥¬¥ � £à �  ¤«ï ¥ª®â®à®© â®çª¨ ξ, «¥� é¥© ¬¥�¤ã â®ç-ª ¬¨ x ¨ xo,

r
(n−2)
n (x)− 0

‖

r
(n−2)
n (xo)

x − xo
= r(n−1)

n (ξ) = o(x − xo)=⇒ r(n−2)
n (x) = o

((x − xo)2).� «®£¨ç®
r
(n−3)
n (x)− r

(n−3)
n (xo)

x − xo
= r(n−2)

n (ξ) = o
((x − xo)2)=⇒ r(n−3)

n (x) = o
((x − xo)3).� â ª ¤ «¥¥, ¯®«ãç¨¬ r

(n−n)
n (x) = o

((x − xo)n). ¤�áâ â®çë© ç«¥ ä®à¬ã«ë �¥©«®à  ¢ ä®à¬¥ � £à � 8.Ǒãáâì äãªæ¨ï f(x) ¨¬¥¥â ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨ xo ¢á¥¯à®¨§¢®¤ë¥ ¤® (n + 1)-£® ¯®àï¤ª  ¢ª«îç¨â¥«ì®.8á¬. ¯.5.4 23СА
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�®£¤   ©¤¥âáï â®çª  ξ, «¥� é ï ¬¥�¤ã â®çª ¬¨ x ¨ xo, â ª ï,çâ® ¤«ï ®áâ â®ç®£® ç«¥  ä®à¬ã«ë �¥©«®à  ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®:
rn(x) = f (n+1)(ξ)(n + 1)! (x − x0)n+1��������������. � áá¬®âà¨¬ äãªæ¨¨

ϕ(t) = f(x)− n∑

k=0 f (k)(t)
k! (x − t)k ¨ ψ(t) = (x − t)n+1. ©¤¥âáï â®çª  ξ, «¥� é ï ¬¥�¤ã â®çª ¬¨ x ¨ xo, â ª ï, çâ®

ϕ(x)− ϕ(xo)
ψ(x)− ψ(xo) = ϕ′(ξ)

ψ′(ξ) (*)Ǒ®¤áç¨â ¥¬ ¢á¥ ¢¥«¨ç¨ë, ¢å®¤ïé¨¥ ¢ ¯®á«¥¤¥¥ à ¢¥áâ¢®:
ϕ(x) = f(x)− n∑

k=0 f (k)(x)
k! (x − x)k =(â ª ª ª á« £ ¥¬ë¥ áã¬¬ë ªà®¬¥ á« £ ¥¬®£® ¯à¨ k = 0 à ¢ë ã«î)= f(x)− f (0)(x)0! = 0,

ϕ(xo) = f(x)− n∑

k=0 f (k)(x0)
k! (x − x0)k = rn(x),

ϕ′(t) = −
n∑

k=0 1
k! (

f (k)(t)(x − t)k)′ == −
n∑

k=0 1
k!(f (k+1)(t)(x − t)k − f (k)(t)k(x − t)k−1

︸ ︷︷ ︸=0 ¯à¨ k=0 ) == −
n∑

k=0 1
k!f (k+1)(t)(x − t)k + n∑

k=1 1(k − 1)!f (k)(t)(x − t)k−1 == −
n∑

k=0 1
k!f (k+1)(t)(x − t)k + n−1∑

k∗=0 1
k∗!f (k∗+1)(t)(x − t)k∗ == − 1

n!f (n+1)(t)(x − t)n=⇒ ϕ′(ξ) = − 1
n!f (n+1)(ξ)(x − ξ)n

ψ(x) = (x − x)n+1 = 0 24СА
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ψ(xo) = (x − xo)n+1
ψ′(t) = −(n + 1)(x − t)n =⇒ ψ′(ξ) = −(n + 1)(x − ξ)nǑ®¤áâ ¢¨¬  ©¤¥ë¥ ¢¥«¨ç¨ë ¢ ¢ëà �¥¨¥ (*):

−rn(x)
−(x − xo)(n+1) = − 1

n!f (n+1)(ξ)(x − ξ)n
−(n + 1)(x − ξ)n =⇒

rn(x) = f (n+1)(ξ)(n + 1)! (x − x0)n+1
¤�¤¨áâ¢¥®áâì à §«®�¥¨ï ¯® ä®à¬ã«¥ �¥©«®à .�á«¨ äãªæ¨ï f(x) ¨¬¥¥â ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨ xo ¢á¥¯à®¨§¢®¤ë¥ ¤® n-£® ¯®àï¤ª  ¢ª«îç¨â¥«ì®, ¯à¥¤áâ ¢«¥  ¢ ¢¨¤¥

f(x) = a0+a1(x−xo)+a2(x−xo)2+ ...+an(x−xo)n +o
((x−xo)n),â® ®¡ï§ â¥«ì® ak = f (k)(x0)

k! (x − x0)k { ª®íää¨æ¨¥âë �¥©«®à .��������������. Ǒà¥¤¯®«®�¨¬, çâ® áãé¥áâ¢ãîâ ¤¢  ¯à¥¤áâ ¢-«¥¨ï:
f(x) = a0+ a1(x−xo)+ a2(x−xo)2+ ...+ an(x−xo)n + o

((x−xo)n)¨
f(x) = b0+ b1(x− xo) + b2(x− xo)2 + ...+ bn(x− xo)n + o

((x− xo)n)â® ¥áâì ¨¬¥¥âáï à ¢¥áâ¢®:
a0 + a1(x − xo) + a2(x − xo)2 + ...+ an(x − xo)n + o

((x − xo)n) == b0 + b1(x − xo) + b2(x − xo)2 + ...+ bn(x − xo)n + o
((x − xo)n)Ǒ®¤áâ ¢«ïï x = xo, ¯®«ãç¨¬, çâ® a0 = b0, § ç¨â ¯¥à¢ë¥ á« £ ¥¬ë¥¬®�® á®ªà â¨âì:

a1(x − xo) + a2(x − xo)2 + ...+ an(x − xo)n + o
((x − xo)n) == b1(x − xo) + b2(x − xo)2 + ...+ bn(x − xo)n + o

((x − xo)n)Ǒ®¤¥«¨¬ ¢á¥ à ¢¥áâ¢®   (x − xo):
a1 + a2(x − xo) + ...+ an(x − xo)n−1 + o

((x − xo)n−1) == b1 + b2(x − xo) + ...+ bn(x − xo)n−1 + o
((x − xo)n−1)Ǒ®¤áâ ¢«ïï x = xo, ¯®«ãç¨¬, çâ® a1 = b1 ¨ â ª ¤ «¥¥. Ǒ®¢â®àïïè £¨, ¯®«ãç¨¬, çâ® ¢á¥ ak = bk, § ç¨â ¯à¥¤áâ ¢«¥¨¥ ¤«ï f ¥¤¨-áâ¢¥®¥. ¤ 25СА
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� §«®�¥¨¥ ¯® ä®à¬ã«¥ �¥©«®à  ¥ª®â®àëå äãªæ¨©.
• � áá¬®âà¨¬ äãªæ¨î sinx, xo = 0.sin(0) = 0(sinx)′ = osx =⇒ sin′(0) = 1(sinx)′′ = (osx)′ = − sinx =⇒ sin′′(0) = 0(sinx)′′′ = (− sinx)′ = − osx =⇒ sin′′′(0) = −1(sinx)(4) = (− osx)′ = sinx =⇒ sin(4)(0) = 0 ¨ â ª ¤ «¥¥.� ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬ ¯à¥¤áâ ¢«¥¨¥:sinx = x − x33! + x55! − x77! + ...+ (−1)n−1x2n−1(2n − 1)! + rn(x) == n∑

k=0 (−1)kx2k+1(2k + 1)! + rn(x)
• � áá¬®âà¨¬ äãªæ¨î osx, xo = 0.os(0) = 1(osx)′ = − sinx =⇒ os′(0) = 0(osx)′′ = (− sinx)′ = − osx =⇒ os′′(0) = −1(osx)′′′ = (− osx)′ = sinx =⇒ os′′′(0) = 0(osx)(4) = (sinx)′ = osx =⇒ os(4)(0) = 1 ¨ â ª ¤ «¥¥.� ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬ ¯à¥¤áâ ¢«¥¨¥:osx = 1− x22! + x44! − x66! + ...+ (−1)nx2n(2n)! + rn(x) == n∑

k=0 (−1)kx2k(2k)! + rn(x)
• � áá¬®âà¨¬ äãªæ¨î ex, xo = 0.

e0 = 1(ex)′ = ex =⇒ (ex)′x=0 = 1(ex)′′ = (ex)′ = ex =⇒ (ex)′′x=0 = 1 ¨ â ª ¤ «¥¥.� ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬ ¯à¥¤áâ ¢«¥¨¥:
ex = 1 + x+ x22! + x33! + x44! + ...+ xn

n! + rn(x) = n∑

k=0 xk

k! + rn(x)26СА
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• � áá¬®âà¨¬ äãªæ¨î ln(1 + x), xo = 0.ln(1 + x)x=0 = 0
( ln(1 + x))′= 11 + x

=⇒ ( ln(1 + x))′
x=0= 1

( ln(1 + x))′′= ( 11 + x

)′ = − 1(1 + x)2 = =⇒ ( ln(1 + x))′′
x=0= −1

( ln(1 + x))′′′= (

− 1(1 + x)2)′ = 2(1 + x)3 = =⇒ ( ln(1 + x))′′′
x=0= 2

( ln(1+x))(4)= ( 2(1 + x)3)′ = − 2 · 3(1 + x)4 = =⇒ ( ln(1+x))(4)
x=0= 2 ·3¨ â ª ¤ «¥¥.� ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬ ¯à¥¤áâ ¢«¥¨¥:ln(1 + x) = x − x22 + x33 − x44 ...+ (−1)n−1xn

n
+ rn(x) == n∑

k=1 (−1)n−1xk

k
+ rn(x)¯.5.7. � áªàëâ¨¥ ¥®¯à¥¤¥«¥®áâ¥©Ǒ¥à¢®¥ ¯à ¢¨«® �®¯¨â «ï9 (¥®¯à¥¤¥«¥®áâ¨ 0/0).�á«¨ ¢ë¯®«¥ë ãá«®¢¨ï:(1) äãªæ¨¨ f(x) ¨ g(x) ®¯à¥¤¥«¥ë ¨ ¥¯à¥àë¢ë ¢ ¥ª®â®à®©®ªà¥áâ®áâ¨ â®çª¨ a ªà®¬¥, ¡ëâì ¬®�¥â, á ¬®© â®çª¨ a, ¨ ¯à¨

x → a ®¡¥ áâà¥¬ïâáï ª ã«î;(2) f ′(x) ¨ g′(x) áãé¥áâ¢ãîâ ¢ ãª § ®© ®ªà¥áâ®áâ¨ â®çª¨ a,¯à¨ç¥¬ ®¤®¢à¥¬¥® ¥ ®¡à é îâáï ¢ ®«ì ¯à¨ x 6= a;(3) áãé¥áâ¢ã¥â ª®¥çë© ¨«¨ ¡¥áª®¥çë© ¯à¥¤¥« lim
x→a

f ′(x)
g′(x) ,â® lim

x→a

f ′(x)
g′(x) = lim

x→a

f(x)
g(x) .9�¨©®¬ �à áã  �®¯¨â «ì, 1661 - 1704, äà æã§áª¨© ¬ â¥¬ â¨ª,  ¢â®à ¯¥à-¢®£® ãç¥¡¨ª  ¯® ¬ â¥¬ â¨ç¥áª®¬ã   «¨§ã. �ë ¡®£ âëå à®¤¨â¥«¥©, ¬ àª¨§ �®-¯¨â «ì ¯®áâã¯¨« á¯¥à¢  ¢ ¢®¥ãî á«ã�¡ã, ® ¯® á« ¡®áâ¨ §à¥¨ï ¢áª®à¥ ®áâ ¢¨«¥ñ ¨ ¯®á¢ïâ¨« á¥¡ï  ãª ¬. �®áâ®ï« ç«¥®¬ Ǒ à¨�áª®©  ª ¤¥¬¨¨  ãª. �« ¢ ï§ á«ã£  �®¯¨â «ï § ª«îç ¥âáï ¢ ¯¥à¢®¬ á¨áâ¥¬ â¨ç¥áª®¬ ¨§«®�¥¨¨ ¬ â¥¬ â¨-ç¥áª®£®   «¨§ , ¤ ®¥ ¨¬ ¢ á®ç¨¥¨¨ "� «¨§ ¡¥áª®¥ç® ¬ «ëå". �®¯¨â «î¯à¨ ¤«¥�¨â â ª�¥ à¥è¥¨¥ àï¤  § ¤ ç, à¥è¥¨¥ ª®â®àëå ¯®¬®£«® ¥¬ã áâ âì ¢®¤¨ àï¤ á �ìîâ®®¬, �¥©¡¨æ¥¬, �¥àã««¨. (� â¥à¨ « ¨§ �¨ª¨¯¥¤¨¨)27СА
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��������������. �®®¯à¥¤¥«¨¬ äãªæ¨¨ ¢ â®çª¥ a. Ǒ®«®�¨¬
f(a) = lim

x→a
f(x) = 0, g(a) = lim

x→a
g(x) = 0.�®£¤  f ¨ g ¥¯à¥àë¢ë   [a; b℄ ¨ ¯® â¥®à¥¬¥ �®è¨  ©¤¥âáï â®çª 

ξ, «¥� é ï ¬¥�¤ã x ¨ a, â ª ï, çâ®
f(x)− f(a)=0
g(x)− g(a)=0 = f ′(ξ)

g′(ξ) =⇒ lim
x→a

f(x)
g(x) = lim

x→a

f ′(ξ)
g′(ξ) ¤Ǒà¨¬¥à. �ëç¨á«¨âì ¯à¥¤¥« lim

x→0 x+ sinx

x+ x2 .�¥è¥¨¥. �¬¥¥¬ ¥®¯à¥¤¥«¥®áâì ¢¨¤  0/0, ¤«ï ª®â®à®© ¯à¨¬¥¨¬®¯à ¢¨«® �®¯¨â «ï:lim
x→0 x+ sinx

x+ x2 = lim
x→0 (x + sinx)′(x + x2)′ = lim

x→0 1 + osx1 + 2x = 2.Ǒ®¢â®à®¥ ¯à ¢¨«® �®¯¨â «ï.�á«¨ ¢ë¯®«¥ë ãá«®¢¨ï:(1) äãªæ¨¨ f(x) ¨ g(x) ®¯à¥¤¥«¥ë ¨ ¥¯à¥àë¢ë ¢ ¥ª®â®à®©®ªà¥áâ®áâ¨ â®çª¨ a ªà®¬¥, ¡ëâì ¬®�¥â, á ¬®© â®çª¨ a, ¨ ¯à¨
x → a ®¡¥ áâà¥¬ïâáï ª ã«î;(2) f ′(x), f ′′(x), ... , f (n−1)(x) ¨ g′(x), g′′(x), ... , g(n−1)(x)áãé¥áâ¢ãîâ ¢ ãª § ®© ®ªà¥áâ®áâ¨ â®çª¨ a, ¯à¨ç¥¬

f ′(a) = f ′′(a) = ... = f (n−1)(a) = 0 ¨
g′(a) = g′′(a) = ... = g(n−1)(a) = 0(3) áãé¥áâ¢ãîâ ª®¥çë¥ ¯à®¨§¢®¤ë¥ f (n)(a) ¨ g(n)(a), ¯à¨ç¥¬

g(n)(a) 6= 0â® lim
x→a

f(x)
g(x) = f (n)(a)

g(n)(a) .(�® ¥áâì ¯à ¢¨«® �®¯¨â «ï ¬®�® ¯à¨¬¥ïâì ¥áª®«ìª® à §.)��������������. Ǒà¨¬¥¨¬ ä®à¬ã«ã �¥©«®à :
f(x) = f(a)=00! + f ′(a)=01! (x − a) + ...+ f (n−1)(a)=0(n − 1)! (x − a)n−1++ f (n)(a)

n! (x − a)n + o
((x−a)n)

,  «®£¨ç® ¤«ï g(x), ¯®íâ®¬ã 28СА
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lim
x→a

f(x)
g(x) = lim

x→a

f(n)(a)
n! (x − a)n + o

((x−a)n)

g(n)(a)
n! (x − a)n + o

((x−a)n) == lim
x→a

f (n)(a) + o(1)
g(n)(a) + o(1) = f (n)(a)

g(n)(a) ¤Ǒà¨¬¥à. �ëç¨á«¨âì ¯à¥¤¥« lim
x→0 ex − esinx

x3 .�¥è¥¨¥. �¬¥¥¬ ¥®¯à¥¤¥«¥®áâì ¢¨¤  0/0, ¤«ï ª®â®à®© ¯à¨¬¥¨¬®¯à ¢¨«® �®¯¨â «ï:lim
x→0 ex − esinx

x3 = lim
x→0 (ex − esinx)′(x3)′ = lim

x→0 ex − esinx osx3x2 =á®¢  ¥®¯à¥¤¥«¥®áâì 0/0, ¯à¨¬¥ï¥¬ ¯à ¢¨«® �®¯¨â «ï:= lim
x→0 (ex − esinx osx)′(3x2)′ = lim

x→0 ex − esinx os2 x+ esinx sinx6x =®¯ïâì ¥®¯à¥¤¥«¥®áâì 0/0 ¨ ®¯ïâì ¯à¨¬¥ï¥¬ ¯à ¢¨«® �®¯¨â «ï:= lim
x→0 (ex − esinx os2 x+ esinx sinx)′(6x)′ == lim

x→0 (ex − esinx os3 x+ 3 osx sinxesinx + esinx osx6 = 16 .�â®à®¥ ¯à ¢¨«® �®¯¨â «ï(¥®¯à¥¤¥«¥®áâ¨ ∞/∞).�á«¨ ¢ë¯®«¥ë ãá«®¢¨ï:(1) äãªæ¨¨ f(x) ¨ g(x) ®¯à¥¤¥«¥ë ¨ ¥¯à¥àë¢ë ¢ ¥ª®â®à®©®ªà¥áâ®áâ¨ â®çª¨ a ªà®¬¥, ¡ëâì ¬®�¥â, á ¬®© â®çª¨ a, ¨ ¯à¨
x → a ®¡¥ áâà¥¬ïâáï ª ¡¥áª®¥ç®áâ¨;(2) f ′(x) ¨ g′(x) áãé¥áâ¢ãîâ ¢ ãª § ®© ®ªà¥áâ®áâ¨ â®çª¨ a,¯à¨ç¥¬ ®¤®¢à¥¬¥® ¥ ®¡à é îâáï ¢ ®«ì ¯à¨ x 6= a;(3) áãé¥áâ¢ã¥â ª®¥çë© ¨«¨ ¡¥áª®¥çë© ¯à¥¤¥« lim

x→a

f ′(x)
g′(x) ,â® lim

x→a

f ′(x)
g′(x) = lim

x→a

f(x)
g(x) . 29СА

РА
ТО
ВС
КИ
Й ГО

СУ
ДА
РС
ТВ
ЕН
НЫ
Й УН

ИВ
ЕР
СИ
ТЕ
Т И
МЕ
НИ

 Н
. Г

. Ч
ЕР
НЫ
ШЕ
ВС
КО
ГО



��������������.Ǒãáâì lim
x→a

f ′(x)
g′(x) = k, k 6= ∞.�®£¤  ∀ ε > 0  ©¤¥âáï δ1 â ª®¥, çâ®   ¢á¥¬ ¨â¥à¢ «¥ (a−δ1; a+δ1)¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®

∣
∣
∣
∣

f ′(x)
g′(x) − k

∣
∣
∣
∣
< ε (1)�§ ãá«®¢¨ï (1)  ©¤¥âáï δ2 â ª®¥, çâ®   ¨â¥à¢ «¥ (a − δ2; a+ δ2)

g(x) > 0 (2)�®§ì¬¥¬ δ = min{δ1; δ2}, â®£¤  ¤«ï x ∈ (a − δ; a + δ) ¡ã¤ãâ ¢ë¯®«-¥ë ®¡  ¯®á«¥¤¨å ¥à ¢¥áâ¢  ¨ ¤«ï â ª¨å x ¨¬¥¥¬:
f(x)
g(x) − k = f(x)−f(a+δ)+f(a+δ)

g(x) − k

(1− g(a+δ)
g(x) + g(a+δ)

g(x) ) == f(x)−f(a+δ)
g(x)− g(a+δ) · g(x)− g(a+δ)

g(x) + f(a+δ)
g(x) −

− k

(1− g(a+δ)
g(x) )

− k

(
g(a+δ)
g(x) ) == (

f(x)−f(a+δ)
g(x)− g(a+δ) − k

) (1− g(a+δ)
g(x) )+ f(a+δ)− kg(a+δ)

g(x)�®-¯¥à¢ëå, ¢ á¨«ã â¥®à¥¬ë �®è¨, ¤«ï ¥ª®â®à®© â®çª¨ ξ, «¥� é¥©¬¥�¤ã x ¨ a+ δ
f(x)−f(a+δ)
g(x)− g(a+δ) = f ′(ξ)

g′(ξ)¨ ¢ á¨«ã ¥à ¢¥áâ¢  (1)
(

f(x)−f(a+δ)
g(x)− g(a+δ) − k

)

→ 0�®-¢â®àëå, â ª ª ª g(x) → ∞,
(1− g(a+δ)

g(x) )

→ 1 ¨ f(a+δ)− kg(a+δ)
g(x) → 0,á«¥¤®¢ â¥«ì® f(x)

g(x) −k → 0 ¨ ¤«ï ª®¥ç®£® k ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë¤®ª § ®.�á«¨ �¥ lim
x→a

f ′(x)
g′(x) = ∞, â® lim

x→a

g′(x)
f ′(x) = 0 ¨ ¯® ¤®ª § ®¬ãlim

x→a

g(x)
f(x) = 0 =⇒ lim

x→a

f(x)
g(x) = ∞. ¤30СА
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� áªàëâ¨¥ ¥®¯à¥¤¥«¥®áâ¥© ¤àã£®£® ¢¨¤ .Ǒà ¢¨«  �®¯¨â «ï ¤ îâ ¢®§¬®�®áâì à áªàë¢ âì ¥®¯à¥¤¥«¥®-áâ¨ ¢¨¤  0/0 ¨ ∞/∞. �àã£¨¥ ¥®¯à¥¤¥«¥®áâ¨ á¢®¤ïâáï ª ¯à ¢¨«ã�®¯¨â «ï ¯ãâ¥¬  «£¥¡à ¨ç¥áª¨å ¯à¥®¡à §®¢ ¨©:
• � áªàëâ¨¥ ¥®¯à¥¤¥«¥®áâ¥© ¢¨¤  0 · ∞Ǒãáâì lim

x→a
f(x) = 0, lim

x→a
g(x) = ∞.�®£¤  lim

x→a
f(x)g(x) = lim

x→a

f(x)1
g(x) = (00),¨«¨ = lim

x→a

g(x)1
f(x) = (∞

∞

).� ¯®«ãç¥ë¬ ¢ëà �¥¨ï¬ ¯à¨¬¥¨¬® ¯à ¢¨«® �®¯¨â «ï.
• � áªàëâ¨¥ ¥®¯à¥¤¥«¥®áâ¨ ¢¨¤  ∞−∞Ǒãáâì lim

x→a
f(x) = ∞, lim

x→a
g(x) = ∞.�®£¤  lim

x→a

(
f(x)− g(x)) = lim

x→a
f(x)(1− g(x)

f(x)),¨«¨ = lim
x→a

g(x)(f(x)
g(x) − 1).�á«¨ ¢ëà �¥¨ï, áâ®ïé¨¥ ¢ áª®¡ª å, áâà¥¬ïâáï ª ã«î, â® ¯®«ãç -¥¬ ¥®¯à¥¤¥«¥®áâì ¢¨¤  ∞ · 0, ª®â®à ï ¡ë«  à áá¬®âà¥  ¢ëè¥,¢ ¯à®â¨¢®¬ á«ãç ¥ ¥ ¯®«ãç ¥¬ ¥®¯à¥¤¥«¥®áâ¨ ¨ ¬®�¥¬ áà §ã§ ¯¨á âì ®â¢¥â.

• � áªàëâ¨¥ ¥®¯à¥¤¥«¥®áâ¥© ¢¨¤  1∞, 00, ∞0Ǒãáâì lim
x→a

f(x) = 1, lim
x→a

g(x) = ∞,¨«¨ lim
x→a

f(x) = 0, lim
x→a

g(x) = 0,¨«¨ lim
x→a

f(x) = ∞, lim
x→a

g(x) = 0.�®£¤  lim
x→a

f(x)g(x) = lim
x→a

eln f(x)·g(x) = e
lim

x→a
ln f(x)·g(x).�, â ª ª ª ln 1 = 0, ln 0 = −∞, ln∞ = ∞, ¯®«ãç ¥¬ ¥®¯à¥¤¥«¥®áâì¢¨¤  ∞ · 0, ª®â®à ï ¡ë«  à áá¬®âà¥  ¢ëè¥.Ǒà¨¬¥à. �ëç¨á«¨âì ¯à¥¤¥« lim

x→0xx.�¥è¥¨¥. �¬¥¥¬ ¥®¯à¥¤¥«¥®áâì ¢¨¤  00. Ǒà¥®¡à §ã¥¬ äãªæ¨î,áâ®ïéãî ¯®¤ § ª®¬ ¯à¥¤¥« :lim
x→0xx = lim

x→0 ex lnx = e
lim
x→0 x lnx = e

lim
x→0 ln x1/x = e

lim
x→0 (ln x)′(1/x)′ = e

lim
x→0(−x) = 1.31СА
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¯.5.8. Ǒà¨¬¥¥¨¥ ¯à®¨§¢®¤®©¤«ï ¨§ãç¥¨ï ¯®¢¥¤¥¨ï äãªæ¨¨�¢ï§ì ¯à®¨§¢®¤ëå á ¬®®â®®áâìî.
• �¥®à¥¬  1. �á«¨   ¥ª®â®à®¬ ®âà¥§ª¥ f ′(x) > 0, â® äãªæ¨ï f  íâ®¬ ®âà¥§ª¥ ¢®§à áâ ¥â.��������������. �®§ì¬¥¬ x1 < x2. Ǒ® â¥®à¥¬¥ � £à �   ©-¤¥âáï â®çª  ξ, «¥� é ï ¬¥�¤ã x1 ¨ x2, â ª ï, çâ®

f(x1)− f(x2) = f ′(ξ)
︸ ︷︷ ︸

>0 (x1 − x2)
︸ ︷︷ ︸

<0 =⇒ f(x1) < f(x2),  § ç¨â äãªæ¨ï ¢®§à áâ ¥â ¤� «®£¨ç® ¤®ª §ë¢ ¥âáï
• �¥®à¥¬  2. �á«¨   ¥ª®â®à®¬ ®âà¥§ª¥ f ′(x) < 0, â® äãªæ¨ï f  íâ®¬ ®âà¥§ª¥ ã¡ë¢ ¥â.
• �¥®à¥¬  3. �á«¨ äãªæ¨ï f ¢®§à áâ ¥â ¨ ã ¥¥ áãé¥áâ¢ã¥â ¯à®¨§-¢®¤ ï, â® f ′(x) ≥ 0.��������������. � ª ª ª f ¢®§à áâ ¥â, f(x + δ)− f(x)

δ
> 0 =⇒lim

δ→0 f(x + δ)− f(x)
δ

≥ 0 =⇒ f ′(x) ≥ 0 ¤� ¬¥ç ¨¥. � ä®à¬ã«¨à®¢ª¥ ¥à ¢¥áâ¢® f ′(x) ≥ 0 ¥«ì§ï § ¬¥-¨âì ¢ ®¡é¥¬ á«ãç ¥   áâà®£®¥: f ′(x) > 0.�¥©áâ¢¨â¥«ì®, äãªæ¨ï f(x) = x3 áâà®£® ¢®§à áâ ¥â ¯à¨ ¢á¥å x,®¤ ª® f ′(x) = 3x2 = 0 ¯à¨ x = 0.� «®£¨ç® ¤®ª §ë¢ ¥âáï
• �¥®à¥¬  4. �á«¨ äãªæ¨ï f ã¡ë¢ ¥â ¨ ã ¥¥ áãé¥áâ¢ã¥â ¯à®¨§¢®¤- ï, â® f ′(x) ≤ 0.�¢ï§ì ¯à®¨§¢®¤ëå á ¢ë¯ãª«®áâìî.
• �¥®à¥¬  1. �á«¨   ¥ª®â®à®¬ ®âà¥§ª¥ f ′′(x) > 0, â® äãªæ¨ï f  íâ®¬ ®âà¥§ª¥ ¢ë¯ãª«  ¢¨§. 32СА
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��������������. �®§ì¬¥¬ x1 < x < x2. Ǒ® â¥®à¥¬¥ � £à �  ©¤¥âáï â®çª  ξ1, «¥� é ï ¬¥�¤ã x1 ¨ x, â ª ï, çâ®
f(x)− f(x1)

x − x1 = f ′(ξ1)¨ â®çª  ξ2, «¥� é ï ¬¥�¤ã x ¨ x2, â ª ï, çâ®
f(x2)− f(x)

x2 − x
= f ′(ξ2)� ª ª ª f ′′(x) > 0, f ′(x) ¢®§à áâ ¥â,   § ç¨â f ′(ξ1) < f ′(ξ2) =⇒

f(x)− f(x1)
x − x1 <

f(x2)− f(x)
x2 − x  íâ® ¨ ¥áâì ãá«®¢¨¥ ¢ë¯ãª«®áâ¨ ¢¨§ ¤� «®£¨ç® ¤®ª §ë¢ ¥âáï

• �¥®à¥¬  2. �á«¨   ¥ª®â®à®¬ ®âà¥§ª¥ f ′′(x) < 0, â® äãªæ¨ï f  íâ®¬ ®âà¥§ª¥ ¢ë¯ãª«  ¢¢¥àå.
• �¥®à¥¬  3. �á«¨ äãªæ¨ï f ¢ë¯ãª«  ¢¨§ ¨ ã ¥¥ áãé¥áâ¢ã¥â ¢â®à ï¯à®¨§¢®¤ ï, â® f ′′(x) ≥ 0.��������������. � ª ª ª f ¢ë¯ãª«  ¢¨§, ¤«ï x1 < x < x2

f(x)− f(x1)
x − x1 <

f(x2)− f(x)
x2 − xǑ¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ x → x1, ¯®«ãç¨¬: f ′(x1) ≤ f(x2)− f(x1)

x2 − x1 .Ǒ¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ x → x2, ¯®«ãç¨¬: f(x2)− f(x1)
x2 − x1 ≤ f ′(x2).=⇒ ¤«ï ¢á¥å x1 < x2 ¡ã¤¥â f ′(x1) ≤ f ′(x2), á«¥¤®¢ â¥«ì® f ′(x)¢®§à áâ ¥â, á«¥¤®¢ â¥«ì® f ′′(x) ≥ 0. ¤� ¬¥ç ¨¥. � ä®à¬ã«¨à®¢ª¥ ¥à ¢¥áâ¢® f ′′(x) ≥ 0 ¥«ì§ï § ¬¥-¨âì ¢ ®¡é¥¬ á«ãç ¥   áâà®£®¥: f ′′(x) > 0.�¥©áâ¢¨â¥«ì®, äãªæ¨ï f(x) = x4 ¢ë¯ãª«  ¢¨§ ¯à¨ ¢á¥å x, ®¤- ª® f ′′(x) = 12x2 = 0 ¯à¨ x = 0.� «®£¨ç® ¤®ª §ë¢ ¥âáï

• �¥®à¥¬  4. �á«¨ äãªæ¨ï f ¢ë¯ãª«  ¢¢¥àå ¨ ã ¥¥ áãé¥áâ¢ã¥â¢â®à ï ¯à®¨§¢®¤ ï, â® f ′′(x) ≤ 0.33СА
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�¢ï§ì ¯à®¨§¢®¤ëå á íªáâà¥¬ã¬ ¬¨.Ǒãáâì äãªæ¨ï ®¯à¥¤¥«¥  ¢ ®ªà¥áâ®áâ¨ â®çª¨ xo ¨ ¨¬¥¥â ¢ íâ®©â®çª¥ ¯à®¨§¢®¤ãî. �á«¨ xo â®çª  íªáâà¥¬ã¬  äãªæ¨¨, â® ¯® â¥®-à¥¬¥ �¥à¬  f ′(x0) = 0. �â® ¥®¡å®¤¨¬®¥ ãá«®¢¨¥ íªáâà¥¬ã¬ .�® ®¡à â®¥ ãâ¢¥à�¤¥¨¥ ¥ ¢¥à®. �á«¨ f ′(x0) = 0, ®âáî¤  ¢®¢á¥¥ á«¥¤ã¥â, çâ® xo ï¢«ï¥âáï íªáâà¥¬ã¬®¬. � ¯à¨¬¥à, ¤«ï äãªæ¨¨
f(x) = x3 ¯à®¨§¢®¤ ï ¢ ã«¥ à ¢  ã«î, ® â®çª  x = 0 ¥ ï¢«ï¥âáïíªáâà¥¬ã¬®¬.Ǒãáâì f ′(x0) = 0. �¯à¥¤¥«¨¬ ¤®¯®«¨â¥«ìë¥ ãá«®¢¨ï ¤«ï  å®�-¤¥¨ï íªáâà¥¬ã¬ .
• Ǒ® ¯¥à¢®© ¯à®¨§¢®¤®©.�®§¬®�ë âà¨ á«ãç ï:1) á«¥¢  ¨ á¯à ¢  ®â â®çª¨ xo f ′(x) ®¤®£® § ª  =⇒ á«¥¢  ¨á¯à ¢  ®â xo äãªæ¨ï ¢®§à áâ ¥â, ¨«¨ ¨ â ¬, ¨ â ¬ ã¡ë¢ ¥â, á«¥¤®¢ -â¥«ì®, íªáâà¥¬ã¬  ¢ xo ¥â;2) á«¥¢  ®â â®çª¨ xo f ′(x) > 0, á«¥¢  f ′(x) < 0 =⇒ á«¥¢  ®â xoäãªæ¨ï ¢®§à áâ ¥â, á¯à ¢  ®â xo ã¡ë¢ ¥â, á«¥¤®¢ â¥«ì®, á«¥¤®¢ -â¥«ì®, xo â®çª  ¬ ªá¨¬ã¬ ;3) á«¥¢  ®â â®çª¨ xo f ′(x) < 0, á«¥¢  f ′(x) > 0 =⇒ á«¥¢  ®â xoäãªæ¨ï ã¡ë¢ ¥â, á¯à ¢  ®â xo ¢®§à áâ ¥â, á«¥¤®¢ â¥«ì®, á«¥¤®¢ -â¥«ì®, xo â®çª  ¬¨¨¬ã¬ .�â ª, ¥á«¨ ¯à¨ ¯¥à¥å®¤¥ ç¥à¥§ â®çªã xo ¯à®¨§¢®¤ ï ¬¥ï¥â § ªá "+"   "−", â® xo { â®çª  ¬ ªá¨¬ã¬ , ¥á«¨ á "−"   "+" { â®çª ¬¨¨¬ã¬ .
• Ǒ® ¢â®à®© ¯à®¨§¢®¤®© (¥á«¨ ®  áãé¥áâ¢ã¥â).�®§¬®�ë âà¨ á«ãç ï:1) f ′′(x0) > 0 =⇒ äãªæ¨ï ¢ë¯ãª«  ¢¨§, á«¥¤®¢ â¥«ì® xo â®çª ¬¨¨¬ã¬ ;2) f ′′(x0) < 0 =⇒ äãªæ¨ï ¢ë¯ãª«  ¢¢¥àå, á«¥¤®¢ â¥«ì® xoâ®çª  ¬ ªá¨¬ã¬ ;3) f ′′(x0) = 0 â®£¤  ¯® ¢â®à®© ¯à®¨§¢®¤®© ¨ç¥£® ®¯à¥¤¥«¨âì ¥«ì-§ï. �¥©áâ¢¨â¥«ì®, ¤«ï äãªæ¨© f(x) = x4, g(x) = −x4, h(x) = x5¢â®àë¥ ¯à®¨§¢®¤ë¥ ¢ ã«¥ à ¢ë ã«î, ® ¤«ï äãªæ¨¨ f â®çª 34СА
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x = 0 { â®çª  ¬¨¨¬ã¬ , ¤«ï g { â®çª  ¬ ªá¨¬ã¬ ,   ¤«ï h { ¥íªáâà¥¬ã¬.
• Ǒ® áâ àè¨¬ ¯à®¨§¢®¤ë¬ (¥á«¨ ®¨ áãé¥áâ¢ãîâ).Ǒãáâì ¢ â®çª¥ xo ¢á¥ ¯à®¨§¢®¤ë¥ ¤® (n − 1)-£® ¯®àï¤ª  ¢ª«îç¨-â¥«ì® à ¢ë ã«î,   f (n)(x0) 6= 0. �®£¤  ä®à¬ã«  �¥©«®à  ¯à¨¬¥â¢¨¤: f(x) = f(xo) + f (n)(x0)

n! (x − xo)n + o
((x − xo)) ¨«¨

f(x)− f(xo) = 1
n![f (n)(x0) + o(1)](x − xo)n¨ § ª «¥¢®© ç áâ¨ á®¢¯ ¤ ¥â á® § ª®¬ ¢ëà �¥¨ï f (n)(x0)(x− xo)n�á«¨ n ç¥â®¥, â® § ª f(x) − f(xo) á®¢¯ ¤ ¥â á® § ª®¬ f (n)(x0)¨ ¥á«¨ f (n)(x0) > 0, â® xo â®çª  ¬¨¨¬ã¬ , ¥á«¨ f (n)(x0) < 0, â® xoâ®çª  ¬ ªá¨¬ã¬ .�á«¨ n ¥ç¥â®¥, â® § ª f(x)−f(xo) ¬¥ï¥âáï ¯à¨ ¯¥à¥å®¤¥ ç¥à¥§â®çªã xo, á«¥¤®¢ â¥«ì®, íªáâà¥¬ã¬  ¢ xo ¥â.Ǒ®áâà®¥¨¥ £à ä¨ª  äãªæ¨¨.�«ï ¯®áâà®¥¨ï £à ä¨ª  äãªæ¨¨ ¯à®¢¥áâ¨ á«¥¤ãîé¨¥ ¨áá«¥¤®-¢ ¨ï:1). � ©â¨ ®¡« áâì ®¯à¥¤¥«¥¨ï äãªæ¨¨ ¨ ®¤®áâ®à®¨¥ ¯à¥¤¥«ë¤«ï ¢á¥å £à ¨çëå â®ç¥ª ®¡« áâ¨ ®¯à¥¤¥«¥¨ï. �¤¥« âì ¢ë¢®¤ ® «¨ç¨¨  á¨¬¯â®â, àãª®¢®¤áâ¢ãïáì ¯à ¢¨« ¬¨:

⋄ ¥á«¨ lim
x→a

f(x) = (±)∞, (a 6= ∞), â® ¯àï¬ ï x = a { ¢¥àâ¨ª «ì- ï  á¨¬¯â®â  ¤«ï äãªæ¨¨ f(x);
⋄ ¥á«¨ lim

x→∞
f(x) = b, â® ¯àï¬ ï y = b { £®à¨§®â «ì ï  á¨¬¯-â®â  ¤«ï äãªæ¨¨ f(x);

⋄ ¥á«¨ áãé¥áâ¢ãîâ ª®¥çë¥ ¯à¥¤¥«ë lim
x→∞

f(x)
x = k ¨lim

x→∞
(f(x)− kx) = c, â® ¯àï¬ ï y = kx+ c {  ª«® ï  á¨¬¯-â®â  ¤«ï äãªæ¨¨ f(x).2). � ©â¨ ã«¨ äãªæ¨¨ ¨ ¯®áâà®¨âì ¤«ï ¥¥ à á¯à¥¤¥«¥¨¥ § ª®¢.3). � ©â¨ f ′(x) ¨ ¯®áâà®¨âì ¤«ï ¥¥ à á¯à¥¤¥«¥¨¥ § ª®¢, á¤¥« âì¢ë¢®¤ ® ¯à®¬¥�ãâª å ¬®®â®®áâ¨, àãª®¢®¤áâ¢ãïáì ¯à ¢¨« ¬¨:

⋄ ¥á«¨ f ′(x) > 0, â® äãªæ¨ï ¢®§à áâ ¥â;
⋄ ¥á«¨ f ′(x) < 0, â® äãªæ¨ï ã¡ë¢ ¥â.35СА
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4). � ©â¨ f ′′(x) ¨ ¯®áâà®¨âì ¤«ï ¥¥ à á¯à¥¤¥«¥¨¥ § ª®¢, á¤¥« âì¢ë¢®¤ ® ¯à®¬¥�ãâª å ¢ë¯ãª«®áâ¨, àãª®¢®¤áâ¢ãïáì ¯à ¢¨« ¬¨:
⋄ ¥á«¨ f ′′(x) > 0, â® äãªæ¨ï ¢ë¯ãª«  ¢¨§;
⋄ ¥á«¨ f ′′(x) < 0, â® äãªæ¨ï ¢ë¯ãª«  ¢¢¥àå.5). � ©â¨ "¢á¯®¬®£ â¥«ìë¥" â®çª¨, ¯®¤áâ ¢¨¢ (¥á«¨ ¢®§¬®�®) ¢

f(x) § ç¥¨ï x = 0, § ç¥¨ï x, ¢ ª®â®àëå f ′(x) = 0 ¨«¨ f ′′(x) = 0.6). �  ®á®¢ ¨¨ ¯®«ãç¥ëå ¢ë¢®¤®¢ ¯®áâà®¨âì £à ä¨ª äãªæ¨¨.Ǒà¨¬¥à 1. Ǒ®áâà®¨âì £à ä¨ª äãªæ¨¨ f(x) = lnx√
x
.�¥è¥¨¥. 1) �¡« áâì ®¯à¥¤¥«¥¨ï äãªæ¨¨ x ∈ (0;∞).lim

x→0+0 lnx√
x
= −∞0 = −∞, á«¥¤®¢ â¥«ì®, ¥áâì ¢¥àâ¨ª «ì ï  á¨¬¯-â®â  x = 0.lim

x→∞

lnx√
x
= (ln x)′(√x)′ = 1

x
: 12√x

= 2√
x
= 1

∞ = 0, á«¥¤®¢ â¥«ì®, ¥áâì£®à¨§®â «ì ï  á¨¬¯â®â  y = 0   +∞.(� ª«®ãî  á¨¬¯â®âã ¨áª âì ¥â á¬ëá« , â ª ª ª ã�¥ ãáâ ®¢-«¥®  «¨ç¨¥ £®à¨§®â «ì®©  á¨¬¯â®âë.)2) äãªæ¨ï ®¡à é ¥âáï ¢ 0 ¯à¨ x = 1, ¯à¨ç¥¬
x : ∣

∣
∣ x ∈ (0; 1) ∣

∣
∣ x ∈ (1;∞)

f(x) : ∣
∣
∣ −

∣
∣
∣ +3) f ′(x) = 1√

x
− lnx2√x

x
= 2− lnx2x√x

, f ′(x) = 0 ¯à¨ x = e2, ¯à¨ç¥¬
x : ∣

∣
∣ x ∈ (0; e2) ∣

∣
∣ x ∈ (e2;∞)

f ′(x) : ∣
∣
∣ + ∣

∣
∣ −

f(x) : ∣
∣
∣ ր

∣
∣
∣ ց4) f ′′(x) = ... = 3 lnx − 84x2√x

, f ′′(x) = 0 ¯à¨ x = e8/3, ¯à¨ç¥¬
x : ∣

∣
∣ x ∈ (0; e8/3) ∣

∣
∣ x ∈ (e8/3;∞)

f ′′(x) : ∣
∣
∣ −

∣
∣
∣ +

f(x) : ∣
∣
∣ ⌢

∣
∣
∣ ⌣36СА
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5) f(e2) = 2
e { â®çª  ¬ ªá¨¬ã¬  äãªæ¨¨. (�®çªã x = e8/3 ¥¯®¤áâ ¢«ï¥¬ ¨§-§  "¥ã¤®¡áâ¢ " ¢ëç¨á«¥¨©.)6) �«ï ã¤®¡áâ¢  á®¡¥à¥¬ ¢á¥ ¯®«ãç¥ë¥ à¥§ã«ìâ âë ¢ ®¡éãî â ¡-«¨æã:

x : ∣
∣
∣ x → 0 ∣

∣
∣x ∈ (0; 1)∣∣∣x ∈ (1; e2)∣∣∣x ∈ (e2; e 83 )∣∣∣x ∈ (e 83 ;∞)∣∣∣ x → ∞

f(x) :∣∣∣  á¨¬¯â®â x=0 ∣
∣
∣ < 0 ∣

∣
∣ > 0 ∣

∣
∣ > 0 ∣

∣
∣ > 0 ∣

∣
∣
 á¨¬¯â®â 

y=0∣
∣
∣ ր

∣
∣
∣ ր

∣
∣
∣ ր

∣
∣
∣ ց

∣
∣
∣ ց

∣
∣
∣ ց

∣
∣
∣ ⌢

∣
∣
∣ ⌢

∣
∣
∣ ⌢

∣
∣
∣ ⌢

∣
∣
∣ ⌣

∣
∣
∣ ⌣�«¥¤®¢ â¥«ì®, £à ä¨ª äãªæ¨¨ ¨¬¥¥â ¢¨¤:

Ǒà¨¬¥à 2. Ǒ®áâà®¨âì £à ä¨ª äãªæ¨¨ f(x) = x4(1 + x)3 .�¥è¥¨¥. 1) �¡« áâì ®¯à¥¤¥«¥¨ï x ∈ (−∞;−1) ∪ (−1;+∞).lim
x→−1−0 f(x) = −∞, lim

x→−1+0 f(x) = +∞, á«¥¤®¢ â¥«ì®, ¥áâì ¢¥à-â¨ª «ì ï  á¨¬¯â®â  x = −1 (á«¥¢  ®â  á¨¬¯â®âë £à ä¨ª äãªæ¨¨"ãå®¤¨â ¢¨§", á¯à ¢  { "¢¢¥àå").lim
x→±∞

f(x) = ±∞, á«¥¤®¢ â¥«ì® £®à¨§®â «ì®©  á¨¬¯â®âë ¥â.lim
x→±∞

f(x)
x

= lim
x→±∞

x3(1 + x)3 = 1,lim
x→±∞

(
f(x)−x

)= lim
x→±∞

( x4(1 + x)3 −x
)= lim

x→±∞

−3x3 − 3x2 − x

x3 + 3x2 + 3x+ 1 =
−3, á«¥¤®¢ â¥«ì®, ¥áâì  ª«® ï  á¨¬¯â®â  y = x − 3   ±∞.2) f(x) = 0 ¯à¨ x = 0 ¨ ¨¬¥¥â ¬¥áâ® á«¥¤ãîé¥¥ à á¯à¥¤¥«¥¨¥§ ª :

x : ∣
∣
∣ x ∈ (−∞;−1) ∣

∣
∣ x ∈ (−1; 0) ∣

∣
∣ x ∈ (0;∞)

f(x) : ∣
∣
∣ −

∣
∣
∣ + ∣

∣
∣ +37СА
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3) f ′(x) = ... = x3(4 + x)(1 + x)4 , ¯à¨ç¥¬
x : ∣

∣
∣ x ∈ (−∞;−4) ∣

∣
∣ x ∈ (−4;−1) ∣

∣
∣ x ∈ (−1; 0) ∣

∣
∣ x ∈ (0;∞)

f ′(x) : ∣
∣
∣ + ∣

∣
∣ −

∣
∣
∣ −

∣
∣
∣ +

f(x) : ∣
∣
∣ ր

∣
∣
∣ ց

∣
∣
∣ ց

∣
∣
∣ ր4) f ′′(x) = ... = 12x2(1 + x)5 , ¯à¨ç¥¬

x : ∣
∣
∣ x ∈ (−∞;−1) ∣

∣
∣ x ∈ (−1; 0) ∣

∣
∣ x ∈ (0;∞)

f ′′(x) : ∣
∣
∣ −

∣
∣
∣ + ∣

∣
∣ +

f(x) : ∣
∣
∣ ⌢

∣
∣
∣ ⌣

∣
∣
∣ ⌣5) f(−4) = − 25627 { â®çª  ¬ ªá¨¬ã¬ , f(0) = 0 { â®çª  ¬¨¨¬ã¬ .6) �®¡¥à¥¬ ¢á¥ ¯®«ãç¥ë¥ à¥§ã«ìâ âë ¢ ®¡éãî â ¡«¨æã:

x : ∣
∣
∣ x → −∞

∣
∣
∣(−∞;−4)∣∣∣ (−4;−1) ∣

∣
∣ (−1; 0) ∣

∣
∣ (0;∞) ∣

∣
∣ x → +∞

f(x) :∣∣∣  á¨¬¯â®â 
y=x−3 ∣

∣
∣ < 0 ∣

∣
∣ < 0 ∣

∣
∣ > 0 ∣

∣
∣ > 0 ∣

∣
∣
 á¨¬¯â®â 

y=x−3∣
∣
∣ ր

∣
∣
∣ ր

∣
∣
∣ ց

∣
∣
∣ ց

∣
∣
∣ ր

∣
∣
∣ ր

∣
∣
∣ ⌢

∣
∣
∣ ⌢

∣
∣
∣ ⌢

∣
∣
∣ ⌣

∣
∣
∣ ⌣

∣
∣
∣ ⌣�«¥¤®¢ â¥«ì®, £à ä¨ª äãªæ¨¨ ¨¬¥¥â ¢¨¤:

Ǒà¨¬¥à 3. Ǒ®áâà®¨âì £à ä¨ª äãªæ¨¨ f(x) = x − 2√
x2 + 1.�¥è¥¨¥. 1) �¡« áâì ®¯à¥¤¥«¥¨ï äãªæ¨¨ x ∈ (−∞;∞).lim

x→−∞

x − 2√
x2 + 1 = −1, á«¥¤®¢ â¥«ì®, ¥áâì £®à¨§®â «ì ï  á¨¬¯-â®â  y = −1   −∞. 38СА
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lim
x→+∞

x − 2√
x2 + 1 = +1, á«¥¤®¢ â¥«ì®, ¥áâì £®à¨§®â «ì ï  á¨¬¯-â®â  y = +1   +∞.2) äãªæ¨ï ®¡à é ¥âáï ¢ 0 ¯à¨ x = 2, ¯à¨ç¥¬

x : ∣
∣
∣ x ∈ (−∞; 2) ∣

∣
∣ x ∈ (2;∞)

f(x) : ∣
∣
∣ −

∣
∣
∣ +3) f ′(x) = ... = 1 + 2x(x2 + 1)3/2 , f ′(x) = 0 ¯à¨ x = −0, 5, ¯à¨ç¥¬

x : ∣
∣
∣ x ∈ (−∞;−0, 5) ∣

∣
∣ x ∈ (−0, 5;∞)

f ′(x) : ∣
∣
∣ −

∣
∣
∣ +

f(x) : ∣
∣
∣ ց

∣
∣
∣ ր4) f ′′(x) = ... = 2− 3x − 4x2(x2 + 1)5/2 , f ′′(x) = 0 ¯à¨ x1,2 = −3±√418 ,¯à¨ç¥¬

x : ∣
∣
∣ x ∈ (−∞;x1) ∣

∣
∣ x ∈ (x1;x2; ) ∣

∣
∣ x ∈ (x2;∞)

f ′′(x) : ∣
∣
∣ −

∣
∣
∣ + ∣

∣
∣ −

f(x) : ∣
∣
∣ ⌢

∣
∣
∣ ⌣

∣
∣
∣ ⌢5) f(0) = −2, f(−0, 5) = −

√5 { â®çª  ¬¨¨¬ã¬ .6) �®¡¥à¥¬ ¢á¥ ¯®«ãç¥ë¥ à¥§ã«ìâ âë ¢ ®¡éãî â ¡«¨æã:
x : ∣

∣
∣ → −∞

∣
∣
∣(−∞;x1)∣∣∣(x1;− 12 )∣∣∣(− 12 ;x2) ∣

∣
∣ (x2; 2) ∣

∣
∣ (2;∞) ∣

∣
∣ → +∞

f(x) :∣∣∣  á¨¬¯â®â y=−1 ∣
∣
∣ < 0 ∣

∣
∣ < 0 ∣

∣
∣ < 0 ∣

∣
∣ < 0 ∣

∣
∣ > 0 ∣

∣
∣
 á¨¬¯â®â 

y=1∣
∣
∣ ց

∣
∣
∣ ց

∣
∣
∣ ց

∣
∣
∣ ր

∣
∣
∣ ր

∣
∣
∣ ր

∣
∣
∣ ր

∣
∣
∣ ⌢

∣
∣
∣ ⌢

∣
∣
∣ ⌣

∣
∣
∣ ⌣

∣
∣
∣ ⌢

∣
∣
∣ ⌢

∣
∣
∣ ⌢�«¥¤®¢ â¥«ì®, £à ä¨ª äãªæ¨¨ ¨¬¥¥â ¢¨¤:
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¯.5.9. Ǒà¨¡«¨�¥®¥ à¥è¥¨¥ ãà ¢¥¨©Ǒ®áâ ®¢ª  § ¤ ç¨.�¥è ¥¬ ãà ¢¥¨¥ f(x) = 0. �¡®§ ç¨¬ ¥£® ª®à¥ì α. � «®�¨¬¤®¯®«¨â¥«ìë¥ ãá«®¢¨ï:1) α ∈ [a; b℄, ¯à¨ç¥¬ ¤àã£¨å ª®à¥© ¥ íâ®¬ ®âà¥§ª¥ ¥â;2) f , f ′ ¨ f ′′ ¥¯à¥àë¢ë   [a; b℄;3) f ′ ¨ f ′′ ¥ ¬¥ïîâ § ª   [a; b℄.�®§¬®�ë ç¥âëà¥ á«ãç ï:

40

  f’(x)>0, f’’(x)>0      f’(x)>0, f’’(x)<0 

 I   II 

  f’(x)<0, f’’(x)>0   f’(x)<0, f’’(x)<0 

 III     IV 
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�¥â®¤ å®à¤.�¡®§ ç¨¬ A(a; f(a)), B(b; f(b)). Ǒà®¢¥¤¥¬ ¯àï¬ãî AB. �¥ ãà ¢-¥¨¥: x − a

b − a
= y − f(a)

f(b)− f(a) .Ǒãáâì x1 â®çª  ¯¥à¥á¥ç¥¨ï ¯àï¬®© á ®áìî OX: y = 0 =⇒
x1 = a − f(a)

f(b)− f(a) (b − a) = af(b)− af(a)− bf(a) + af(a)
f(b)− f(a) == af(b)− bf(a)

f(b)− f(a)�«ï á«ãç ¥¢ (I) ¨ (IV) x1 < α < b. �®§ì¬¥¬ ¢¬¥áâ® ®âà¥§ª  [a; b℄®âà¥§®ª [x1; b℄ ¨ ¯à®¤¥« ¥¬ â¥ �¥ è £¨. Ǒ®«ãç¨¬
x2 = x1f(b)− bf(x1)

f(b)− f(x1)¨ â ª ¤ «¥¥
..................

xn+1 = xnf(b)− bf(xn)
f(b)− f(xn)

{xn} { ¢®§à áâ îé ï ®£à ¨ç¥ ï ¯®á«¥¤®¢ â¥«ì®áâì, § ç¨â áã-é¥áâ¢ã¥â lim
n→∞

xn = c =⇒
c = cf(b)− bf(c)

f(b)− f(c) =⇒ cf(b)− cf(c) = cf(b)− bf(c) =⇒(b − c)f(c) = 0 =⇒ f(c) = 0  § ç¨â c = α, â ª ª ª   [a; b℄ ¥áâì â®«ìª® ®¤¨ ª®à¥ì ãà ¢¥¨ï
f(x) = 0. �«¥¤®¢ â¥«ì® xn → α.� «®£¨ç® ¤«ï á«ãç ¥¢ (II) ¨ (III) a < α < x1. �®§ì¬¥¬ ¢¬¥áâ®®âà¥§ª  [a; b℄ ®âà¥§®ª [a;x1℄ ¨ ¯à®¤¥« ¥¬ â¥ �¥ è £¨. Ǒ®«ãç¨¬

x2 = af(x1)− x1f(a)
f(x1)− f(a) ...... xn+1 = af(xn)− xnf(a)

f(xn)− f(a)
{xn} { ã¡ë¢ îé ï ®£à ¨ç¥ ï ¯®á«¥¤®¢ â¥«ì®áâì, ¨, ¯à®¢®¤ï   -«®£¨çë¥ à ááã�¤¥¨ï, â ª �¥ ¯®«ãç ¥¬, çâ® xn → α.� ª¨¬ ®¡à §®¬ ¯®áâà®¥  ¯®á«¥¤®¢ â¥«ì®áâì ¯à¨¡«¨�¥ëå § -ç¥¨© à¥è¥¨ï ãà ¢¥¨ï f(x) = 0, α ≈ xn. Ǒà¨ç¥¬ ¤«ï á«ãç ¥¢ (I)¨ (IV) ¯à¨¡«¨�¥ë¥ § ç¥¨ï áå®¤ïâáï ª α á«¥¢ , ¤«ï á«ãç ¥¢ (II)¨ (III) á¯à ¢ . 41
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�¥â®¤ ª á â¥«ìëå.�«ï á«ãç ¥¢ (I) ¨ (IV) ¯à®¢¥¤¥¬ ª á â¥«ìãî ¢ â®çª¥ b. �à ¢¥¨¥ª á â¥«ì®©: y = f ′(b)(x − b) + f(b).Ǒãáâì z1 â®çª  ¯¥à¥á¥ç¥¨ï ª á â¥«ì®© á ®áìî OX: y = 0 =⇒
f ′(b)(z1 − b) + f(b) = 0 =⇒ f ′(b)z1 = f ′(b)b − f(b) =⇒

z1 = b − f(b)
f ′(b) ,¯à¨ç¥¬ α < z1 < b.Ǒà®¢¥¤¥¬ ª á â¥«ìãî ¢ z1.Ǒ®«ãç¨¬ z2 = z1 − f(z1)

f ′(z1)¨ â ª ¤ «¥¥
..................

zn+1 = zn − f(zn)
f ′(zn)

{zn} { ã¡ë¢ îé ï ®£à ¨ç¥ ï ¯®á«¥¤®¢ â¥«ì®áâì, § ç¨â áãé¥-áâ¢ã¥â lim
n→∞

zn = c =⇒ c = c − f(c)
f ′(c) =⇒ f(c) = 0.� ç¨â c = α, â ª ª ª   [a; b℄ ¥áâì â®«ìª® ®¤¨ ª®à¥ì ãà ¢¥¨ï

f(x) = 0. �«¥¤®¢ â¥«ì® zn → α.� «®£¨ç® ¤«ï á«ãç ¥¢ (II) ¨ (III) ¯à®¢¥¤¥¬ ª á â¥«ìãî ¢ â®çª¥
a. �à ¢¥¨¥ ª á â¥«ì®©: y = f ′(a)(x − a) + f(a).

z1 = a − f(a)
f ′(a) , ¯à¨ç¥¬ a < z1 < α, ...... , zn+1 = zn − f(zn)

f ′(zn)
{zn} { ¢®§à áâ îé ï ®£à ¨ç¥ ï ¯®á«¥¤®¢ â¥«ì®áâì, ¨, ¯à®¢®¤ï  «®£¨çë¥ à ááã�¤¥¨ï, â ª �¥ ¯®«ãç ¥¬, çâ® zn → α.� ç¨â c = α, â ª ª ª   [a; b℄ ¥áâì â®«ìª® ®¤¨ ª®à¥ì ãà ¢¥¨ï
f(x) = 0. �«¥¤®¢ â¥«ì® zn → α.� ª¨¬ ®¡à §®¬ ¯®áâà®¥  ¯®á«¥¤®¢ â¥«ì®áâì ¯à¨¡«¨�¥ëå § -ç¥¨© à¥è¥¨ï ãà ¢¥¨ï f(x) = 0, α ≈ zn. Ǒà¨ç¥¬ ¤«ï á«ãç ¥¢ (I)¨ (IV) ¯à¨¡«¨�¥ë¥ § ç¥¨ï áå®¤ïâáï ª α á¯à ¢ , ¤«ï á«ãç ¥¢ (II)¨ (III) á«¥¢  . 42
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�®¬¡¨¨à®¢ ë© ¬¥â®¤.�®§ì¬¥¬ ¯¥à¢ë¥ ¯à¨¡«¨�¥ë¥ § ç¥¨ï ª®àï,  ©¤¥ë¥ ¯® ¬¥-â®¤ã å®à¤ ¨ ¯® ¬¥â®¤ã ª á â¥«ìëå:
x1 = af(b)− bf(a)

f(b)− f(a)
z1 = b − f(b)

f ′(b) (á«ãç ¨ I,IV); z1 = a − f(a)
f ′(a) (á«ãç ¨ II,III),¯à¨ç¥¬ ª®à¥ì ãà ¢¥¨ï α ¢ «î¡®¬ á«ãç ¥ ¬¥�¤ã x1 ¨ z1.Ǒ®¢â®à¨¬ íâ®â è £, ® â®«ìª® â¥¯¥àì ¢¬¥áâ® ®âà¥§ª  [a; b℄ ¢®§ì¬¥¬®âà¥§®ª [x1; z1℄ (¨«¨ [z1;x1℄). � «î¡®¬ á«ãç ¥ ¯®«ãç¨¬

x2 = x1f(z1)− z1f(x1)
f(z1)− f(x1)

z2 = z1 − f(z1)
f ′(z1)¨ â ª ¤ «¥¥

.................

xn+1 = xnf(zn)− znf(xn)
f(zn)− f(xn)

zn+1 = zn − f(zn)
f ′(zn) ,¯à¨ç¥¬ ¯®á«¥¤®¢ â¥«ì®áâ¨ {xn} ¨ {zn} á à §ëå áâ®à® áå®¤ïâáï ª¨áª®¬®¬ã ª®àî α.� ª¨¬ ®¡à §®¬ ¢ ª ç¥áâ¢¥ ¯à¨¡«¨�¥®£® § ç¥¨ï ª®àï ¬®�®¡à âì á¥à¥¤¨ã ®âà¥§ª  [x1; z1℄ (¨«¨ [z1;x1℄), â® ¥áâì α ≈ xn+zn2 ,  ¯®£à¥è®áâì ®æ¥¨¢ âì ª ª ε = |xn − zn|.
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§6. Ǒ������������(���Ǒ���������� ��������)¯.6.1. Ǒ®ïâ¨¥ ¯¥à¢®®¡à §®©�¯à¥¤¥«¥¨¥ ¯¥à¢®®¡à §®©.Ǒ¥à¢®®¡à §®©, ¨«¨ ¥®¯à¥¤¥«¥ë¬ ¨â¥£à «®¬ äãªæ¨¨ f(x) §ë¢ ¥âáï äãªæ¨ï F (x) â ª ï, çâ® F ′(x) = f(x). �¡®§ ç ¥âáï
∫

f(x) dx = F (x).� ¡«¨æ  ¥®¯à¥¤¥«¥ëå ¨â¥£à «®¢.�¥¯®áà¥¤áâ¢¥® ¨§ ®¯à¥¤¥«¥¨ï á«¥¤ã¥â:
∫

xn dx = 1
n+ 1xn+1 (n 6= −1) ∫

dx

x
= ln |x| (x 6= 0)

∫ sinx dx = − osx ∫ osx dx = sinx

∫

ax dx = axln a
, ¢ ç áâ®áâ¨ ∫

ex dx = ex,

∫
dxos2 x

= tgx

∫
dxsin2 x

= − tgx

∫
dx1 + x2 = artgx

∫
dx√1− x2 = arsinx

∫ shx dx = hx

∫ hx dx = shx�¢®©áâ¢  ¯¥à¢®®¡à §®©.� ª �¥ ¨§ ®¯à¥¤¥«¥¨ï ¨ á¢®©áâ¢ ¯à®¨§¢®¤®© á«¥¤ã¥â:
• �á®¢®¥ á¢®©áâ¢® ¯¥à¢®®¡à §®©: �á«¨ F (x) { ¯¥à¢®®¡à § ï f(x),â® F (x) + � (� { ¯à®¨§¢®«ì ï ¯®áâ®ï ï) â ª �¥ ¯¥à¢®®¡à § ïäãªæ¨¨ f .
• �â¥£à¨à®¢ ¨¥ ¨ ¤¨ää¥à¥æ¨à®¢ ¨¥ ¢§ ¨¬®-®¡à âë¥ ®¯¥à -æ¨¨: ∫

d f(x) = f(x). 44СА
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• �®áâ âã ¬®�® ¢ë®á¨âì §  § ª ¨â¥£à « :∫

c · f(x) dx = c

∫

f(x)dx.
• �â¥£à « ®â áã¬¬ë à ¢¥ áã¬¬¥ ¨â¥£à «®¢:∫ (

f(x)+g(x))dx = ∫

f(x)dx+∫

g(x)dx.�®à¬ã«  ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬.
∫

u(x) dv(x) = u(x) v(x) − ∫

v(x) du(x)��������������. d(uv) = du · v + u · dv =⇒
∫

d(uv) = ∫

v · du+ ∫

u · dv =⇒ uv = ∫

v · du+ ∫

u · dv =⇒ ¤

• Ǒà¨¬¥à 1. �ëç¨á«¨âì ∫

xex dx.�¥è¥¨¥. Ǒãáâì
u = x

dv = ex dx
=⇒ du = dx

v = ∫
ex dx = ex

=⇒
∫

xex dx = xex −
∫

ex dx = xex − ex.
• Ǒà¨¬¥à 2. �ëç¨á«¨âì ∫ lnx dx.�¥è¥¨¥. Ǒãáâì

u = lnx

dv = dx
=⇒ du = d lnx = (ln x)′dx = 1

x dx

v = ∫
dx = x

=⇒
∫ lnx dx = x lnx −

∫

dx = x lnx − x.
• Ǒà¨¬¥à 3. �ëç¨á«¨âì ∫

ex sinx dx.�¥è¥¨¥. Ǒãáâì
u = ex

dv = sinx dx
=⇒ du = d(ex) = ex dx

v = ∫ sinx dx = − osx =⇒
∫

ex sinx dx = −ex osx+ ∫

ex osx dx45СА
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Ǒà¨¬¥¨¬ ¥é¥ à § ä®à¬ã«ã ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬. Ǒãáâì
u = ex

dv = osx dx
=⇒ du = d(ex) = ex dx

v = ∫ osx dx = sinx
=⇒

∫

ex sinx dx = −ex osx+ ex sinx −
∫

ex sinx dx =⇒2∫

ex sinx dx = −ex osx+ ex sinx =⇒
∫

ex sinx dx = 12 ex(sinx − osx).� ¬¥ç ¨¥ ® ¬¥â®¤ å  å®�¤¥¨ï ¯¥à¢®®¡à §®©.Ǒ® áãâ¨ ¥áâì âà¨ ¯à¨¥¬  ¤«ï  å®�¤¥¨ï ¯¥à¢®®¡à §®©:(1) �«£¥¡à ¨ç¥áª¨¥ ¯à¥®¡à §®¢ ¨ï ¯®¤¨â¥£à «ì®£® ¢ëà �¥¨ï áæ¥«ìî ¯®«ãç¨âì â ¡«¨çë¥ ¨â¥£à «ë.� ¯à¨¬¥à:
∫ tg2 x dx = ∫ sin2 xos2 x

dx = ∫ 1− os2 xos2 x
dx = ∫ (1− 1os2 x

)

dx =(¯®«ãç¨«¨ ¤¢  â ¡«¨çëå ¨â¥£à « ) = x − tgx.(2) � ¬¥  ¯¥à¥¬¥®© ¢ ¨â¥£à «¥.� ¯à¨¬¥à: ∫ tgx dx = ∫ sinxosx dx =á¤¥« ¥¬ § ¬¥ã t = osx, â®£¤  dt = − sinx dx= ∫

−dt

t
= (â ¡«¨çë© ¨â¥£à «) = − ln |t| = − ln | osx|.(3) Ǒà¨¬¥¥¨¥ ä®à¬ã«ë ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬.�«®�®áâì  å®�¤¥¨ï ¯¥à¢®®¡à §®© ¢ â®¬, çâ®¡ë ¯®¨¬ âì, ª -ª®© ¨§ ¬¥â®¤®¢ ¢ ¤ ®¬ ¨â¥£à «¥ á«¥¤ã¥â ¯à¨¬¥¨âì, ¨, á®®â¢¥â-áâ¢¥®, ª ª¨¥ ¯à¥®¡à §®¢ ¨ï á¤¥« âì, ª ªãî § ¬¥ã ¨á¯®«ì§®¢ âì,çâ® ¢§ïâì §  u çâ® §  dv, çâ®¡ë á¢¥áâ¨ ¨â¥£à « ª â ¡«¨ç®¬ã.� «¥ª® ¥ ¢á¥ ¨â¥£à «ë ¬®�® ¢ëà §¨âì ç¥à¥§ í«¥¬¥â àë¥äãªæ¨¨. � ¯à¨¬¥à, ∫ sinx

x
dx ¢ í«¥¬¥â àëå äãªæ¨ïå ¥ ¢ë-à � ¥âáï.�ãé¥áâ¢ã¥â ¬®�¥áâ¢® á¯à ¢®ç¨ª®¢ ¨ â ¡«¨æ ¤«ï ¯¥à¢®®¡à §ëå.� ¨¡®«¥¥ ¯®«ë© á¯à ¢®ç¨ª �.�. �à ¤èâ¥©, �.�. �ë�¨ª. � ¡-«¨æë ¨â¥£à «®¢, áã¬¬, àï¤®¢ ¨ ¯à®¨§¢¥¤¥¨©.46СА
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¯.6.2. �â¥£à¨à®¢ ¨¥ à æ¨® «ìëå äãªæ¨©Ǒ®ïâ¨¥ à æ¨® «ì®© äãªæ¨¨.
• � æ¨® «ì®© äãªæ¨¥©  §ë¢ îâ ¤à®¡ì, ç¨á«¨â¥«ì ¨ § ¬¥ â¥«ìª®â®à®© ï¢«ïîâáï ¬®£®ç«¥ ¬¨.� ¯à¨¬¥à: R(x) = x3 + 2x − 3

x2 + 5x4 − 2.
• � æ¨® «ì ï äãªæ¨ï  §ë¢ ¥âáï ¯à ¢¨«ì®©, ¥á«¨ áâ¥¯¥ì ¬®-£®ç«¥ , áâ®ïé¥£® ¢ ç¨á«¨â¥«¥ ¬¥ìè¥ áâ¥¯¥¨ ¬®£®ç«¥ , áâ®ïé¥£®¢ § ¬¥ â¥«¥.�á«¨ ¤à®¡ì ¥¯à ¢¨«ì ï, â® ¥áâì áâ¥¯¥ì ç¨á«¨â¥«ï ¡®«ìè¥ ¨«¨à ¢  áâ¥¯¥¨ § ¬¥ â¥«ï, â® ¬®�® ¢ë¯®«¨âì ¤¥«¥¨¥ ¨ ¯à¥¤áâ -¢¨âì äãªæ¨î ¢ ¢¨¤¥ áã¬¬ë æ¥«®© ç áâ¨ (¬®£®ç«¥ ) ¨ ¯à ¢¨«ì®©¤à®¡¨.� ¯à¨¬¥à: x4 − 6x3 + 11x − 6

x2 − 1 =
x4 − 6x3 + 11x − 6 ∣

∣
∣ x2 − 1

x4 − x2 ∣
∣
∣ x2 − 6x+ 1

−6x3+x2 + 11x − 6
−6x3 + 6x

x2 + 5x − 6
x2 − 15x − 5= x2 − 6x+ 1 + 5x − 5

x2 − 1
• Ǒà ¢¨«ì ï ¤à®¡ì ®ç¥à¥¤ì ¬®�¥â ¡ëâì à §«®�¥    áã¬¬ã â ª §ë¢ ¥¬ëå ¯à®áâëå (¨«¨ í«¥¬¥â àëå) ¤à®¡¥©:(a) A(x + a)n (b) Bx+ C(x2 + px+ q)n ¯à¨ p2 − 4q < 0(� § ¬¥ â¥«¥ â®«ìª® ®¤¨ ¬®�¨â¥«ì, ª®â®àë© ã�¥ ¥«ì§ï à §-«®�¨âì   ¬®�¨â¥«¨).
• � ª¨¬ ®¡à §®¬, ¨â¥£à¨à®¢ ¨¥ à æ¨® «ì®© äãªæ¨¨ á¢®¤¨âáï ª¨â¥£à¨à®¢ ¨î ¬®£®ç«¥  (çâ® í«¥¬¥â à®) ¨ ¯à®áâëå ¤à®¡¥©.47СА
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�¥â®¤ ¥®¯à¥¤¥«¥ëå ª®íää¨æ¨¥â®¢.�¤¨¬ ¨§ á¯®á®¡®¢ à §«®�¥¨ï ¯à ¢¨«ì®© ¤à®¡¨ (áâ¥¯¥ì ç¨á«¨-â¥«ï ¬¥ìè¥ áâ¥¯¥¨ § ¬¥ â¥«ï)   áã¬¬ã í«¥¬¥â àëå (¢ § -¬¥ â¥«¥ â®«ìª® ®¤¨ ¬®�¨â¥«ì) ï¢«ï¥âáï ¬¥â®¤ ¥®¯à¥¤¥«¥ëåª®íää¨æ¨¥â®¢, ª®â®àë© § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬.(1) � §«®�¨âì § ¬¥ â¥«ì ¯à ¢¨«ì®© ¤à®¡¨   ¬®�¨â¥«¨, ¢¨¤ (a) (x + a)n (b) (x2 + px+ q)m ¯à¨ p2 − 4q < 0(2) �ë¯¨á âì áã¬¬ã í«¥¬¥â àëå ¤à®¡¥© ¯® ¯à ¢¨«ã:¤«ï ª �¤®£® ¬®�¨â¥«ï § ¬¥ â¥«ï ¢¨¤  (a) ¢ë¯¨áë¢ ¥âáï n á« -£ ¥¬ëå:
A1

x+ a
+ A2(x + a)2 + ...+ An(x + a)n¤«ï ª �¤®£® ¬®�¨â¥«ï § ¬¥ â¥«ï ¢¨¤  (b) ¢ë¯¨áë¢ ¥âáï má« £ ¥¬ëå:

B1x+ C1
x2 + px+ q

+ B2x+ C2(x2 + px+ q)2 + ...+ Bmx+ Cm(x2 + px+ q)m£¤¥ Ak, Bk, Ck { ¥ª®â®àë¥, ¥¨§¢¥áâë¥ ¯®ª  ç¨á« .� ¯à¨¬¥à:
x+ 4(x + 1)(x − 2)3(x2 − x+ 3)2 = A1

x+ 1 + A2
x − 2 + A3(x − 2)2 + A4(x − 2)3++ B1x+ C1
x2 − x+ 3 + B2x+ C2(x2 − x+ 3)2(3) Ǒà¨¢¥áâ¨ áã¬¬ã í«¥¬¥â àëå ¤à®¡¥© ª ®¡é¥¬ã § ¬¥ â¥«î(ª ª ã ¨áå®¤-®© ¤à®¡¨), ¢ ç¨á«¨â¥«¥ à áªàëâì áª®¡ª¨ ¨ ¯à¨¢¥áâ¨¯®¤®¡ë¥ á« £ ¥¬ë¥.(4) Ǒà¨à ¢ïâì ª®íää¨æ¨¥âë ¯à¨ ®¤¨ ª®¢ëå áâ¥¯¥ïå x ¢ ¯®«ã-ç¥®¬ ç¨á«¨â¥«¥ ¨ ç¨á«¨â¥«¥ ¨áå®¤®© ¯à ¢¨«ì®© ¤à®¡¨.� ¯à¨¬¥à:4x3 + 9x2 + 5x+ 2(x + 1)2(x2 + x+ 1) = A

x+ 1 + B(x + 1)2 + Cx+D

x2 + x+ 1 == A(x + 1)(x2 + x+ 1) +B(x2 + x+ 1) + (Cx +D)(x + 1)2(x + 1)2(x2 + x+ 1) == x3(A+C)+x2(2A+B+2C+D)+x(2A+B+C+2D)+A+B+D(x + 1)2(x2 + x+ 1)48СА
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=⇒ 





A+ C = 42A+B+2C+D = 92A+B+C+2D = 5
A+B+D = 2(5) �¥è¨¢ ¯®«ãç¨¢èãîáï á¨áâ¥¬ã,  ©â¨ ç¨á«  Ak, Bk, Ck.(6) Ǒ®¤áâ ¢«ïï ¯®«ãç¥ë¥ § ç¥¨ï, § ¯¨á âì ¯à¥¤áâ ¢«¥¨¥ ¨áå®¤-®© ¤à®¡¨ ç¥à¥§ áã¬¬ã í«¥¬¥â àëå ¤à®¡¥©.� ¯à¥¤ë¤ãé¥¬ ¯à¨¬¥à¥, à¥è ï á¨áâ¥¬ã, ¯®«ãç¨¬ A = 1, B = 2,

C = 3, D = −1. Ǒ®íâ®¬ã4x3 + 9x2 + 5x+ 2(x + 1)2(x2 + x+ 1) = 1
x+ 1 + 2(x + 1)2 + 3x − 1

x2 + x+ 1 .�â¥£à¨à®¢ ¨¥ í«¥¬¥â àëå ¤à®¡¥©.� ¯®¬¨¬, í«¥¬¥â àë¬¨  §ë¢ îâáï ¤à®¡¨ ¢¨¤ (a) A(x + a)n ¨ (b) Bx+ C(x2 + px+ q)n ¯à¨ p2 − 4q < 0
• �«ï ¨â¥£à¨à®¢ ¨ï ¤à®¡¨ (a) á«¥¤ã¥â ¢ë¯®«¨âì § ¬¥ã x = t−a:

∫
A(x + a)n dx = A

∫
dt

tn
= ... (â ¡«¨çë© ¨£â¥£à «)

• �«ï ¨â¥£à¨à®¢ ¨ï ¤à®¡¨ (b) á«¥¤ã¥â á ç «  ¢ë¯®«¨âì § ¬¥ã
x = t − p/2:

∫
Bx+ C(x2 + px+ q)n dx = ∫

Bt − Bp2 + C
((t2 − pt+ p24 ) + (pt − p22 ) + q

)n dt == ∫
Bt+ C∗

(
t2 + (q − p24 )

︸ ︷︷ ︸
>0,â.ª. p2−4q<0)n

dt = B

∫
t(t2 + a2)n dt+C∗

∫ 1(t2 + a2)n dt.

• � áá¬®âà¨¬ ¯¥à¢ë© ¨â¥£à «:
∫

t(t2 + a2)n dt = § ¬¥  u = t2 + a2, â®£¤  du = 2t dt, t dt = 12du= 12 ∫
du

un
= ... (â ¡«¨çë© ¨â¥£à «)49СА

РА
ТО
ВС
КИ
Й ГО

СУ
ДА
РС
ТВ
ЕН
НЫ
Й УН

ИВ
ЕР
СИ
ТЕ
Т И
МЕ
НИ

 Н
. Г

. Ч
ЕР
НЫ
ШЕ
ВС
КО
ГО



• � áá¬®âà¨¬ ¢â®à®© ¨â¥£à «:
Jn = ∫ 1(t2 + a2)n dt�«ï n = 1

J1 = ∫ 1
t2 + a2 dt = § ¬¥  t = au, â®£¤  dt = a du= ∫

a du

a2u2 + a2 = 1
a

∫
du

u2 + 1 = 1
a artgu = 1

a artg t
a .�«ï n > 1

Jn = ∫ 1(t2 + a2)n dt = 1
a2 ∫

a2 + t2 − t2(t2 + a2)n dt == 1
a2 ∫ 1(t2 + a2)n−1 dt

︸ ︷︷ ︸=Jn−1 − 1
a2 ∫

t2(t2 + a2)n dt =�® ¢â®à®¬ ¨â¥£à «¥ ¯à¨¬¥¨¬ ä®à¬ã«ã ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬:
u = t, dv = t(t2 + a2)n dt =⇒

du = dt,

v = ∫
t(t2 + a2)n dt = (á¬. ¢ëè¥) = 12(1− n)(t2 + a2)n−1= 1

a2 Jn−1− 1
a2(

t2(1−n)(t2 + a2)n−1− 12(1−n) ∫ 1(t2 + a2)n−1 dt

︸ ︷︷ ︸=Jn−1 )== 1
a2 Jn−1(1 + 12(1− n))+ t2a2(n − 1)(t2 + a2)n−1� ª¨¬ ®¡à §®¬, ¯®«ãç¨«¨ ä®à¬ã«ã ¯®¨�¥¨ï:

Jn = 2n − 32a2(n − 1)Jn−1 + t2a2(n − 1)(t2 + a2)n−1(¯® J1 ¬®�® á®áç¨â âì J2, ¯® J2  ©â¨ J3 ¨ â ª ¤ «¥¥).50СА
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¯.6.3. �â¥£à¨à®¢ ¨¥ âà¨£®®¬¥âà¨ç¥áª¨å äãªæ¨©�â¥£à «ë ¢¨¤  ∫

R(sinx; osx) dx.(�¬¥¥âáï ¢ ¢¨¤ã à æ¨® «ì ï äãªæ¨ï, £¤¥ ¢¬¥áâ® ¯¥à¥¬¥®© xáâ®¨â sinx ¨«¨ osx,  ¯à¨¬¥à: ∫ 3 osx+2 sinx+14 sin2 x−2 sinx+3 os3 x
dx).

• � ®¡é¥¬ á«ãç ¥ à æ¨® «ì ï äãªæ¨ï ®â sinx ¨ osx á¢®¤¨âáïª ®¡ëç®© à æ¨® «ì®© äãªæ¨¨ ¯¥à¥¬¥®© t ¯à¨ ¯®¬®é¨ § ¬¥ëtgx2 = t=⇒ x = 2artg t, dx = 2 dt1 + t2 ,sinx = 2 sin x2 os x2os2 x2 + sin2 x2 = 2 sin x2os x21 + sin2 x2os2 x2 = 2t1 + t2osx = os2 x2 − sin2 x2os2 x2 + sin2 x2 = 1− sin2 x2os2 x21 + sin2 x2os2 x2 = 1− t21 + t2� ª¨¬ ®¡à §®¬, ∫

R(sinx; osx) dx = ∫

R∗(t) dt ¨ ¤ «ìè¥ ¯à¨¬¥-ïîâáï ¬¥â®¤ë ¨â¥£à¨à®¢ ¨ï à æ¨® «ì®© äãªæ¨¨, à áá¬®âà¥-ë¥ ¢ ¯à¥¤ë¤ãé¥¬ ¯ãªâ¥.�ª §  ï § ¬¥  ï¢«ï¥âáï ã¨¢¥àá «ì®©. � ¥ª®â®àëå ç áâëåá«ãç ïå ¬®�® ¯à¨¬¥ïâì ¤àã£¨¥ § ¬¥ë, ª®â®àë¥ ¯à¨¢®¤ïâ ª ¡®-«¥¥ ¯à®áâë¬ à æ¨® «ìë¬ äãªæ¨ï¬, ç¥¬ ¯®«ãç ¥âáï ¯®á«¥ ã¨-¢¥àá «ì®© § ¬¥ë:
• ¥á«¨ R(− sinx; osx) = −R(sinx; osx), ¬®�® ¯à¨¬¥¨âì § ¬¥ãosx = t (â®£¤  sinx = √1− t2, dx = − dt√1−t2 );
• ¥á«¨ R(sinx;− osx) = −R(sinx; osx), ¬®�® ¯à¨¬¥¨âì § ¬¥ãsinx = t (â®£¤  osx = √1− t2, dx = dt√1−t2 );
• ¥á«¨ R(− sinx;− osx) = R(sinx; osx), ¬®�® ¯à¨¬¥¨âì § ¬¥ãtgx = t (â®£¤  sinx = t√1+t2 , osx = 1√1+t2 , dx = dt1+t2 );
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�â¥£à¨à®¢ ¨¥ á¨ãá®¢ ¨ ª®á¨ãá®¢ ªà âëå ¤ã£.∫ sin ax dx = (§ ¬¥  ax = t) = ∫ sin tdt
a = − 1

a os t = − 1
a osax

∫ osax dx = (§ ¬¥  ax = t) = ∫ os tdt
a = 1

a sin t = 1
a sin ax�â¥£à «ë∫ sin ax os bx dx, ∫ sin ax sin bx dx, ∫ osax os bx dx,á¢®¤ïâáï ª ¯à¥¤ë¤ãé¨¬ ¯à¨ ¯®¬®é¨ âà¨£®®¬¥âà¨ç¥áª¨å ä®à¬ã«:sinα osβ = 12 sin(α − β) + 12 sin(α + β),sinα sinβ = 12 os(α − β)− 12 os(α + β),osα osβ = 12 os(α − β) + 12 os(α + β),ª®â®àë¥ ¨§¢¥áâë ¨§ èª®«ì®£® ªãàá .�â¥£à «ë ∫ sinn x dx ¨ ∫ osn x dx.� áá¬®âà¨¬ Jn = ∫ sinn x dx�«ï n = 1 íâ® â ¡«¨çë© ¨â¥£à «.�«ï n = 2 á«¥¤ã¥â ¯à¨¬¥¨âì ä®à¬ã«ã: sin2 x = 1−os 2x2 ¨ ¯à®¨-â¥£à¨à®¢ âì ®â¤¥«ì® ª �¤®¥ á« £ ¥¬®¥.�«ï n > 2

Jn = ∫ sinn−2 x sin2 x dx = ∫ sinn−2 x (1− os2 x) dx == Jn−2 − ∫ sinn−2 x os2 x dx =Ǒà¨¬¥¨¬ ä®à¬ã«ã ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬:
u = osx, dv = sinn−2 x osx dx =⇒

du = − sinx dx

v = ∫ sinn−2 x osx dx = ∫ sinn−2 x d(sinx) = sinn−1 x

n − 1= Jn−2 − sinn−1 x osx
n − 1 − 1

n − 1 ∫ sinn x dx52СА
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� ª¨¬ ®¡à §®¬, ¯®«ãç¨«¨:
Jn = Jn−2 − sinn−1 x osx

n − 1 − 1
n − 1Jn =⇒

(1 + 1
n − 1)

Jn = Jn−2 − sinn−1 x osx
n − 1 =⇒

Jn = n − 1
n

Jn−2 − sinn−1 x osx
n� ª¨¬ ®¡à §®¬, ¯®«ãç¨«¨ ä®à¬ã«ã ¯®¨�¥¨ï:

∫ sinn x dx = n−1
n

∫ sinn−2 x dx − 1
n sinn−1 x osx� «®£¨ç® (¢ë¢¥áâ¨ á ¬®áâ®ïâ¥«ì®)

∫ osn x dx = n−1
n

∫ osn−2 x dx+ 1
n osn−1 x sinx�â¥£à «ë ∫ 1sinn x

dx ¨ ∫ 1osn x
dx.� áá¬®âà¨¬ Jn = ∫ 1sinn x

dx�«ï n = 1
J1 = ∫ 1sinx

dx = ∫ sinxsin2 x
dx = ∫ −d(osx)1− os2 x

= § ¬¥  osx=t= ∫
dt

t2 − 1 = 12 ∫ (t + 1)− (t − 1)(t + 1)(t − 1) dt = 12 ∫
dt

t − 1 − 12 ∫
dt

t+ 1 == 12 ln |t − 1| − 12 ln |t+ 1| = ln√osx − 1osx+ 1 = ln |tg x2 |�«ï n = 2 íâ® â ¡«¨çë© ¨â¥£à «.�«ï n > 2
Jn = ∫ 1sinn x

dx = ∫ sin2 x+ os2 xsinn x
dx = Jn−2 + ∫ os2 xsinn x

dx =Ǒà¨¬¥¨¬ ä®à¬ã«ã ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬:53СА
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u = osx, dv = osxsinn x
=⇒

du = − sinx dx

v = ∫ osxsinn x
dx = ∫ 1sinn x

d(sinx) = 1(1− n) sinn−1 x= Jn−2 + osx(1− n) sinn−1 x
+ ∫ sinx(1− n) sinn−1 x

dx� ª¨¬ ®¡à §®¬, ¯®«ãç¨«¨:
Jn = Jn−2 + osx(1− n) sinn−1 x

+ 11− n
Jn−2� ª¨¬ ®¡à §®¬, ¯®«ãç¨«¨ ä®à¬ã«ã ¯®¨�¥¨ï:

∫ 1sinn x
dx = n − 2

n − 1 ∫ 1sinn−2 x
dx − osx(n − 1) sinn−1 x

.� «®£¨ç® (¢ë¢¥áâ¨ á ¬®áâ®ïâ¥«ì®)
∫ 1osn x

dx = n − 2
n − 1 ∫ 1osn−2 x

dx+ sinx(n − 1) osn−1 x
.�â¥£à «ë ∫ tgnx dx ¨ ∫ tgnx dx.� áá¬®âà¨¬ Jn = ∫ tgnx dx�«ï n = 1 J1 = ∫ tgx dx = ∫ sinxosx dx =á¤¥« ¥¬ § ¬¥ã t = osx, â®£¤  dt = − sinx dx= ∫

−dt

t
= − ln |t| = − ln | osx|.�«ï n = 2

J2 = ∫ tg2 x dx = ∫ sin2 xos2 x
dx = ∫ 1− os2 xos2 x

dx == ∫ (1− 1os2 x

)

dx = x − tgx.54СА
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�«ï n > 2
Jn = ∫ tgnx dx = ∫ tgn−2x sin2 xos2 x

dx = ∫ tgn−2x 1− os2 xos2 x
dx == ∫ tgn−2x 1os2 x

dx −
∫ tgn−2x dx = ∫ tgn−2x d(tgx)− Jn−2 == tgn−1x

n − 1 − Jn−2� ª¨¬ ®¡à §®¬, ¯®«ãç¨«¨ ä®à¬ã«ã ¯®¨�¥¨ï:
∫ tgnx dx = tgn−1x

n − 1 −
∫ tgn−2x dx .� «®£¨ç® (¢ë¢¥áâ¨ á ¬®áâ®ïâ¥«ì®)

∫ átgnx dx = −átgn−1x
n − 1 −

∫ átgn−2x dx .¯.6.4. �â¥£à¨à®¢ ¨¥ £¨¯¥à¡®«¨ç¥áª¨å¨ ¯®ª § â¥«ìëå äãªæ¨©�â¥£à «ë ¢¨¤  ∫

R(ex) dx.(�¬¥¥âáï ¢ ¢¨¤ã à æ¨® «ì ï äãªæ¨ï, £¤¥ ¢¬¥áâ® ¯¥à¥¬¥®© xáâ®¨â ex,  ¯à¨¬¥à: ∫ 2ex+3e2x+14e2x−2ex+3e3x dx).� æ¨® «ì ï äãªæ¨ï ®â ex á¢®¤¨âáï ª ®¡ëç®© à æ¨® «ì®©äãªæ¨¨ ¯¥à¥¬¥®© t ¯à¨ ¯®¬®é¨ § ¬¥ë ex = t (x = ln t, dx = dt

t
).�®£¤  ∫

R(ex) dx = ∫

R∗(t) dt ¨ ¤ «ìè¥ ¯à¨¬¥ïîâáï ¬¥â®¤ë ¨-â¥£à¨à®¢ ¨ï à æ¨® «ì®© äãªæ¨¨, à áá¬®âà¥ë¥ ¢ëè¥.�â¥£à «ë ¢¨¤  ∫

R(shx; hx) dx.�â¥£à « ®â äãªæ¨© shx ¨ hx ( ¯®¬¨¬, çâ® shx = ex−e−x2 ,hx = ex+e−x2 ) «¨¡® â ª �¥ á¢®¤ïâáï ª à æ¨® «ì®© äãªæ¨¨ ®â¯¥à¥¬¥®© t ¯à¨ ¯®¬®é¨ § ¬¥ë ex = t; «¨¡® ¤«ï ¨å ¨â¥£à¨à®¢ -¨ï ¯à¨¬¥ïîâáï ¬¥â®¤ ,   «®£¨çë¥ ¬¥â®¤ ¬ ¨â¥£à¨à®¢ ¨ï âà¨-£®®¬¥âà¨ç¥áª¨å äãªæ¨©, â ª ª ª á¢®©áâ¢  âà¨£®®¬¥âà¨ç¥áª¨å ¨£¨¯¥à¡®«¨ç¥áª¨å äãªæ¨© ®ç¥ì ¯®å®�¨.55СА
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¯.6.5. �â¥£à¨à®¢ ¨¥ ¨àà æ¨® «ìëå äãªæ¨©�â¥£à «ë ¢¨¤  ∫

R(x;√a2 − x2) dx.�â¨ ¨â¥£à «ë á¢®¤ïâáï ª ¨â¥£à¨à®¢ ¨î à æ¨® «ì®© äãª-æ¨¨ ®â ¯¥à¥¬¥®© t ¯à¨ ¯®¬®é¨ § ¬¥ë x = a sin t (¨«¨ x = a os t).�¥©áâ¢¨â¥«ì®, ¥á«¨ x = a sin t, â® â ª ª ª os2 t+ sin2 t = 1
√

a2 − x2 = √

a2 − a2 sin2 t = √
a2 os2 t = a os t

dx = a os t dt¨ ∫

R(x;√a2 − x2) dx = ∫

R∗(sin t; os t) dt.�¡à â ï § ¬¥  ®ç¥¢¨¤ : t = arsin x
a .�â¥£à «ë ¢¨¤  ∫

R(x;√a2 + x2) dx.�â¨ ¨â¥£à «ë á¢®¤ïâáï ª ¨â¥£à¨à®¢ ¨î à æ¨® «ì®© äãª-æ¨¨ ®â sh t ¨ h t ¯à¨ ¯®¬®é¨ § ¬¥ë x = a sh t.�¥©áâ¢¨â¥«ì®, ¥á«¨ x = a sh t, â® â ª ª ª h2t − sh2t = 1
√

a2 + x2 = √

a2 + a2 sh2t = √
a2 h2t = a h t

dx = a h dt¨ ∫

R(x;√a2 + x2) dx = ∫

R∗(h t; sh t) dt.�¡à â ï § ¬¥ :
x = a(et − e−t)2 =⇒ 2x = aet − a

et
=⇒ ae2t − 2xet − a = 0.Ǒ®«ãç¨«¨ ª¢ ¤à â®¥ ãà ¢¥¨¥ ®â®á¨â¥«ì® et. D = (2x)2 + 4a2,=⇒ et = 2x+√4x2 + 4a22a = x+√

x2 + a2
a

,=⇒ t = ln x+√
x2 + a2
a

.
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�â¥£à «ë ¢¨¤  ∫

R(x;√x2 − a2) dx.�â¨ ¨â¥£à «ë á¢®¤ïâáï ª ¨â¥£à¨à®¢ ¨î à æ¨® «ì®© äãª-æ¨¨ ®â sh t ¨ h t ¯à¨ ¯®¬®é¨ § ¬¥ë x = a h t.�¥©áâ¢¨â¥«ì®, ¥á«¨ x = a h t, â® â ª ª ª h2t − sh2t = 1
√

x2 − a2 = √

a2 h2t − a2 = √
a2 sh2t = a sh t

dx = a sh dt¨ ∫

R(x;√x2 − a2) dx = ∫

R∗(h t; sh t) dt.�¡à â ï § ¬¥ :
x = a(et + e−t)2 =⇒ 2x = aet + a

et
=⇒ ae2t − 2xet + a = 0.Ǒ®«ãç¨«¨ ª¢ ¤à â®¥ ãà ¢¥¨¥ ®â®á¨â¥«ì® et. D = (2x)2 − 4a2,=⇒ et = 2x+√4x2 − 4a22a = x+√

x2 − a2
a

,=⇒ t = ln x+√
x2 − a2
a

.�â¥£à «ë ¢¨¤  ∫

xm(a + bxn)p dx.�¥®à¥¬  �¥¡ëè¥¢ 10: ¨â¥£à « ∫

xm(a + bxn)p dx ¬®�¥â ¡ëâì ¢ë-à �¥ ç¥à¥§ í«¥¬¥â àë¥ äãªæ¨¨ ¢ á«¥¤ãîé¨å á«ãç ïå:1) p ∈ Z (§ ¬¥  x = ts, £¤¥ s − ®¡é¨© § ¬¥ â¥«ì m ¨ n)2) m+ 1
n

∈ Z (§ ¬¥  a+ bxn = ts, £¤¥ s − § ¬¥ â¥«ì p)3) m+ 1
n

+ p ∈ Z (§ ¬¥  ax−n + b = ts, £¤¥ s − § ¬¥ â¥«ì p)� ¤àã£¨å á«ãç ïå ãª § ë© ¨â¥£à « ç¥à¥§ í«¥¬¥â àë¥ äãªæ¨¨¥ ¢ëà � ¥âáï.10Ǒ äãâ¨© �ì¢®¢¨ç �¥¡ëèñ¢ (4 [16℄ ¬ ï 1821 - 26 ®ï¡àï [8 ¤¥ª ¡àï℄ 1894){ à®áá¨©áª¨© ¬ â¥¬ â¨ª ¨ ¬¥å ¨ª, ®á®¢®¯®«®�¨ª ¯¥â¥à¡ãà£áª®© ¬ â¥¬ â¨ç¥-áª®© èª®«ë,  ª ¤¥¬¨ª Ǒ¥â¥à¡ãà£áª®©  ª ¤¥¬¨¨  ãª. �¥¡ëè¥¢ ¯®«ãç¨« äã¤ -¬¥â «ìë¥ à¥§ã«ìâ âë ¢ â¥®à¨¨ ç¨á¥« ¨ â¥®à¨¨ ¢¥à®ïâ®áâ¥©, ¯®áâà®¨« ®¡éãîâ¥®à¨î ®àâ®£® «ìëå ¬®£®ç«¥®¢, â¥®à¨î à ¢®¬¥àëå ¯à¨¡«¨�¥¨© ¨ ¬®-£¨¥ ¤àã£¨¥. �á®¢ « ¬ â¥¬ â¨ç¥áªãî â¥®à¨î á¨â¥§  ¬¥å ¨§¬®¢ ¨ à §à ¡®â «àï¤ ¯à ªâ¨ç¥áª¨ ¢ �ëå ª®æ¥¯æ¨© ¬¥å ¨§¬®¢.(� â¥à¨ « ¨§ �¨ª¨¯¥¤¨¨)57СА
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��������������. Ǒ®ª �¥¬, çâ® ¢ ª �¤®¬ á«ãç ¥ ¨áå®¤ë© ¨-â¥£à « ¯à¨ ¯®¬®é¨ ãª § ®© § ¬¥ë á¢®¤¨âáï ª ¨â¥£à «ã ®â à æ¨-® «ì®© äãªæ¨¨ ¯¥à¥¬¥®© t, ª®â®àë© ¬®�¥â ¡ëâì  ©¤¥ ¨§ã-ç¥ë¬¨ à ¥¥ ¬¥â®¤ ¬¨.1). Ǒà®¢¥¤¥¬ ¢ ¨â¥£à «¥ ãª § ãî § ¬¥ã:
∫

xm(a + bxn)p dx = ∫

tms(a + btns)psts−1 dt� áá¬®âà¨¬ ¯®ª § â¥«¨ áâ¥¯¥¥© ¢ ¯®«ãç¨¢è¥¬áï ¢ëà �¥¨¨:
p { æ¥«®¥ ¯® ãá«®¢¨î;
s { æ¥«®¥ ¯® á¬ëá«ã ®¡®§ ç¥¨©;
ms ¨ ns { æ¥«ë¥, â ª ª ª s { ®¡é¨© § ¬¥ â¥«ì m ¨ n.�«¥¤®¢ â¥«ì®, ¯®«ãç¨«¨ ¨â¥£à « ®â à æ¨® «ì®© äãªæ¨¨ ¯¥à¥-¬¥®© t.2). Ǒà®¢¥¤¥¬ ¢ ¨â¥£à «¥ ãª § ãî § ¬¥ã:
a+ bxn = ts =⇒ x = ( ts − a

b

)1/n =⇒ dx = C (ts − a) 1n−1ts−1 dt,£¤¥ C { ¯®«ãç¨¢è¨©áï ç¨á«®¢®© ¬®�¨â¥«ì. � «¥¥ â ª ¡ã¤¥¬ ®¡®-§ ç âì ¢á¥ ç¨á«®¢ë¥ ¬®�¨â¥«¨, ¢ë¥á¥ë¥ §  § ª ¨â¥£à « .
∫

xm(a + bxn)p dx = � ∫ (ts − a)m
n tsp (ts − a) 1n−1ts−1 dt == � ∫ (ts − a)m

n + 1
n−1 tsp+s−1 dt� áá¬®âà¨¬ ¯®ª § â¥«¨ áâ¥¯¥¥© ¢ ¯®«ãç¨¢è¥¬áï ¢ëà �¥¨¨:

s { æ¥«®¥ ¯® á¬ëá«ã ®¡®§ ç¥¨©;
m+1

n − 1 { æ¥«®¥ ¯® ãá«®¢¨î;
sp+ s − 1 { æ¥«®¥, â ª ª ª s { § ¬¥ â¥«ì p.�«¥¤®¢ â¥«ì®, ¯®«ãç¨«¨ ¨â¥£à « ®â à æ¨® «ì®© äãªæ¨¨ ¯¥à¥-¬¥®© t.
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3). Ǒà®¢¥¤¥¬ ¢ ¨â¥£à «¥ ãª § ãî § ¬¥ã:
ax−n+ b = ts =⇒ x = ( ts − b

a

)− 1
n =⇒ dx = C (ts − b)− 1

n−1ts−1 dt,£¤¥ C { ¯®«ãç¨¢è¨©áï ç¨á«®¢®© ¬®�¨â¥«ì. � «¥¥ â ª ¡ã¤¥¬ ®¡®-§ ç âì ¢á¥ ç¨á«®¢ë¥ ¬®�¨â¥«¨, ¢ë¥á¥ë¥ §  § ª ¨â¥£à « .
∫

xm(a+bxn)p dx = � ∫ (ts−b)−m
n

(

a+ ab

ts − b

)p (ts−b)− 1
n−1ts−1 dt == � ∫ (ts − b)−m

n − 1
n−1 ( ats

ts − b

)p

ts−1 dt = C

∫
tsp+s−1(ts − b)m+1

n +p+1 dt� áá¬®âà¨¬ ¯®ª § â¥«¨ áâ¥¯¥¥© ¢ ¯®«ãç¨¢è¥¬áï ¢ëà �¥¨¨:
sp+ s − 1 { æ¥«®¥, â ª ª ª s { § ¬¥ â¥«ì p,
s { æ¥«®¥ ¯® á¬ëá«ã ®¡®§ ç¥¨©;
m+1

n + p+ 1 { æ¥«®¥ ¯® ãá«®¢¨î.�«¥¤®¢ â¥«ì®, ¯®«ãç¨«¨ ¨â¥£à « ®â à æ¨® «ì®© äãªæ¨¨ ¯¥à¥-¬¥®© t.(�â¢¥à�¤¥¨¥, çâ® ¢ ¤àã£¨å á«ãç ïå, ªà®¬¥ ãª § ëå, à áá¬ â-à¨¢ ¥¬ë© ¨â¥£à « ¢ í«¥¬¥â àëå äãªæ¨ïå ¢ëà �¥ ¡ëâì ¥ ¬®-�¥â, ®áâ ¢¨¬ ¡¥§ ¤®ª § â¥«ìáâ¢  ¢ ¢¨¤ã ¥£® á«®�®áâ¨.)�â¥£à «ë ¢¨¤  ∫

R(x;√ax2 + bx+ c) dx.�«ï  å®�¤¥¨ï íâ¨å ¨â¥£à «®¢ ¨á¯®«ì§ãîâáï â ª  §ë¢ ¥¬ë¥¯®¤áâ ®¢ª¨ �©«¥à 11:1) �á«¨ a > 0, â® ¬®�® ¨á¯®«ì§®¢ âì § ¬¥ã
√

ax2 + bx+ c = √
a x+ t (¨«¨ √

ax2 + bx+ c = −
√

a x+ t)�®£¤ 
ax2 + bx+ c = ax2 + 2√a xt+ t2 =⇒
x(b − 2√a t) = t2 − c =⇒11á¬. ¯.3.5. 59СА
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x = t2 − c

b − 2√a t
,

dx = 2t(b − 2√a t) + 2√a(t2 − c)(b − 2√a t)2 dt

√

ax2 + bx+ c = √
a

t2 − c

b − 2√a t
+ t







− à æ¨® «ìë¥ äãªæ¨¨,á«¥¤®¢ â¥«ì®, ¨áå®¤ë© ¨â¥£à « á¢®¤¨âáï ª à æ¨® «ì®© äãª-æ¨¨ ¯¥à¥¬¥®© t.2) �á«¨ c > 0, â® ¬®�® ¨á¯®«ì§®¢ âì § ¬¥ã
√

ax2 + bx+ c = xt+√
c (¨«¨ √

ax2 + bx+ c = xt −
√

c)�®£¤ 
ax2 + bx+ c = x2t2 + 2√c xt+ c =⇒
ax2 + bx = x2t2 + 2√c xt =⇒
ax+ b = xt2 + 2√c t =⇒

x = 2√c t − b

a − t2 ,

dx = 2√c(a − t2) + 2t(2√c t − b)(a − t2)2 dt

√

ax2 + bx+ c = (2√c t − b)t
a − t2 +√

c







− à æ¨® «ìë¥ äãªæ¨¨,á«¥¤®¢ â¥«ì®, ¨áå®¤ë© ¨â¥£à « á¢®¤¨âáï ª à æ¨® «ì®© äãª-æ¨¨ ¯¥à¥¬¥®© t.3) �á«¨ D = b2 − 4ac > 0,   § ç¨â áãé¥áâ¢ãîâ ª®à¨ x1, x2 ¨
ax2 + bx+ c = a(x − x1)(x − x2), â® ¬®�® ¨á¯®«ì§®¢ âì § ¬¥ã

√

ax2 + bx+ c = t(x − x1) (¨«¨ √

ax2 + bx+ c = t(x − x2)�®£¤ 
a(x − x1)(x − x2) = t2(x − x1)2 =⇒
a(x − x2) = t2(x − x1) =⇒60СА
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x = ax2 − t2x1
a − t2 ,

dx = −2tx1(a − t2) + 2t(ax2 − t2x1)(a − t2)2 dt

√

ax2 + bx+ c = t
(ax2 − t2x1

a − t2 − x1)






− à æ¨® «ìë¥ äãªæ¨¨,á«¥¤®¢ â¥«ì®, ¨áå®¤ë© ¨â¥£à « á¢®¤¨âáï ª à æ¨® «ì®© äãª-æ¨¨ ¯¥à¥¬¥®© t.
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∞ ).14. �¢ï§ì ¯¥à¢®© ¯à®¨§¢®¤®© á ¬®®â®®áâìî äãªæ¨¨.15. �¢ï§ì ¢â®à®© ¯à®¨§¢®¤®© á ¢ë¯ãª«®áâìî äãªæ¨¨.16. �¯à¥¤¥«¥¨¥ ªà¨â¨ç¥áª¨å â®ç¥ª ¯® ¯à®¨§¢®¤ë¬ ¯¥à¢®£®, ¢â®à®£®¨ n-£® ¯®àï¤ª .17. Ǒà¨¡«¨�¥®¥ à¥è¥¨¥ ãà ¢¥¨© ¬¥â®¤®¬ å®à¤. Ǒ®£à¥è®áâì¬¥â®¤ .18. Ǒà¨¡«¨�¥®¥ à¥è¥¨¥ ãà ¢¥¨© ¬¥â®¤®¬ ª á â¥«ìëå. Ǒ®£à¥è-®áâì ¬¥â®¤ .19. �®¬¡¨¨à®¢ ë© ¬¥â®¤ ¯à¨¡«¨�¥®£® à¥è¥¨ï ãà ¢¥¨©.20. �â¥£à¨à®¢ ¨¥ à æ¨® «ìëå äãªæ¨©.21. �â¥£à¨à®¢ ¨¥ âà¨£®®¬¥âà¨ç¥áª¨å, ¯®ª § â¥«ìëå ¨ £¨¯¥à¡®«¨-ç¥áª¨å äãªæ¨©.22. �â¥£à¨à®¢ ¨¥ ¨àà æ¨® «ìëå äãªæ¨©.62СА
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Ǒ��������-�������(¥®¡å®¤¨¬® § âì ®¯à¥¤¥«¥¨ï, ä®à¬ã«ë ¨ ä®à¬ã«¨à®¢ª¨ â¥®à¥¬)1. �¯à¥¤¥«¥¨¥ ¯à®¨§¢®¤®©.2. �¥®¬¥âà¨ç¥áª¨© á¬ëá« ¯à®¨§¢®¤®©3. �à ¢¥¨ï ª á â¥«ì®© ¨ ®à¬ «¨4. �¯à¥¤¥«¥¨¥ ¤¨ää¥à¥æ¨ «  ¨ ¤¨ää¥à¥æ¨àã¥¬®áâ¨ äãªæ¨¨5. �à¨â¥à¨© ¤¨ää¥à¥æ¨àã¥¬®áâ¨.6. �ëà �¥¨¥ ¤¨ää¥à¥æ¨ «  ç¥à¥§ ¯à®¨§¢®¤ãî.7. Ǒà®¨§¢®¤ ï áã¬¬ë ¨ à §®áâ¨, ¯à®¨§¢¥¤¥¨ï, ¤à®¡¨8. Ǒà®¨§¢®¤ ï ®¡à â®© äãªæ¨¨9. � ¡«¨æ  ¯à®¨§¢®¤ëå10. �¥®à¥¬  � £à � 11. �®à¬ã«  �¥©«®à  (®áâ â®çë© ç«¥ ¢ ä®à¬¥ Ǒ¥ ® ¨ � £à � )12. �®à¬ã«  �¥©«®à  ¤«ï äãªæ¨© sin x, os x, ¥x, ln (1+x)13. Ǒ¥à¢®¥ ¯à ¢¨«® �®¯¨â «ï (à áªàëâ¨¥ ¥®¯à¥¤¥«¥®áâ¥© ¢¨¤  0/0)14. �â®à®¥ ¯à ¢¨«® �®¯¨â «ï (à áªàëâ¨¥ ¥®¯à¥¤¥«¥®áâ¥© ¢¨¤  / )15. �¢ï§ì ¯¥à¢®© ¯à®¨§¢®¤®© á ¬®®â®®áâìî äãªæ¨¨16. �¢ï§ì ¢â®à®© ¯à®¨§¢®¤®© á ¢ë¯ãª«®áâìî äãªæ¨¨17. �¯à¥¤¥«¥¨¥ ªà¨â¨ç¥áª¨å â®ç¥ª ¯® ¯à®¨§¢®¤ë¬18. Ǒ®ïâ¨¥ ¯¥à¢®®¡à §®©.19. � ¡«¨æ  ¥®¯à¥¤¥«¥ëå ¨â¥£à «®¢20. �á®¢ë¥ á¢®©áâ¢  ¯¥à¢®®¡à §®©21. �®à¬ã«  ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬22. �â¥£à¨à®¢ ¨¥ à æ¨® «ìëå äãªæ¨©23. �â¥£à¨à®¢ ¨¥ ¢ëà �¥¨© ¢¨¤  R(x,
√

x2 + a2), R(x,
√

x2 − a2),
R(x,

√
a2 − x2) (¯àï¬ ï ¨ ®¡à â ï § ¬¥ë).24. �â¥£à¨à®¢ ¨¥ ¢ëà �¥¨© ¢¨¤  xm(a + bxn)p (á«ãç ¨ ¨â¥£à¨àã-¥¬®áâ¨ ¨ § ¬¥ë)
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������ �� ��Ǒ���� Ǒ��������-�������1. �¯à¥¤¥«¥¨¥ ¯à®¨§¢®¤®©.Ǒà®¨§¢®¤®© äãªæ¨¨ f ¢ â®çª¥ x  §ë¢ ¥âáï
f ′(x) = lim�x→0 f(x +�x)− f(x)�x

.2. �¥®¬¥âà¨ç¥áª¨© á¬ëá« ¯à®¨§¢®¤®©.Ǒà®¨§¢®¤ ï äãªæ¨¨ f(x) à ¢  â £¥áã ã£«   ª«®  ª á â¥«ì-®©, ¯à®¢¥¤¥®© ª £à ä¨ªã äãªæ¨¨ ¢ â®çª¥ á  ¡áæ¨áá®© x.3. �à ¢¥¨ï ª á â¥«ì®© ¨ ®à¬ «¨.�à ¢¥¨¥ ª á â¥«ì®© ª £à ä¨ªã ¤¨ää¥à¥æ¨àã¥¬®© äãªæ¨¨ f¢ â®çª¥ á  ¡áæ¨áá®© xo ¨¬¥¥â ¢¨¤:
yª á. = f(xo) + f ′(xo) · (x − xo).�à ¢¥¨¥ ®à¬ «¨ ª £à ä¨ªã ¤¨ää¥à¥æ¨àã¥¬®© äãªæ¨¨ f ¢â®çª¥ á  ¡áæ¨áá®© xo ¨¬¥¥â ¢¨¤:

y®à¬. = f(xo)− 1
f ′(xo) · (x − xo).4. �¯à¥¤¥«¥¨¥ ¤¨ää¥à¥æ¨ «  ¨ ¤¨ää¥à¥æ¨àã¥¬®áâ¨ äãªæ¨¨.�á«¨ ¯à¨à é¥¨¥ äãªæ¨¨ ¬®�¥â ¡ëâì ¯à¥¤áâ ¢«¥® ¢ ¢¨¤¥ �f =

A(x)�x + α, £¤¥ lim�x→0 α�x = 0, â® £« ¢ ï «¨¥© ï ç áâì íâ®£® ¯à¨-à é¥¨ï A(x)�x  §ë¢ ¥âáï ¤¨ää¥à¥æ¨ «®¬ äãªæ¨¨ f ¨ ®¡®§ -ç ¥âáï df ,   äãªæ¨ï  §ë¢ ¥âáï ¤¨ää¥à¥æ¨àã¥¬®©.5. �à¨â¥à¨© ¤¨ää¥à¥æ¨àã¥¬®áâ¨.�ãªæ¨ï ¤¨ää¥à¥æ¨àã¥¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®  ¨¬¥¥âª®¥çãî ¯à®¨§¢®¤ãî.6. �ëà �¥¨¥ ¤¨ää¥à¥æ¨ «  ç¥à¥§ ¯à®¨§¢®¤ãî: df = f ′(x)dx.7. Ǒà®¨§¢®¤ ï áã¬¬ë ¨ à §®áâ¨, ¯à®¨§¢¥¤¥¨ï, ¤à®¡¨:(u ± v)′ = u′ ± v′.(uv)′ = u′v + v′u.
(u

v

)′ = u′v − v′u

v2 .8. Ǒà®¨§¢®¤ ï ®¡à â®© äãªæ¨¨.�«ï ¢§ ¨¬®-®¡à âëå äãªæ¨© y = f(x) ¨ x = g(y) g′(y) = 1
f ′(x) .64СА
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9. � ¡«¨æ  ¯à®¨§¢®¤ëå(zn)′ = nzn−1 · z′ (sin z)′ = os z · z′ (os z)′ = − sin z · z′(az)′ = az ln a · z′, (shz)′ = hz · z′ (h z)′ = shz(ez)′ = ez · z′ (tg z)′ = z′os2 z
(tg z)′ = − z′sin2 z(logaz)′ = z′

z ln a
, (arsin z)′ = z′√1− z2 (aros z)′ = − z′√1− z2(ln z)′ = z′

z
(artg z)′ = z′1 + z2 (artg z)′ = − z′1 + z210. �¥®à¥¬  � £à � .�á«¨ äãªæ¨ï ¥¯à¥àë¢  ¨ ¤¨ää¥à¥æ¨àã¥¬    [a; b℄, â®  ©-¤¥âáï â®çª  c ∈ (a; b) â ª ï, çâ®
f(a)− f(b) = f ′(c)(a − b).11.�®à¬ã«  �¥©«®à (®áâ â®çë© ç«¥ ¢ ä®à¬¥ Ǒ¥ ® ¨ � £à � )�á«¨ äãªæ¨ï f(x) ®¯à¥¤¥«¥  ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨ x0,¨¬¥¥â ¢ íâ®© ®ªà¥áâ®áâ¨ ¯à®¨§¢®¤ë¥ ¤® (n − 1)-£® ¯®àï¤ª  ¢ª«î-ç¨â¥«ì®, ¢ â®çª¥ x0 áãé¥áâ¢ãîâ ¯à®¨§¢®¤ë¥ n-£® ¯®àï¤ª  f (n)(x0),â® ¨¬¥¥â ¬¥áâ® ä®à¬ã« :

f(x) = f(x0)+f ′(x0)(x−x0)+ f ′′(x0)(x − x0)22! + f ′′′(x0)(x − x0)33! +...+ f (n−1)(x0)(x − x0)n−1(n − 1)! + rn(x),£¤¥ rn(x) = o((x − x0)n), (â.¥. lim
x→x0 rn(x)(x−x0)n = 0) { ®áâ â®çë© ç«¥¢ ä®à¬¥ Ǒ¥ ®;¨«¥̈á«¨ ¢ â®çª¥ x0 áãé¥áâ¢ã¥â ¥é¥ ¨ ¯à®¨§¢®¤ ï n-£® ¯®àï¤ª , â® ©¤¥âáï â®çª  c ¬¥�¤ã x ¨ x0 â ª ï, çâ® rn(x) = f (n)(c)(x − x0)n

n! {®áâ â®çë© ç«¥ ¢ ä®à¬¥ � £à � .65СА
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12. �®à¬ã«  �¥©«®à  ¤«ï äãªæ¨© sinx, osx, ¥x, ln(1 + x).sinx = x − x33! + x55! − x77! + ...+ (−1)n−1x2n−1(2n − 1)! + rn+1(x);osx = 1− x22! + x44! − x66! + ...+ (−1)nx2n(2n)! + rn+1(x);
ex = 1 + x+ x22! + x33! + x44! + ...+ xn

n! + rn+1(x);ln(1 + x) = x − x22 + x33 − x44 ...+ (−1)n−1xn

n
+ rn+1(x).13. Ǒ¥à¢®¥ ¯à ¢¨«® �®¯¨â «ï (¥®¯à¥¤¥«¥®áâ¨ ¢¨¤  0/0).�á«¨ 1) äãªæ¨¨ f(x) ¨ g(x) ®¯à¥¤¥«¥ë ¨ ¥¯à¥àë¢ë ¢ ¥ª®â®-à®© ®ªà¥áâ®áâ¨ â®çª¨ a ªà®¬¥, ¡ëâì ¬®�¥â, á ¬®© â®çª¨ a;2) lim

x→a
f(x) = 0 ¨ lim

x→a
g(x) = 0;3) ¯à®¨§¢®¤ë¥ f ′(x) ¨ g′(x) áãé¥áâ¢ãîâ ¢ ãª § ®© ®ªà¥áâ-®áâ¨ â®çª¨ a, ¯à¨ç¥¬ ®¤®¢à¥¬¥® ¥ ®¡à é îâáï ¢ ®«ì ¯à¨ x 6= a;4) áãé¥áâ¢ã¥â ª®¥çë© ¨«¨ ¡¥áª®¥çë© ¯à¥¤¥« lim

x→a

f ′(x)
g′(x) ,â® lim

x→a

f ′(x)
g′(x) = lim

x→a

f(x)
g(x) .14. �â®à®¥ ¯à ¢¨«® �®¯¨â «ï (¥®¯à¥¤¥«¥®áâ¨ ¢¨¤  ∞/∞).�á«¨ 1) äãªæ¨¨ f(x) ¨ g(x) ®¯à¥¤¥«¥ë ¨ ¥¯à¥àë¢ë ¢ ¥ª®â®-à®© ®ªà¥áâ®áâ¨ â®çª¨ a ªà®¬¥, ¡ëâì ¬®�¥â, á ¬®© â®çª¨ a;2) lim

x→a
f(x) = ∞ ¨ lim

x→a
g(x) = ∞;3) ¯à®¨§¢®¤ë¥ f ′(x) ¨ g′(x) áãé¥áâ¢ãîâ ¢ ãª § ®© ®ªà¥áâ-®áâ¨ â®çª¨ a, ¯à¨ç¥¬ ®¤®¢à¥¬¥® ¥ ®¡à é îâáï ¢ ®«ì ¯à¨ x 6= a;4) áãé¥áâ¢ã¥â ª®¥çë© ¨«¨ ¡¥áª®¥çë© ¯à¥¤¥« lim

x→a

f ′(x)
g′(x) ,â® lim

x→a

f ′(x)
g′(x) = lim

x→a

f(x)
g(x) .15. �¢ï§ì ¯¥à¢®© ¯à®¨§¢®¤®© á ¬®®â®®áâìî äãªæ¨¨.�á«¨ f ′(x) > 0, â® äãªæ¨ï f ¢®§à áâ ¥â. �á«¨ äãªæ¨ï f ¢®§à á-â ¥â, â® f ′(x) ≥ 0.�á«¨ f ′(x) < 0, â® äãªæ¨ï f ã¡ë¢ ¥â. �á«¨ äãªæ¨ï f ã¡ë¢ ¥â,â® f ′(x) ≤ 0. 66СА

РА
ТО
ВС
КИ
Й ГО

СУ
ДА
РС
ТВ
ЕН
НЫ
Й УН

ИВ
ЕР
СИ
ТЕ
Т И
МЕ
НИ

 Н
. Г

. Ч
ЕР
НЫ
ШЕ
ВС
КО
ГО



16. �¢ï§ì ¢â®à®© ¯à®¨§¢®¤®© á ¢ë¯ãª«®áâìî äãªæ¨¨.�á«¨ f ′′(x) > 0, â® äãªæ¨ï f ¢ë¯ãª«  ¢¨§. �á«¨ äãªæ¨ï f¢ë¯ãª«  ¢¨§, â® f ′′(x) ≥ 0.�á«¨ f ′′(x) < 0, â® äãªæ¨ï f ¢ë¯ãª«  ¢¢¥àå. �á«¨ äãªæ¨ï f¢ë¯ãª«  ¢¢¥àå, â® f ′′(x) ≤ 0.17. �¯à¥¤¥«¥¨¥ ªà¨â¨ç¥áª¨å â®ç¥ª ¯® ¯à®¨§¢®¤ë¬.(¯® f ′) �á«¨ f ′(x0) = 0 ¨ ¯à¨ ¯¥à¥å®¤¥ ç¥à¥§ x0 ¯à®¨§¢®¤ ï ¬¥ï¥â§ ª á "+"   "−", â® x0 { â®çª  ¬ ªá¨¬ã¬ ,   ¥á«¨ á "−"  "+" {â®çª  ¬¨¨¬ã¬ .(¯® f ′′) �á«¨ f ′(x0) = 0 ¨ f ′′(x0) < 0, â® x0 { â®çª  ¬ ªá¨¬ã¬ .�á«¨ f ′(x0) = 0 ¨ f ′′(x0) > 0, â® x0{ â®çª  ¬¨¨¬ã¬ .18. Ǒ®ïâ¨¥ ¯¥à¢®®¡à §®©.Ǒ¥à¢®®¡à §®©, ¨«¨ ¥®¯à¥¤¥«¥ë¬ ¨â¥£à «®¬ äãªæ¨¨ f(x) §ë¢ ¥âáï äãªæ¨ï F (x) â ª ï, çâ® F ′(x) = f(x). �¡®§ ç ¥âáï
∫

f(x) dx = F (x).19. � ¡«¨æ  ¥®¯à¥¤¥«¥ëå ¨â¥£à «®¢.
∫

xn dx = 1
n+ 1xn+1 (n 6= −1) ∫

dx

x
= ln |x| (x 6= 0)

∫ sinx dx = − osx ∫ osx dx = sinx

∫

ax dx = axln a
, ¢ ç áâ®áâ¨ ∫

ex dx = ex,

∫
dxos2 x

= tgx

∫
dxsin2 x

= −tgx

∫
dx1 + x2 = artgx

∫
dx√1− x2 = arsinx

∫ shx dx = hx

∫ hx dx = shx20. �á®¢ë¥ á¢®©áâ¢  ¯¥à¢®®¡à §®©.
∫

f(x) dx = F (x) + C; ∫

d f(x) = f(x);
∫

c · f(x) dx = c

∫

f(x)dx; ∫

f(x)+g(x)dx = ∫

f(x)dx+∫

g(x)dx.67СА
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21. �®à¬ã«  ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬:
∫

u dv = uv −
∫

v du.22. �â¥£à¨à®¢ ¨¥ à æ¨® «ìëå äãªæ¨©.� æ¨® «ì®© äãªæ¨¥©  §ë¢ îâ ¤à®¡ì, ç¨á«¨â¥«ì ¨ § ¬¥ -â¥«ì ª®â®à®© ï¢«ïîâáï ¬®£®ç«¥ ¬¨. �á«¨ áâ¥¯¥ì ç¨á«¨â¥«ï ¡®«ì-è¥ ¨«¨ à ¢  áâ¥¯¥¨ § ¬¥ â¥«ï, â® á«¥¤ã¥â ¢ë¯®«¨âì ¤¥«¥¨¥ ¨¯à¥¤áâ ¢¨âì äãªæ¨î ¢ ¢¨¤¥ áã¬¬ë æ¥«®© ç áâ¨ (¬®£®ç«¥ ) ¨ ¯à -¢¨«ì®© ¤à®¡¨ (à æ¨® «ì®© äãªæ¨¨, ã ª®â®à®© áâ¥¯¥ì ç¨á«¨â¥«ï¬¥ìè¥ áâ¥¯¥¨ § ¬¥ â¥«ï).Ǒà ¢¨«ì ï ¤à®¡ì ¢ á¢®î ®ç¥à¥¤ì ¬®�¥â ¡ëâì à §«®�¥    áã¬¬ãâ ª  §ë¢ ¥¬ëå ¯à®áâëå ¤à®¡¥©:(a) A(x + a)n (b) Bx+ C(x2 + px+ q)n ¯à¨ p2 − 4q < 0(�¤¨¬ ¨§ á¯®á®¡®¢ à §«®�¥¨ï ï¢«ï¥âáï ¬¥â®¤ ¥®¯à¥¤¥«¥ëå ª®-íää¨æ¨¥â®¢.)�«ï ¨â¥£à¨à®¢ ¨ï à æ¨® «ìëå äãªæ¨© á«¥¤ã¥â ¯à¥¤áâ ¢¨âì¤à®¡ì ¢ ¢¨¤¥ áã¬¬ë ¬®£®ç«¥  ¨ ¯à®áâëå ¤à®¡¥© ¨ ¯à®¨â¥£à¨à®-¢ âì ®â¤¥«ì® ª �¤®¥ á« £ ¥¬®¥, ¯à¨ íâ®¬ ¤«ï ¨â¥£à¨à®¢ ¨ï ¤à®¡¨¢¨¤  (a) á«¥¤ã¥â ¢ë¯®«¨âì § ¬¥ã x = t − a,   ¤«ï ¨â¥£à¨à®¢ ¨ï¤à®¡¨ ¢¨¤  (b) { § ¬¥ã x = t − p/2.23. �â¥£à¨à®¢ ¨¥ ¢ëà �¥¨© R(x,
√

a2 − x2), R(x,
√

a2 + x2),
R(x,

√
x2 − a2) .�ëà �¥¨ï ¢¨¤  R(x,

√
a2 − x2) ¯à¨¢®¤¨âáï ª à æ¨® «ì®© äãª-æ¨¨ ®â sinx ¨ osx ¯à¨ ¯®¬®é¨ § ¬¥ë x = a sin t (¨«¨ x = a os t).�¡à â ï § ¬¥  t = arsin x

a .�ëà �¥¨ï ¢¨¤  R(x,
√

a2 + x2) ¯à¨¢®¤¨âáï ª à æ¨® «ì®© äãª-æ¨¨ shx ¨ hx ¯à¨ ¯®¬®é¨ § ¬¥ë x = a sh t. �¡à â ï § ¬¥ 
t = ln x+√

x2 + a2
a

.�ëà �¥¨ï ¢¨¤  R(x,
√

x2 − a2) ¯à¨¢®¤¨âáï ª à æ¨® «ì®© äãª-æ¨¨ shx ¨ hx ¯à¨ ¯®¬®é¨ § ¬¥ë x = a h t. �¡à â ï § ¬¥ 
t = ln x+√

x2 − a2
a

. 68СА
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24. �â¥£à¨à®¢ ¨¥ ¢ëà �¥¨© ¢¨¤  xm(a + bxn)p (á«ãç ¨¨â¥£à¨àã¥¬®áâ¨ ¨ § ¬¥ë).�¥®à¥¬  �¥¡ëè¥¢ : ¨â¥£à «
∫

xm(a + bxn)p dx¡¥à¥âáï ¢ í«¥¬¥â àëå äãªæ¨ïå â®«ìª® ¢ á«ãç ïå:1) p ∈ Z (§ ¬¥  x = zs, £¤¥ s − ®¡é¨© § ¬¥ â¥«ì m ¨ n),2) m+ 1
n

∈ Z (§ ¬¥  a+ bxn = zs, £¤¥ s − § ¬¥ â¥«ì p),3) m+ 1
n

+ p ∈ Z (§ ¬¥  ax−n + b = zs, £¤¥ s − § ¬¥ â¥«ì p).
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(электронный ресурс)

2. Фихтенгольц  Г.М.  Основы математического анализа: учебник
в 2 ч./Г. М. Фихтенгольц. - 9-е изд., стер. - Санкт-Петербург;
Москва; Краснодар: Лань, 2008. Ч. 2. - Санкт-Петербург; Москва;
Краснодар: Лань, 2008. – 463.
http://e.lanbook.com/books/element.php?pl1_cid=25&pl1_id=411
(электронный ресурс)

б) дополнительная литература: 
1. Демидович Б.П. Сборник задач и упражнений по 

математическому анализу. - М., АСТ Астрель,  2007; 2009; 2010 . 
2. Рудин У.  Основы математического анализа. - СПб., М.,

Краснодар: Лань, 2004.
3. Гудошникова Е.В. Практические занятия по математическому

анализу. Часть 2:  Производные и их применение. Учеб. пособие.
– Саратов: Изд-во Сарат. ун-та, 2011. – 20 с.

4. Гудошникова Е.В. Практические занятия по математическому
анализу. Часть 3: Неопределенные интегралы. Учеб. пособие. –
Саратов: Изд-во Сарат. ун-та, 2011. – 21 с.
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