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§1. �������� ���������¯.1.1. �¥«ë¥ ç¨á«  ¨ ¬¥â®¤ ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨�¡®§ ç¥¨ï.
N { ¬®�¥áâ¢®  âãà «ìëå ç¨á¥«: {1; 2; 3; ...};
No { ¬®�¥áâ¢® æ¥«ëå ¥®âà¨æ â¥«ìëå ç¨á¥«: {0; 1; 2; 3; ...};
Z { ¬®�¥áâ¢® æ¥«ëå ç¨á¥«: {0;±1;±2;±3; ...};�¥â®¤ ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨.Ǒãáâì  ¤® ¤®ª § âì ¥ª®â®à®¥ ãâ¢¥à�¤¥¨¥ (à ¢¥áâ¢® ¨«¨ ¥à -¢¥áâ¢®) ¤«ï «î¡®£®  âãà «ì®£® ç¨á« . � íâ®¬ á«ãç ¥ ¬®�® ¯à¨-¬¥¨âì ¬¥â®¤ ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨, ª®â®àë© § ª«îç ¥âáï ¢ á«¥-¤ãîé¥¬:1. ¯à®¢¥àïîâ, çâ® ¤®ª §ë¢ ¥¬®¥ ãâ¢¥à�¤¥¨¥ ¢¥à® ¤«ï n = 1;2. ¯à¥¤¯®« £ ï, çâ® ãâ¢¥à�¤¥¨¥ ¢¥à® ¤«ï ¥ª®â®à®£® no, ¤®ª -§ë¢ îâ ¥£® ¤«ï á«¥¤ãîé¥£® § ç¥¨ï no + 1.

• Ǒà¨¬¥à 1. �«ï ¢á¥å n ∈ N ¤®ª § âì ¥à ¢¥áâ¢®:(1 + x)n ≥ 1 + nx, ¤«ï ¢á¥å x ≥ −1.�®ª-¢®. Ǒà¨¬¥¨¬ ¬¥â®¤ ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨.�«ï n = 1 ¤®ª §ë¢ ¥¬®¥ ¥à ¢¥áâ¢® ¯à¨¬¥â ¢¨¤: 1 = x ≥ 1 + x,çâ®, ®ç¥¢¨¤®, ¢¥à®.Ǒãáâì ¥à ¢¥áâ¢® ¢ë¯®«¥® ¤«ï ¥ª®â®à®£® n. �®£¤  ¤«ï n + 1¨¬¥¥¬:(1 + x)n+1 = (1 + x)n(1 + x) ≥¢â®à ï áª®¡ª  ¥®âà¨æ â¥«ì , â ª ª ª x ≥ −1, ª ¯¥à¢®© áª®¡ª¥ ¯à¨-¬¥¨¬ ¥à ¢¥áâ¢®, ª®â®à®¥ ¯® ¯à¥¤¯®«®�¥¨î ¢ë¯®«ï¥âáï
≥ (1 + nx)(1 + x) = 1 + nx+ x+ nx2 ≥

≥ 1 + nx+ x = 1 + (n + 1)x.Ǒ®«ãç¨«¨: (1 + x)n+1 ≥ 1 + (n + 1)x, â® ¥áâì ¤®ª §ë¢ ¥¬®¥ ¥à -¢¥áâ¢® ¢ë¯®«¥® ¨ ¤«ï n+ 1. ¤4
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• Ǒà¨¬¥à 2. �«ï ¢á¥å n ∈ N ¤®ª § âì à ¢¥áâ¢®:1 + 2 + 3 + ...+ n = 12n(n + 1).�®ª-¢®. Ǒà¨¬¥¨¬ ¬¥â®¤ ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨.�«ï n = 1 ¤®ª §ë¢ ¥¬®¥ à ¢¥áâ¢® ¯à¨¬¥â ¢¨¤: 1 = 121(1+1), çâ®,®ç¥¢¨¤®, ¢¥à®.Ǒãáâì à ¢¥áâ¢® ¢ë¯®«¥® ¤«ï ¥ª®â®à®£® n. �®£¤  ¤«ï n + 1¨¬¥¥¬:1+ 2+ 3+ ...+ n+ (n+1) = 12n(n+1)+ (n+1) = (n+1)( 12n+1) == 12 (n + 1)(n + 2) = 12 (n + 1)((n + 1) + 1),â® ¥áâì ¤®ª §ë¢ ¥¬®¥ à ¢¥áâ¢® ¢ë¯®«¥® ¨ ¤«ï n+ 1. ¤

• Ǒà¨¬¥à 3. �«ï ¢á¥å n ∈ N ¤®ª § âì à ¢¥áâ¢®:1 + 3 + 5 + ...+ (2n − 1) = n2.�®ª-¢®. Ǒà¨¬¥¨¬ ¬¥â®¤ ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨.�«ï n = 1 ¤®ª §ë¢ ¥¬®¥ à ¢¥áâ¢® ¯à¨¬¥â ¢¨¤: 1 = 12, çâ®, ®ç¥-¢¨¤®, ¢¥à®.Ǒãáâì à ¢¥áâ¢® ¢ë¯®«¥® ¤«ï ¥ª®â®à®£® n. �®£¤  ¤«ï n + 1¨¬¥¥¬:1 + 3 + 5 + ...+ (2n − 1) + (2(n + 1)− 1) = n2 + (2n+ 1) = (n + 1)2,â® ¥áâì ¤®ª §ë¢ ¥¬®¥ à ¢¥áâ¢® ¢ë¯®«¥® ¨ ¤«ï n+ 1. ¤

• Ǒà¨¬¥à 4. �«ï ¢á¥å n ∈ N ¤®ª § âì à ¢¥áâ¢®:2 + 4 + 6 + ...+ 2n = n(n + 1).�®ª-¢®. Ǒà¨¬¥¨¬ ¬¥â®¤ ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨.�«ï n = 1 ¤®ª §ë¢ ¥¬®¥ à ¢¥áâ¢® ¯à¨¬¥â ¢¨¤: 1 = 12, çâ®, ®ç¥-¢¨¤®, ¢¥à®.Ǒãáâì à ¢¥áâ¢® ¢ë¯®«¥® ¤«ï ¥ª®â®à®£® n. �®£¤  ¤«ï n + 1¨¬¥¥¬:2 + 4 + 6 + ...+ 2n+ 2(n+ 1) = n(n + 1) + 2(n+ 1) == (n + 1)(n + 2) = (n + 1)((n + 1) + 1),â® ¥áâì ¤®ª §ë¢ ¥¬®¥ à ¢¥áâ¢® ¢ë¯®«¥® ¨ ¤«ï n+ 1. ¤5СА
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• Ǒà¨¬¥à 5. �«ï ¢á¥å n ∈ N ¤®ª § âì à ¢¥áâ¢®:12 + 22 + 32 + ...+ n2 = 16n(n + 1)(2n+ 1).�®ª-¢®. Ǒà¨¬¥¨¬ ¬¥â®¤ ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨.�«ï n = 1 ¤®ª §ë¢ ¥¬®¥ à ¢¥áâ¢® ¯à¨¬¥â ¢¨¤: 1 = 12, çâ®, ®ç¥-¢¨¤®, ¢¥à®.Ǒãáâì à ¢¥áâ¢® ¢ë¯®«¥® ¤«ï ¥ª®â®à®£® n. �®£¤  ¤«ï n + 1«¥¢ ï ç áâì ¤®ª §ë¢ ¥¬®£® à ¢¥áâ¢  ¯à¨¬¥â ¢¨¤:12 + 22 + 32 + ...+ n2 + (n + 1)2 = 16n(n + 1)(2n+ 1) + (n + 1)2 = ...

... = 16 (2n3 + 9n2 + 13n+ 6),� ¯¨è¥¬ ¯à ¢ãî ç áâì ¤®ª §ë¢ ¥¬®£® à ¢¥áâ¢  ¤«ï n+ 1:16 (n + 1)((n + 1) + 1)(2(n+ 1) + 1) = ... = 16 (2n3 + 9n2 + 13n+ 6),�à ¢¨¢ ï ¯®«ãç¨¢è¨¥áï ¢ëà �¥¨ï, § ª«îç ¥¬, çâ® ¤®ª §ë¢ ¥-¬®¥ à ¢¥áâ¢® ¢ë¯®«¥® ¨ ¤«ï n+ 1. ¤� ªâ®à¨ « ¨ ç¨á«® á®ç¥â ¨© (¡¨®¬¨ «ìë¥ ª®íää¨æ¨¥-âë). � ¯®¬¨¬ ¨§¢¥áâë¥ ¨§ èª®«ë ä ªâë ¨ ®¡®§ ç¥¨ï:¤«ï n ∈ N ®¡®§ ç¨¬ n! = 1 · 2 · 3 · ... · n; (ç¨â ¥âáï n-ä ªâ®à¨ «)¯® ®¯à¥¤¥«¥¨î 0! = 1;®á®¢®¥ á¢®©áâ¢® ä ªâ®à¨ « : n! · (n + 1) = (n + 1)! ;
(

n

k

) = n!
k!(n − k)! { ¡¨®¬¨ «ìë© ª®íää¨æ¨¥â ¨«¨ ç¨á«® á®-ç¥â ¨© ¨§ n ¯® k (â® ¥áâì áª®«ìª¨¬¨ á¯®á®¡ ¬¨ ¬®�® ¢ë¡à âì k®¡ê¥ªâ®¢ ¨§ ¨¬¥îé¨åáï n ®¡ê¥ªâ®¢);®â¬¥â¨¬, çâ® (

n0) = n!0!(n − 0)! = 1 ¨ (
n

n

) = n!
n!(n − n)!
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�¨®¬ �ìîâ® 1. �«ï ¢á¥å n ∈ N(a + b)n = n∑

k=0(
n

k

)

akbn−k��������������. Ǒà¨¬¥¨¬ ¬¥â®¤ ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨.�«ï n = 1 ¤®ª §ë¢ ¥¬®¥ à ¢¥áâ¢® ¯à¨¬¥â ¢¨¤:
a+ b = 1∑

k=0(1
k

)

akb1−k = (10)a0b1 +(11)a1b0 = b+ a,çâ®, ®ç¥¢¨¤®, ¢¥à®.Ǒãáâì à ¢¥áâ¢® ¢ë¯®«¥® ¤«ï ¥ª®â®à®£® n. �®£¤  ¤«ï n + 1¨¬¥¥¬:(a + b)n+1 = (a + b)(a + b)n = (a + b) n∑

k=0(
n

k

)

akbn−k == n∑

k=0(
n

k

)

ak+1bn−k + n∑

k=0(
n

k

)

akbn−k+1 =®¡®§ ç¨¬ ¢ ¯¥à¢®© áã¬¬¥ k + 1 = k∗ (¨«¨ k = k∗ − 1)= n+1∑

k∗=1(
n

k∗ − 1)ak∗

bn−(k∗−1) + n∑

k=0(
n

k

)

akbn−k+1 == n∑

k=1(
n

k − 1)akbn−k+1 +(
n

n

)

an+1b0
︸ ︷︷ ︸¯¥à¢ ï áã¬¬ (®â¤¥«ì® ¢ë¯¨á ® á« £ ¥¬®¥ ¤«ï k=n+1) ++ n∑

k=1(
n

k

)

akbn−k+1 +(
n0)a0bn+1

︸ ︷︷ ︸¢â®à ï áã¬¬ (®â¤¥«ì® ¢ë¯¨á ® á« £ ¥¬®¥ ¤«ï k=0) =1�á  ª �ìîâ®, 4 ï¢ àï 1643 £®¤  - 31 ¬ àâ  1727 £®¤  (¯® £à¨£®à¨ áª®-¬ã ª «¥¤ àî) -  £«¨©áª¨© ä¨§¨ª, ¬ â¥¬ â¨ª, ¬¥å ¨ª ¨  áâà®®¬, ®¤¨ ¨§á®§¤ â¥«¥© ª« áá¨ç¥áª®© ä¨§¨ª¨. �¢â®à äã¤ ¬¥â «ì®£® âàã¤  "� â¥¬ â¨ç¥-áª¨¥  ç «   âãà «ì®© ä¨«®á®ä¨¨", ¢ ª®â®à®¬ ® ¨§«®�¨« § ª® ¢á¥¬¨à®£®âï£®â¥¨ï ¨ âà¨ § ª®  ¬¥å ¨ª¨, áâ ¢è¨¥ ®á®¢®© ª« áá¨ç¥áª®© ¬¥å ¨ª¨. � §-à ¡®â « ¤¨ää¥à¥æ¨ «ì®¥ ¨ ¨â¥£à «ì®¥ ¨áç¨á«¥¨ï, â¥®à¨î æ¢¥â , § «®�¨«®á®¢ë á®¢à¥¬¥®© ä¨§¨ç¥áª®© ®¯â¨ª¨, á®§¤ « ¬®£¨¥ ¤àã£¨¥ ¬ â¥¬ â¨ç¥áª¨¥¨ ä¨§¨ç¥áª¨¥ â¥®à¨¨. (� â¥à¨ « ¨§ �¨ª¨¯¥¤¨¨)7СА
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= (
n0)a0bn+1 + n∑

k=1 [(
n

k − 1)+(
n

k

)]

akbn−k+1 +(
n

n

)

an+1b0 =¢®-¯¥à¢ëå, (
n0) = 1 = (

n+ 10 );¢®-¢â®àëå, (
n

k − 1)+(
n

k

) = n!(k − 1)!(n − k + 1)! + n!
k!(n − k)! == n!(k − 1)!(n − k)! ( 1

n − k + 1 + 1
k

) = n!(k − 1)!(n − k)! n+ 1(n − k + 1)k == (n + 1)!
k!(n − k + 1)! = (

n+ 1
k

)¢-âà¥âì¨å, (
n

n

) = 1 = (
n+ 1
n+ 1);= (

n+ 10 )

a0bn+1 + n∑

k=1(
n+ 1

k

)

akbn−k+1 +(
n+ 1
n+ 1)an+1b0 == n+1∑

k=0 (
n+ 1

k

)

akbn−k+1� ª¨¬ ®¡à §®¬ ¯®«ãç¨«¨:(a + b)n+1 = n+1∑

k=0 (
n+ 1

k

)

akbn+1−k,â® ¥áâì ¤®ª §ë¢ ¥¬®¥ à ¢¥áâ¢® ¢ë¯®«¥® ¨ ¤«ï n+ 1. ¤¯.1.2. � æ¨® «ìë¥ ç¨á« Ǒ®ïâ¨¥ à æ¨® «ì®£® ç¨á« .� æ¨® «ìë¬¨  §ë¢ îâáï ç¨á« , ª®â®àë¥ ¬®£ãâ ¡ëâì § ¯¨á ë¢ ¢¨¤¥ ¤à®¡¨ p
q , £¤¥ p ∈ Z, q ∈ N.� ¯à¨¬¥à: 13 , − 25 , 31 .
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Ǒ®ïâ¨¥ ¨àà æ¨® «ì®£® ç¨á« .�¨á«  ¥ ï¢«ïîé¨¥áï à æ¨® «ìë¬¨,  §ë¢ îâáï ¨àà æ¨® «ì-ë¬¨.� ¯à¨¬¥à, √2 { ¥ à æ¨® «ì®¥ ç¨á«®.�¥©áâ¢¨â¥«ì®, ¯à¥¤¯®«®�¨¬, çâ® ¬ë á¬®£«¨ § ¯¨á âì √2 ¢ ¢¨¤¥¤à®¡¨: √2 = p
q , ¯à¨ç¥¬ íâ  ¤à®¡ì ã�¥ ¥á®ªà â¨¬ . �®£¤ 

√2 q = p =⇒ 2q2 = p2 =⇒ p2 ç¥â®¥ =⇒ p ç¥â®¥ =⇒ p = 2k® â®£¤ 
√2 q = 2k =⇒ 2q2 = 4k2 =⇒ q2 = 2k2 =⇒ q2 ç¥â®¥ =⇒ q ç¥â®¥Ǒ®«ãç¨«¨, çâ® ¨ p, ¨ q ç¥âë¥,   íâ® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® ¤à®¡ì
p
q ¥á®ªà â¨¬ , § ç¨â √2 { ¥ à æ¨® «ì®¥ ç¨á«®.Ǒà¥¤áâ ¢«¥¨¥ à æ¨® «ì®£® ç¨á«  ¤¥áïâ¨ç®© ¤à®¡ìî.� áá¬®âà¨¬ à æ¨® «ì®¥ ç¨á«® p

q . �ë¯®«¨¬ ¤¥«¥¨¥ "ã£®«ª®¬".�®§¬®�ë ¤¢  ¢ à¨ â :1. � ª ª®©-â® ¬®¬¥â ¯®«ãç¨«¨ ®áâ â®ª ®«ì. � ç¨â, à¥§ã«ìâ â¤¥«¥¨ï { ª®¥ç ï ¤¥áïâ¨ç ï ¤à®¡ì.2. Ǒà¨ ¤¥«¥¨¨ ¢á¥ ¢à¥¬ï ¯®«ãç ¥âáï ¥ã«¥¢®© ®áâ â®ª. �®â ª ª ª ¤¥«¨¬   q, ®áâ âª ¬¨ ¬®£ãâ ¡ëâì â®«ìª® ç¨á«  ¬¥ìè¥ q:1, 2, ..., q − 1. �â¨å ç¨á¥« ª®¥ç®¥ ç¨á«®, § ç¨â ¢ ª ª®©-â® ¬®¬¥â¯®«ãç¨¬ ®áâ â®ª, ª®â®àë© ã�¥ ¡ë« à ìè¥,   § ç¨â ¨ æ¨äàë ç áâ-®£®  çãâ ¯®¢â®àïâìáï, â® ¥áâì ¯®«ãç¨âáï ¡¥áª®¥ç ï ¯¥à¨®¤¨ç¥-áª ï ¤à®¡ì.�«¥¤®¢ â¥«ì®, «î¡®¥ à æ¨® «ì®¥ ç¨á«® ¬®�¥â ¡ëâì ¯à¥¤áâ ¢-«¥® ª®¥ç®© ¨«¨ ¡¥áª®¥ç®© ¯¥à¨®¤¨ç¥áª®© ¤¥áïâ¨ç®© ¤à®¡ìî.Ǒ¥à¥¢®¤ ¤¥áïâ¨ç®© ¤à®¡¨ ¢ ®¡ëª®¢¥ãî.�®¥ç ï ¤¥áïâ¨ç ï ¤à®¡ì í«¥¬¥â à® ¯¥à¥¢®¤¨âáï ¢ ®¡ëª®-¢¥ãî,  ¯à¨¬¥à: 2, 34 = 2 34100 = 234100 .� áá¬®âà¨¬ ¡¥áª®¥çãî ¯¥à¨®¤¨ç¥áªãî ¤à®¡ì:
x = 0, a1a2...an(b1b2...bm)9СА
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â®£¤  10nx = a1a2...an, (b1b2...bm)10n10mx = a1a2...anb1b2...bm, (b1b2...bm)10n10mx − 10nx = a1a2...anb1b2...bm − a1a2...an

x = a1a2...anb1b2...bm − a1a2...an10n(10m − 1)¨«
ẍ = (æ¨äàë ¤® ¯¥à¨®¤  ¨ æ¨äàë ¯¥à¨®¤ )−(æ¨äàë ¤® ¯¥à¨®¤ )99................................9

︸ ︷︷ ︸áª®«ìª® æ¨äà ¢ ¯¥à¨®¤¥ 00............................0
︸ ︷︷ ︸áª®«ìª® æ¨äà ¤® ¯¥à¨®¤ � ¯à¨¬¥à: 0, 123(45) = 12345− 12399000 = 1222299000;6, 123(45) = 6 + 0, 123(45) = ...� ¬¥ç ¨¥. �¥â ç¨á«  á ¯¥à¨®¤®¬ (9).�¥©áâ¢¨â¥«ì®, à áá¬®âà¨¬ x = 0, (9). �®£¤  10x = 9, (9) ¨, ¢ëç¨-â ï íâ¨ ¢ëà �¥¨ï, ¯®«ãç¨¬ 9x = 9, â® ¥áâì 0, (9) = 1.¯.1.3. �¥©áâ¢¨â¥«ìë¥ ç¨á« Ǒ®ïâ¨¥ ¤¥©áâ¢¨â¥«ì®£® ç¨á« .�¥©áâ¢¨â¥«ìë¥ ç¨á«  { íâ® ç¨á« , ª®â®àë¥ ¬®£ãâ ¡ëâì ¯à¥¤áâ ¢-«¥ë ª®¥ç®© ¨«¨ ¡¥áª®¥ç®© ¤¥áïâ¨ç®© ¤à®¡ìî. �¡®§ ç ¥âáï¬®�¥áâ¢® ¤¥©áâ¢¨â¥«ìëå ç¨á¥« R.

{à æ¨® «ìë¥ ç¨á« }∪{¨àà æ¨® «ìë¥ ç¨á« }= R�¨á«®¢ ï ¯àï¬ ï.� áá¬®âà¨¬ ç¨á«®¢ãî ®áì. �ç¥¢¨¤®, çâ® «î¡®¥ ¤¥©áâ¢¨â¥«ì®¥ç¨á«® ¬®�¥â ¡ëâì ¯à¥¤áâ ¢«¥® â®çª®©   íâ®© ¯àï¬®©.Ǒ®ª �¥¬ ®¡à â®¥. Ǒãáâì M { ¥ª®â®à ï â®çª    ç¨á«®¢®© ¯àï-¬®©, OE { ¥¤¨¨çë© ®âà¥§®ª. �®§¬®�ë ¤¢  á«ãç ï:1) OE ãª« ¤ë¢ ¥âáï ¢ OM æ¥«®¥ ç¨á«® à § a0 ¡¥§ ®áâ âª ;2) OE ãª« ¤ë¢ ¥âáï ¢ OM æ¥«®¥ ç¨á«® à § a0 á ¥ª®â®àë¬ ®áâ â-ª®¬ NM , ª®â®àë¥ ¬¥ìè¥ OE.� ¯¥à¢®¬ á«ãç ¥ â®çª¥ M á®®â¢¥âáâ¢ã¥â ç¨á«® a0 á® § ª®¬ "+",¥á«¨ M «¥�¨â ¯à ¢¥¥ ã«ï ¨ á® § ª®¬ "−", ¥á«¨ M «¥¢¥¥ ã«ï.10СА
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�® ¢â®à®¬ á«ãç ¥ ¢ëïá¨¬, áª®«ìª® à § ¢ ®âà¥§ª¥ NM ãª« ¤ë¢ -¥âáï 110OE. �®¢  ¢®§¬®�ë ¤¢  á«ãç ï:1) ¨«¨ 110OE ãª« ¤ë¢ ¥âáï ¢ NM æ¥«®¥ ç¨á«® à § a1 ¡¥§ ®áâ âª (¯à¨ç¥¬ a1 ≤ 9), ¨ â®£¤  â®çª¥ M á®®â¢¥âáâ¢ã¥â ç¨á«® a0, a1 á® § ª®¬"+", ¥á«¨ M «¥�¨â ¯à ¢¥¥ ã«ï ¨ á® § ª®¬ "−", ¥á«¨ M «¥¢¥¥ ã«ï;2) ¨«¨ 110OE ãª« ¤ë¢ ¥âáï ¢ NM æ¥«®¥ ç¨á«® à § a1 (a1 ≤ 9) á¥ª®â®àë¬ ®áâ âª®¬ N1M , ª®â®àë¥ ¬¥ìè¥ 110OE, â®£¤  à ááã�¤¥-¨ï ¡ã¤ãâ ¯à®¤®«�¥ë á 1100OE.Ǒà®¤®«� ï íâ®â ¯à®æ¥áá ¯®«ãç¨¬ ¨«¨ ª®¥çãî, ¨«¨ ¡¥áª®¥çãî¤¥áïâ¨çãî ¤à®¡ì.�«¥¤®¢ â¥«ì®, ¬¥�¤ã â®çª ¬¨ ¯àï¬®© ¨ ¬®�¥áâ¢®¬ R ¬®�®ãáâ ®¢¨âì ¢§ ¨¬®-®¤®§ ç®¥ á®®â¢¥âáâ¢¨¥.� áè¨à¥ ï ç¨á«®¢ ï ¯àï¬ ï.�¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ ç¨á« :+∞ { ç¨á«®, ª®â®à®¥ ¡®«ìè¥ «î¡®£® ¤¥©áâ¢¨â¥«ì®£® ç¨á« ;
−∞ { ç¨á«®, ª®â®à®¥ ¬¥ìè¥ «î¡®£® ¤¥©áâ¢¨â¥«ì®£® ç¨á« .�¯à¥¤¥«¨¬  à¨ä¬¥â¨ç¥áª¨¥ ¤¥©áâ¢¨ï á íâ¨¬¨ ç¨á« ¬¨:
∞+∞ = ∞
∞ ·∞ = ∞

c · ∞ = ∞ (c 6= 0)
c : ∞ = 0 c∞ = { ∞, ¥á«¨ c > 10, ¥á«¨ |c| < 1�¥ ®¯à¥¤¥«¥ë ®¯¥à æ¨¨: ∞−∞, 0 · ∞, ∞ : ∞, ∞0, 1∞.¯.1.4. �ç¥âë¥ ¨ ¥áç¥âë¥ ¬®�¥áâ¢ Ǒ®ïâ¨¥ ¬®é®áâ¨ ¬®�¥áâ¢ .� áá¬®âà¨¬ ª®¥ç®¥ ¬®�¥áâ¢® A. �£® ¬®é®áâìî ¡ã¤¥¬  §ë-¢ âì ª®«¨ç¥áâ¢® ¥£® í«¥¬¥â®¢. �¢  ª®¥çëå ¬®�¥áâ¢  ¡ã¤¥¬  §ë-¢ âì à ¢®¬®éë¬¨ ¨«¨ íª¢¨¢ «¥âë¬¨, ¥á«¨ ®¨ ¨¬¥îâ ®¤¨ ª®-¢ãî ¬®é®áâì, â® ¥áâì á®¤¥à� â ®¤¨ ª®¢®¥ ª®«¨ç¥áâ¢® í«¥¬¥â®¢. �íâ®¬ á«ãç ¥ ª �¤®¬ã í«¥¬¥âã ¯¥à¢®£® ¬®�¥áâ¢  ¬®�® ¯®áâ ¢¨âì¢ á®®â¢¥âáâ¢¨¥ ®¤¨ í«¥¬¥â ¢â®à®£® ¬®�¥áâ¢  ¨  ®¡®à®â, â® ¥áâì¬¥�¤ã í«¥¬¥â ¬¨ ¬®�¥áâ¢ ¬®�® ãáâ ®¢¨âì ¢§ ¨¬®-®¤®§ ç®¥á®®â¢¥âáâ¢¨¥. 11СА
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� «®£¨ç®, ¤¢  ¡¥áª®¥çëå ¬®�¥áâ¢  ¡ã¤¥¬  §ë¢ âì íª¢¨¢ -«¥âë¬¨, ¥á«¨ ¬¥�¤ã ¨å í«¥¬¥â ¬¨ ¬®�® ãáâ ®¢¨âì ¢§ ¨¬®-®¤®§ ç®¥ á®®â¢¥âáâ¢¨¥.� ¬ë¬ ¯à®áâë¬ ¡¥áª®¥çë¬ ¬®�¥áâ¢®¬ ï¢«ï¥âáï N.�®�¥áâ¢ , íª¢¨¢ «¥âë¥ ¬®�¥áâ¢ã N  §ë¢ îâáï áç¥âë¬¨.�áâ «ìë¥ ¡¥áª®¥çë¥ ¬®�¥áâ¢   §ë¢ îâáï ¥áç¥âë¬¨.�®�¥áâ¢® à æ¨® «ìëå ç¨á¥« áç¥â®.��������������. �ë¯¨è¥¬ ¢á¥ à æ¨® «ìë¥ ç¨á«  (¢®§¬®�®á ¯®¢â®à¥¨ï¬¨):
... −3 −2 −1 0 1 2 3 ...

... − 32 − 22 − 12 12 22 32 ...

... − 33 − 23 − 13 13 23 33 ...

... ... ... ... ... ... ... ...�ª �¥¬ ®¤¨ ¨§ á¯®á®¡®¢ ¯¥à¥áç¨â âì íâ¨ ç¨á«  (â® ¥áâì ãáâ ®-¢¨âì ¢§ ¨¬®-®¤®§ ç®¥ á®®â¢¥âáâ¢¨¥ á  âãà «ìë¬¨ ç¨á« ¬¨).� ç¨ ï á ã«ï, ¡ã¤¥¬ ¤¢¨£ âìáï ¢  ¯à ¢«¥¨¨ áâà¥«ª¨, áç¨â ï¢¯¥à¢ë¥ ¢áâà¥ç îé¨¥áï ç¨á«  ¨ ¯à®¯ãáª ï â¥, ª®â®àë¥ ¢áâà¥â¨«¨áì¯®¢â®à®:
... −3 −2 ← −1 0 → 1 2 → 3 ...

... ... ↓ ↑ ↓ ↑ ↓ ...

... − 32 − 22 − 12 ← 12 22 32 ...

... ... ↓ ↑ ↓ ...

... − 33 − 23 → − 13 → 13 → 23 33 ...

... ... ... ... ... ... ↓ ¨ â.¤.� ª¨¬ ®¡à §®¬, ãáâ ®¢«¥® ¢§ ¨¬®-®¤®§ ç®¥ á®®â¢¥âáâ¢¨¥ ¬¥�-¤ã à æ¨® «ìë¬¨ ¨  âãà «ìë¬¨ ç¨á« ¬¨, â® ¥áâì ¬®�¥áâ¢® à -æ¨® «ìëå ç¨á¥« áç¥â®. ¤ 12СА
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�®�¥áâ¢® ¤¥©áâ¢¨â¥«ìëå ç¨á¥« ¥áç¥â®.��������������. � áá¬®âà¨¬ ç¨á«  ¨â¥à¢ «  (0; 1). Ǒà¥¤¯®-«®�¨¬, çâ® ¬ë á¬®£«¨ ¯à®ã¬¥à®¢ âì ¢á¥ ç¨á«  íâ®£® ¨â¥à¢ « .�ë¯¨è¥¬ ¨å ¢ ¯®àï¤ª¥ ã¬¥à æ¨¨:
x1 = 0, a11a12a13...
x2 = 0, a21a22a23...
x3 = 0, a31a32a33...
...� ¯¨è¥¬ ç¨á«® y = 0, b1b2b3..., £¤¥
b1 { «î¡ ï æ¨äà , ªà®¬¥ a11, 0 ¨ 9;
b2 { «î¡ ï æ¨äà , ªà®¬¥ a22, 0 ¨ 9;
b3 { «î¡ ï æ¨äà , ªà®¬¥ a33, 0 ¨ 9;¨ â.¤.�¨á«® y ∈ (0; 1), ¯à¨ íâ®¬ y ®â«¨ç ¥âáï ®â x1 ¯¥à¢®© æ¨äà®© ¯®á«¥§ ¯ïâ®©, ®â x2 ¢â®à®©, ®â x3 âà¥âì¥© ¨ â.¤. � ç¨â íâ®£® ç¨á«  ¥âáà¥¤¨ ¯¥à¥áç¨â ëå ç¨á¥«, § ç¨â ç¨á«  ¨â¥à¢ «  (0; 1) ∈ R ¥«ì§ï¯¥à¥áç¨â âì,   § ç¨â ¨ ¢á¥ ¬®�¥áâ¢® R ¥áç¥â®. ¤¯.1.5. �£à ¨ç¥ë¥ ¬®�¥áâ¢ Ǒ®ïâ¨¥ ®£à ¨ç¥®áâ¨.�®�¥áâ¢®  §ë¢ ¥âáï ®£à ¨ç¥ë¬ á¢¥àåã, ¥á«¨  ©¤¥âáï â ª®¥ª®¥ç®¥ ç¨á«® B, çâ® ¤«ï ¢á¥å ç¨á¥« x ¨§ íâ®£® ¬®�¥áâ¢  ¢ë¯®«-¥® ¥à ¢¥áâ¢® x ≤ B.�®�¥áâ¢®  §ë¢ ¥âáï ®£à ¨ç¥ë¬ á¨§ã, ¥á«¨  ©¤¥âáï â ª®¥ª®¥ç®¥ ç¨á«® A, çâ® ¤«ï ¢á¥å x ¨§ íâ®£® ¬®�¥áâ¢  x ≥ A.�®�¥áâ¢®  §ë¢ ¥âáï ®£à ¨ç¥ë¬, ¥á«¨ ®® ®£à ¨ç¥® ¨ á¢¥à-åã, ¨ á¨§ã.� ¬¥ç ¨¥. �á«¨ ¬®�¥áâ¢® X ¥ ®£à ¨ç¥® á¢¥àåã, â® ç¨á«®+∞ ∈ X. �  ®¡®à®â, ¥á«¨ +∞ ∈ X, â® ¬®�¥áâ¢® X ¥ ®£à ¨ç¥®á¢¥àåã. � «®£¨ç® ¤«ï −∞ ¨ ¥®£à ¨ç¥®áâ¨ á¨§ã.
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�®çë¥ £à ¨ ¬®�¥áâ¢ .�®ç®© ¢¥àå¥© £à ìî ¬®�¥áâ¢  X  §ë¢ ¥âáï  ¨¬¥ìè¥¥ ¨§ç¨á¥«, ®£à ¨ç¨¢ îé¥¥ X á¢¥àåã. �¡®§ ç ¥âáï supX ("áã¯à¥¬ã¬").� à ªâ¥à¨áâ¨ç¥áª®¥ á¢®©áâ¢® ¢¥àå¥© £à ¨:
a = supX ⇐⇒

{ ∀x ∈ X, x ≤ a (a ®£à ¨ç¥¢ ¥â X á¢¥àåã)
∀ε > 0, ∃x ∈ X : x > a − ε (a ¥«ì§ï ã¬¥ìè¨âì)�®ç®© ¨�¥© £à ìî ¬®�¥áâ¢  X  §ë¢ ¥âáï  ¨¡®«ìè¥¥ ¨§ç¨á¥«, ®£à ¨ç¨¢ îé¥¥ X á¨§ã. �¡®§ ç ¥âáï inf X ("¨ä¨ã¬").� à ªâ¥à¨áâ¨ç¥áª®¥ á¢®©áâ¢® ¨�¥© £à ¨:

a = inf X ⇐⇒
{ ∀x ∈ X, x ≥ a (a ®£à ¨ç¥¢ ¥â X á¨§ã)

∀ε > 0, ∃x ∈ X : x < a+ ε (a ¥«ì§ï ã¢¥«¨ç¨âì)�¥®à¥¬  ® áãé¥áâ¢®¢ ¨¨ â®çëå £à ¥©.�¥¯ãáâ®¥, ®£à ¨ç¥®¥ á¢¥àåã (á¨§ã) ¬®�¥áâ¢® ¨¬¥¥â â®çãî¢¥àåîî (¨�îî) £à ì.��������������. Ǒà¥¤¯®«®�¨¬, çâ® áà¥¤¨ í«¥¬¥â®¢ ¬®�¥-áâ¢  X ¥áâì ¯®«®�¨â¥«ìë¥ ç¨á« .� áá¬®âà¨¬ æ¥«ë¥ ç áâ¨ ¯®«®�¨â¥«ìëå í«¥¬¥â®¢ ¬®�¥áâ¢  X.�ë¡¥à¥¬  ¨¡®«ìèãî. �¡®§ ç¨¬ ¥¥ x0.�â¡¥à¥¬ â¥ í«¥¬¥âë ¬®�¥áâ¢  X, ã ª®â®àëå æ¥« ï ç áâì à ¢ 
x0. � ®â®¡à ëå í«¥¬¥â®¢ à áá¬®âà¨¬ ¯¥à¢ë¥ æ¨äàë ¯®á«¥ § ¯ï-â®©, ¢ë¡¥à¥¬  ¨¡®«ìèãî, ®¡®§ ç¨¬ ¥¥ x1.�áâ ¢¨¬ ¨§ ¢ë¡à ëå í«¥¬¥â®¢ â®«ìª® â¥, ã ª®â®àëå ¯¥à¢ ïæ¨äà  ¯®á«¥ § ¯ïâ®© à ¢  x1. � â ª ¤ «¥¥.�¨á«® a = x0, x1x2... ¯® ¯®áâà®¥¨î ¡ã¤¥â ¡®«ìè¥ ¨«¨ à ¢® ¢á¥åç¨á¥« ¬®�¥áâ¢  X (â® ¥áâì a ®£à ¨ç¨¢ ¥â ¬®�¥áâ¢® X á¢¥àåã).� ¤àã£®© áâ®à®ë «î¡®¥ ç¨á«® a∗, ª®â®à®¥ ¬¥ìè¥ a ¤®«�® ¨¬¥âìå®âì ®¤ã æ¨äàã, ¬¥ìè¥ á®®â¢¥âáâ¢ãîé¥© æ¨äàë a,   áà¥¤¨ í«¥¬¥-â®¢ ¬®�¥áâ¢  ¥áâì ç¨á«®, ã ª®â®à®£® ¢á¥ æ¨äàë ª ª ã a, § ç¨â ®®¡®«ìè¥ a∗ (â® ¥áâì a ¥«ì§ï ã¬¥ìè¨âì).�«¥¤®¢ â¥«ì®, a â®ç ï ¢¥àåïï £à ì.�á«¨ ¢á¥ í«¥¬¥âë ¬®�¥áâ¢  X ®âà¨æ â¥«ìë, â® ¤®ª § â¥«ìáâ¢®¯à®¢®¤¨âáï â®ç® â ª �¥, â®«ìª® ¢¬¥áâ®  ¨¡®«ìè¥© æ¨äàë  ¤®¡à âì  ¨¬¥ìèãî.� «®£¨ç® ¤«ï ¨�¥© £à ¨ ®£à ¨ç¥®£® á¨§ã ¬®�¥áâ¢ . ¤14СА
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§2. �������¯.2.1. �á®¢ë¥ ¯®ïâ¨ïǑ®ïâ¨¥ äãªæ¨¨.�ãªæ¨¥©  §ë¢ ¥âáï ¯à ¢¨«®, ¯® ª®â®à®¬ã ª �¤®¬ã ç¨á«ã x ¨§¥ª®â®à®£® ¬®�¥áâ¢  X áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥ ¥¤¨áâ¢¥®¥ ç¨á«®
y ¨§ ¬®�¥áâ¢  Y .

X  §ë¢ ¥âáï ®¡« áâìî ®¯à¥¤¥«¥¨ï äãªæ¨¨, Y { ¬®�¥áâ¢®¬§ ç¥¨©.�á®¢ë¥ á¯®á®¡ë § ¤ ¨ï äãªæ¨¨.
• �à ä¨ç¥áª¨. �ãªæ¨ï § ¤   á¢®¨¬ £à ä¨ª®¬, â® ¥áâì  ¡®à®¬â®ç¥ª ª®®à¤¨ â®© ¯«®áª®áâ¨.
• �¢®. �ãªæ¨ï § ¤   ãà ¢¥¨¥¬ ¢¨¤  y = f(x).� ¯à¨¬¥à y = x2 + x − 3 (£à ä¨ª®¬ ï¢«ï¥âáï ¯ à ¡®« ).
• Ǒ à ¬¥âà¨ç¥áª¨. �ãªæ¨ï § ¤   á¨áâ¥¬®©: 





x = α(t)
y = β(t)
t ∈ [t1; t2℄� ¯à¨¬¥à x = os t, y = sin t, t ∈ [0; π2 ℄ (£à ä¨ª®¬ ï¢«ï¥âáï ç áâì¥¤¨¨ç®© ®ªàã�®áâ¨, à á¯®«®�¥ ï ¢ ¯¥à¢®© ç¥â¢¥àâ¨).

• �¥ï¢®. �ãªæ¨ï § ¤   ãà ¢¥¨¥¬ ¢¨¤  F (x; y) = 0.� ¯à¨¬¥à x2 + y2 = 1 y > 0 (£à ä¨ª®¬ ï¢«ï¥âáï ç áâì ¥¤¨¨ç®©®ªàã�®áâ¨, à á¯®«®�¥ ï ¢ ¢¥àå¥© ¯®«ã¯«®áª®áâ¨).�£à ¨ç¥®áâì äãªæ¨¨.�ãªæ¨ï  §ë¢ ¥âáï ®£à ¨ç¥®©, ¥á«¨ ®£à ¨ç¥® ¬®�¥áâ¢® ¥¥§ ç¥¨©. (� «®£¨ç® ®£à ¨ç¥  á¨§ã, á¢¥àåã).� ¯à¨¬¥à:
y = x3 { ¥®£à ¨ç¥ ï äãªæ¨ï (

y ∈ (−∞; +∞));
y = x2 { ®£à ¨ç¥  á¨§ã, ¥®£à ¨ç¥  á¢¥àåã (

y ∈ [0;+∞));
y = −x2 { ®£à ¨ç¥  á¢¥àåã, ¥®£à ¨ç¥  á¨§ã (

y ∈ (−∞; 0℄);15СА
РА
ТО
ВС
КИ
Й ГО

СУ
ДА
РС
ТВ
ЕН
НЫ
Й УН

ИВ
ЕР
СИ
ТЕ
Т И
МЕ
НИ

 Н
. Г

. Ч
ЕР
НЫ
ШЕ
ВС
КО
ГО



y = sinx { ®£à ¨ç¥ ï äãªæ¨ï (
y ∈ [−1; 1℄);.�®®â®®áâì.�ãªæ¨ï f  §ë¢ ¥âáï ¢®§à áâ îé¥©   ¬®�¥áâ¢¥ X, ¥á«¨ ¤«ï¢á¥å x1 < x2 ¨§ íâ®£® ¬®�¥áâ¢  f(x1) < f(x2).� «®£¨ç®: ¥¢®§à áâ îé¥©, ¥á«¨ f(x1) ≥ f(x2);ã¡ë¢ îé¥©, ¥á«¨ f(x1) > f(x2);¥ã¡ë¢ îé¥©, ¥á«¨ f(x1) ≤ f(x2).�á¥ íâ¨ äãªæ¨¨  §ë¢ îâáï ¬®®â®ë¬¨. (�®§à áâ îé¨¥ ¨ã¡ë¢ îé¨¥ áâà®£® ¬®®â®ë¬¨).�ªáâà¥¬ã¬ë.�®çª  xo  §ë¢ ¥âáï â®çª®© «®ª «ì®£® ¬ ªá¨¬ã¬  äãªæ¨¨ f ,¥á«¨  ©¤¥âáï ç¨á«® δ > 0 â ª®¥, çâ® ∀ x ∈ (xo − δ;xo + δ) ¡ã¤¥â

f(x) < f(xo).�®çª  xo  §ë¢ ¥âáï â®çª®© «®ª «ì®£® ¬¨¨¬ã¬  äãªæ¨¨ f ,¥á«¨  ©¤¥âáï ç¨á«® δ > 0 â ª®¥, çâ® ∀ x ∈ (xo − δ;xo + δ) ¡ã¤¥â
f(x) > f(xo).�®çª¨ ¬ ªá¨¬ã¬  ¨ ¬¨¨¬ã¬   §ë¢ îâáï â®çª ¬¨ íªáâà¥¬ã¬ .�¡à âë¥ äãªæ¨¨.�ãªæ¨ï g ï¢«ï¥âáï ®¡à â®© ª äãªæ¨¨ f   ¬®�¥áâ¢¥ J , ¥á«¨
∀x ∈ J ¢ë¯®«ïîâáï â®�¤¥áâ¢  f(g(x)) = x ¨ g(f(x)) = x.�â®¡ë ã äãªæ¨¨ f     ¬®�¥áâ¢¥ J áãé¥áâ¢®¢ «  ®¡à â ïäãªæ¨ï,  ¤®, çâ®¡ë f ¡ë«  áâà®£® ¬®®â®    J (çâ®¡ë ª �¤®¬ã
y á®®â¢¥âáâ¢®¢ « â®«ìª® ®¤¨ x).�à ä¨ª¨ ¢§ ¨¬® ®¡à âëå äãªæ¨© á¨¬¬¥âà¨çë ®â®á¨â¥«ì®¯àï¬®© y = x.� ¯à¨¬¥à:

f = x2 ¨ g = √
x ¢§ ¨¬® ®¡à âë¥ äãªæ¨¨   [0;∞);

f = sinx ¨ g = arsinx ¢§ ¨¬® ®¡à âë¥ äãªæ¨¨   [−π/2;π/2℄;
f = x3 ¨ g = 3√x ¢§ ¨¬® ®¡à âë¥ äãªæ¨¨   R.
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¯.2.2. �ë¯ãª«ë¥ äãªæ¨¨Ǒ®ïâ¨¥ ¢ë¯ãª«®áâ¨.�ãªæ¨ï f  §ë¢ ¥âáï ¢ë¯ãª«®© ¢¢¥àå   ¬®�¥áâ¢¥ X, ¥á«¨ ¤«ï¢á¥å x1 ¨ x2 ¨§ íâ®£® ¬®�¥áâ¢  £à ä¨ª äãªæ¨¨ ¬¥�¤ã â®çª ¬¨
A(x1; f(x1)) ¨ B(x2; f(x2)) «¥�¨â ¢ëè¥ ®âà¥§ª  AB.�ãªæ¨ï f  §ë¢ ¥âáï ¢ë¯ãª«®© ¢¨§   ¬®�¥áâ¢¥ X, ¥á«¨ ¤«ï¢á¥å x1 ¨ x2 ¨§ íâ®£® ¬®�¥áâ¢  £à ä¨ª äãªæ¨¨ ¬¥�¤ã â®çª ¬¨
A(x1; f(x1)) ¨ B(x2; f(x2)) «¥�¨â ¨�¥ ®âà¥§ª  AB.Ǒ¥à¢ ï «¥¬¬  ® ¢ë¯ãª«®áâ¨.�ãªæ¨ï f(x) ¢ë¯ãª«  ¢¨§   ®âà¥§ª¥ [x1;x2℄, â®£¤  ¨ â®«ìª®â®£¤ , ª®£¤  ∀ α ∈ [0; 1℄

f(αx1 + (1− α)x2) < αf(x1) + (1− α)f(x2) (1)��������������. �¡®§ ç¨¬ x = αx1 + (1− α)x2. �®£¤ 
α = x − x2

x1 − x2 , 1− α = 1− x − x2
x1 − x2 = x1 − x

x1 − x2¨ ¥à ¢¥áâ¢® (1) ¯à¨¬¥â ¢¨¤
f(x) <

x − x2
x1 − x2 f(x1) + x1 − x

x1 − x2 f(x2) (2)
y = f(x) { íâ® á ¬  äãªæ¨ï;
y = x − x2

x1 − x2 f(x1) + x1 − x

x1 − x2 f(x2) { íâ® ãà ¢¥¨¥ ¯àï¬®©, ¯à®å®-¤ïé¥© ç¥à¥§ â®çª¨ A(x1; f(x1)) ¨ B(x2; f(x2)) (â ª ª ª íâ® ãà ¢¥¨¥¯¥à¢®£® ¯®àï¤ª , § ç¨â § ¤ ¥â ¯àï¬ãî, ¨ ¯®¤áâ ®¢ª®© «¥£ª® ¯à®¢¥-à¨âì, çâ® ª®®à¤¨ âë â®ç¥ª A ¨ B ã¤®¢«¥â¢®àïîâ íâ®¬ã ãà ¢¥¨î).�® â®£¤  ¥à ¢¥áâ¢® (2) ®§ ç ¥â, çâ® £à ä¨ª äãªæ¨¨ «¥�¨â¨�¥ ®âà¥§ª  AB, â® ¥áâì äãªæ¨ï ¢ë¯ãª«  ¢¨§. ¤� «®£¨ç®: äãªæ¨ï f(x) ¢ë¯ãª«  ¢¢¥àå   ®âà¥§ª¥ [x1;x2℄, â®£¤ ¨ â®«ìª® â®£¤ , ª®£¤  ∀ α ∈ [0; 1℄
f(αx1 + (1− α)x2) > αf(x1) + (1− α)f(x2)17СА
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�â®à ï «¥¬¬  ® ¢ë¯ãª«®áâ¨.�ãªæ¨ï f(x) ¢ë¯ãª«  ¢¨§   ®âà¥§ª¥ [x1;x2℄, â®£¤  ¨ â®«ìª®â®£¤ , ª®£¤  ∀ x ∈ [x1;x2℄
f(x)− f(x1)

x − x1 <
f(x2)− f(x)

x2 − x
(3)��������������. Ǒãáâì x ∈ [x1;x2℄. Ǒ® ¯à¥¤ë¤ãé¥© «¥¬¬¥ ¤«ï¢ë¯ãª«®© ¢¨§ äãªæ¨¨ ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢® (2):

f(x) <
x − x2
x1 − x2 f(x1) + x1 − x

x1 − x2 f(x2)�¬®�¨¬ íâ® ¥à ¢¥áâ¢®   § ¬¥ â¥«ì (â ª ª ª x1 < x2 § ª¥à ¢¥áâ¢  ¬¥ï¥âáï), ®â ®¡¥¨å ç áâ¥© ®â¨¬¥¬ xf(x) ¨ ¯®¯ à®á£àã¯¯¨àã¥¬ á« £ ¥¬ë¥:
x1f(x)−x2f(x)−xf(x) > xf(x1)−x2f(x1)+x1f(x2)−xf(x2)−xf(x)=⇒ (x1 − x)f(x)− (x2 − x)f(x) > (x − x2)f(x1) + (x1 − x)f(x2)=⇒ (x1 − x)(f(x)− f(x2))> (x2 − x)(f(x)− f(x1))=⇒ (x − x1)(f(x2)− f(x))> (x2 − x)(f(x)− f(x1))=⇒ f(x2)− f(x)

x2 − x
>

f(x)− f(x1)
x − x1 =⇒ (3). ¤� «®£¨ç®: äãªæ¨ï f(x) ¢ë¯ãª«  ¢¢¥àå   ®âà¥§ª¥ [x1;x2℄, â®£¤ ¨ â®«ìª® â®£¤ , ª®£¤  ∀ x ∈ [x1;x2℄

f(x)− f(x1)
x − x1 >

f(x2)− f(x)
x2 − x
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�¥à ¢¥áâ¢® �¥á¥ 2.�á«¨ äãªæ¨ï f(x) ¢ë¯ãª«  ¢¨§   [a; b℄, â® ∀ x1, x2, ..., xn ⊂ [a; b℄¨ ∀ α1, α2, ..., αn ≥ 0, α1 + α2 + ...+ αn = 1, ¢ë¯®«¥® ¥à ¢¥áâ¢®:
f(α1x1 + α2x2 + ...+ αnxn) ≤ α1f(x1) + α2f(x2) + ...+ αnf(xn)��������������. Ǒà¨¬¥¨¬ ¬¥â®¤ ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨.Ǒà¨ n = 1 ¤®ª §ë¢ ¥¬®¥ ãâ¢¥à�¤¥¨¥ ¯à¨¬¥â ¢¨¤:

α1 = 1, f(α1x1) ≤ α1f(x1),çâ®, ®ç¥¢¨¤®, ¢¥à®.Ǒà¨ n = 2 ¤®ª §ë¢ ¥¬®¥ ãâ¢¥à�¤¥¨¥ ¯à¨¬¥â ¢¨¤:
α1 + α2 = 1, f(α1x1 + α2x2) ≤ α1f(x1) + α2f(x2),  íâ®, ¯® áãâ¨, ¥à ¢¥áâ¢® ¤«ï ¢ë¯ãª«®© ¢¨§ äãªæ¨¨ ¨§ ¯¥à¢®©«¥¬¬ë ® ¢ë¯ãª«®áâ¨.Ǒãáâì ¥à ¢¥áâ¢® ¢ë¯®«¥® ¤«ï ¥ª®â®à®£® n. � áá¬®âà¨¬

α1x1+α2x2 + ...+ αnxn + αn+1xn+1
︸ ︷︷ ︸= βy

, £¤¥ α1+α2 + ...+ αn + αn+1
︸ ︷︷ ︸= β

= 1,â® ¥áâì β = 1−α1, y = α2
β x2+...+ αn+1

β xn+1, ¯à¨ç¥¬ α2
β +...+ αn+1

β = 1.�®£¤  ¯® ¯à¥¤¯®«®�¥¨î ¨¤ãªæ¨¨ ¤«ï n á« £ ¥¬ëå
f(y) = f(α2

β x2 + ...+ αn+1
β xn+1) ≤ α2

β f(x2) + ...+ αn+1
β f(xn+1) (4)¤«ï ¤¢ãå á« £ ¥¬ëå

f(α1x1 + βy) ≤ α1f(x1) + βf(y) (5)�§ (4) ¨ (5) á«¥¤ã¥â
f(α1x1 + α2x2 + ...+ αn+1xn+1) ≤

≤ α1f(x1) + β

(

α2
β f(x2) + ...+ αn+1

β f(xn+1)) == α1f(x1) + α2f(x2) + ...+ αn+1f(xn+1)¨ ¤®ª §ë¢ ¥¬®¥ ¥à ¢¥áâ¢® â ª �¥ ¢ë¯®«¥®. ¤2� ¢¨¤ �¢ ®¢¨ç �¥á¥, 7 (19) ®ï¡àï 1816 -10 (23) ï¢ àï 1902 - ¤ âáª¨©áªã«ì¯â®à, á 1841 £®¤  �¨¢è¨© ¨ à ¡®â ¢è¨© ¢ � ªâ-Ǒ¥â¥à¡ãà£¥, à ¡®â « ¢®¡« áâ¨ ¬®ã¬¥â «ì®-¤¥ª®à â¨¢®© áªã«ì¯âãàë, ¯à¥¨¬ãé¥áâ¢¥® ¯® § ª § ¬¨¬¯¥à â®àáª®£® ¤¢®à . (� â¥à¨ « ¨§ �¨ª¨¯¥¤¨¨)19СА
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� «®£¨ç®: ¥á«¨ äãªæ¨ï f(x) ¢ë¯ãª«  ¢¢¥àå â®
f(α1x1 + α2x2 + ...+ αnxn) ≥ α1f(x1) + α2f(x2) + ...+ αnf(xn)�«¥¤áâ¢¨¥ ¨§ ¥à ¢¥áâ¢  �¥á¥ . ∀x1, x2, ..., xn ≥ 0

n
√

x1 · x2 · ... · xn ≤ x1 + x2 + ...+ xn

n(áà¥¤¥¥ £¥®¬¥âà¨ç¥áª®¥ ¥ ¯à¥¢®áå®¤¨â áà¥¤¥£®  à¨ä¬¥â¨ç¥áª®£®).��������������. �®§ì¬¥¬ f(x) = lnx { ¢ë¯ãª« ï ¢¢¥àå äãª-æ¨ï. � á¨«ã ¥à ¢¥áâ¢  �¥á¥ ln( 1nx1 + 1
nx2 + ...+ 1

nx3) ≥ 1
n lnx1 + 1

n lnx2 + ...+ 1
n lnxn == 1

n ln(x1 · x2 · ... · xn) = ln(x1 · x2 · ... · xn)1/n=⇒ ln x1 + x2 + ...+ xn

n
≥ ln(x1 · x2 · ... · xn)1/n®âªã¤ , â ª ª ª y = lnx ¢®§à áâ îé ï äãªæ¨ï, á«¥¤ã¥â ¤®ª §ë¢ ¥-¬®¥ ¥à ¢¥áâ¢®. ¤¯.2.3. �«¥¬¥â àë¥ äãªæ¨¨Ǒ®ïâ¨¥ í«¥¬¥â à®© äãªæ¨¨.�«¥¬¥â àë¥ äãªæ¨¨ { íâ® äãªæ¨¨, ª®â®àë¥ ¬®�® ¯®«ãç¨âìá ¯®¬®éìî ª®¥ç®£® ç¨á«   «£¥¡à ¨ç¥áª¨å ¤¥©áâ¢¨© ¨ ª®¬¯®§¨æ¨©¨§ á«¥¤ãîé¨å äãªæ¨©:áâ¥¯¥ ï äãªæ¨ï;¯®ª § â¥«ì ï ¨ «®£ à¨ä¬¨ç¥áª ï äãªæ¨¨;âà¨£®®¬¥âà¨ç¥áª¨¥ ¨ ®¡à âë¥ âà¨£®®¬¥âà¨ç¥áª¨¥ äãªæ¨¨.�â¥¯¥ ï äãªæ¨ï y = xa.� § ¢¨á¨¬®áâ¨ ®â a ¬®�¥â ¨¬¥âì ®¡« áâìî ®¯à¥¤¥«¥¨ï(−∞; +∞),  ¯à¨¬¥à, y = x2;[0;+∞),  ¯à¨¬¥à, y = x1/2;(−∞; 0) ∩ (0;+∞),  ¯à¨¬¥à, y = x−1;(0;+∞),  ¯à¨¬¥à, y = x−1/2.�á®¢®¥ á¢®©áâ¢® áâ¥¯¥®© äãªæ¨¨ xa · ya = (x · y)a. (� ¯.2.4.¡ã¤¥â ¤®ª § ®, çâ® íâ® ¥¤¨áâ¢¥ ï äãªæ¨ï, ®¡« ¤ îé ï â ª¨¬á¢®©áâ¢®¬.) 20СА
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Ǒ®ª § â¥«ì ï äãªæ¨ï y = ax (a > 0).�¡« áâì ®¯à¥¤¥«¥¨ï (−∞; +∞).�á®¢®¥ á¢®©áâ¢® ¯®ª § â¥«ì®© äãªæ¨¨ ax ·ay = ax+y. (� ¯.2.4.¡ã¤¥â ¤®ª § ®, çâ® íâ® ¥¤¨áâ¢¥ ï äãªæ¨ï, ®¡« ¤ îé ï â ª¨¬á¢®©áâ¢®¬.)�®£ à¨ä¬¨ç¥áª ï äãªæ¨ï y = loga x (a > 0, a 6= 1) { ¯®ª § â¥«ìáâ¥¯¥¨, ¢ ª®â®àãî  ¤® ¢®§¢¥áâ¨ a, çâ®¡ë ¯®«ãç¨âì x.�®£ à¨ä¬¨ç¥áª ï äãªæ¨ï ®¡à â ï ª ¯®ª § â¥«ì®©.�¡« áâì ®¯à¥¤¥«¥¨ï (0;+∞).�á®¢®¥ á¢®©áâ¢® «®£ à¨ä¬¨ç¥áª®© äãªæ¨¨ loga x + loga y =loga(xy). (� ¯.2.4. ¡ã¤¥â ¤®ª § ®, çâ® íâ® ¥¤¨áâ¢¥ ï äãªæ¨ï,®¡« ¤ îé ï â ª¨¬ á¢®©áâ¢®¬.)�á®¢ë¥ âà¨£®®¬¥âà¨ç¥áª¨¥ äãªæ¨¨.
y = sinx (®à¤¨ â  â®çª¨ ¯¥à¥á¥ç¥¨ï ¥¤¨¨ç®© ®ªàã�®áâ¨ ¨«ãç , ¢ëå®¤ïé¥£® ¨å  ç «  ª®®à¤¨ â ¯®¤ ã£«®¬ x ª ¯®«®�¨â¥«ì®©ç áâ¨ ®á¨ OX. �¡« áâì ®¯à¥¤¥«¥¨ï (−∞; +∞);
y = osx ( ¡áæ¨áá  â®çª¨ ¯¥à¥á¥ç¥¨ï ¥¤¨¨ç®© ®ªàã�®áâ¨ ¨«ãç , ¢ëå®¤ïé¥£® ¨å  ç «  ª®®à¤¨ â ¯®¤ ã£«®¬ x ª ¯®«®�¨â¥«ì®©ç áâ¨ ®á¨ OX. �¡« áâì ®¯à¥¤¥«¥¨ï (−∞; +∞);�á®¢®¥ á¢®©áâ¢®: os2 x+ sin2 x = 1.Ǒà®¨§¢®¤ë¥ âà¨£®®¬¥âà¨ç¥áª¨¥ äãªæ¨¨.
y = tgx = sinxosx (x 6= π2 + πk, k ∈ Z);
y = tgx = osxsinx

(x 6= π + πk, k ∈ Z);
y = sex = 1osx (x 6= π2 + πk, k ∈ Z);
y = osex = 1sinx

(x 6= π + πk, k ∈ Z);�¡à âë¥ âà¨£®®¬¥âà¨ç¥áª¨¥ äãªæ¨¨.
y = arsinx { äãªæ¨ï, ®¡à â ï ª äãªæ¨¨ y = sinx;
y = arosx { äãªæ¨ï, ®¡à â ï ª äãªæ¨¨ y = osx;
y = artgx { äãªæ¨ï, ®¡à â ï ª äãªæ¨¨ y = tgx;
y = artgx { äãªæ¨ï, ®¡à â ï ª äãªæ¨¨ y = tgx.21СА
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�à®¬¥ ¯¥à¥ç¨á«¥ëå, ¢ ¬ â¥¬ â¨ª¥ ¨á¯®«ì§ãîâ ®¡®§ ç¥¨ï ¤«ïâ ª  §ë¢ ¥¬ëå £¨¯¥à¡®«¨ç¥áª¨å äãªæ¨© (á¬. ¨�¥), ª®â®àë¥ ï¢-«ïîâáï ª®¬¡¨ æ¨ï¬¨ ¯®ª § â¥«ì®©.�¨¯¥à¡®«¨ç¥áª¨¥ äãªæ¨¨.
y = shx = ex − e−x2 { £¨¯¥à¡®«¨ç¥áª¨© á¨ãá;
y = áhx = ex + e−x2 { £¨¯¥à¡®«¨ç¥áª¨© ª®á¨ãá.Ǒ®   «®£¨¨ á âà¨£®®¬¥âà¨ç¥áª¨¬¨ äãªæ¨ï¬¨, ®¯à¥¤¥«ïîâáï£¨¯¥à¡®«¨ç¥áª¨© â £¥á (th x) ¨ £¨¯¥à¡®«¨ç¥áª¨© ª®â £¥á (th x)�á®¢®¥ á¢®©áâ¢®: áh2x − sh2x = 1.� ¬¥ç ¨¥. �¨¯¥à¡®«¨ç¥áª¨¥ äãªæ¨¨ ¨¬¥îâ ¬®£® á¢®©áâ¢, ¯®-å®�¨å   á¢®©áâ¢  âà¨£®®¬¥âà¨ç¥áª¨å äãªæ¨©, â ª¨¥ ª ª äãªæ¨¨¤¢®©®£® ã£« , áã¬¬ë ¨ à §®áâ¨  à£ã¬¥â®¢ ¨ ¤àã£¨¥ (®âáî¤  ¨  -§¢ ¨ï "£¨¯¥à¡®«¨ç¥áª¨© á¨ãá ¨ ª®á¨ãá". �â  áå®�¥áâì áâ ®¢¨âáï¯®ïâ®© ¯à¨ ¨§ãç¥¨¨ ª®¬¯«¥ªá®£®   «¨§ , ¢ ª®â®à®¬ äãªæ¨¨sinx ¨ osx ®¯à¥¤¥«ïîâáï à ¢¥áâ¢ ¬¨, ¯®å®�¨¬¨   ®¯à¥¤¥«¥¨¥shx ¨ áhx: osx = eix + e−ix2 ¨ sinx = eix − e−ix2 (i2 = −1).¯.2.4. �ãªæ¨® «ìë¥ ãà ¢¥¨ï� ¬¥ç ¨¥. � íâ®¬ ¯ãªâ¥ ¡ã¤¥¬ ¨áª âì äãªæ¨¨, ã¤®¢«¥â¢®àï-îé¨¥ ¥ª®â®à®¬ã ãà ¢¥¨î. �®£®¢®à¨¬áï, çâ®  á ¥ ¨â¥à¥áãîâäãªæ¨¨, ª®â®àë¥ § ¤ îâáï ¯® à §®¬ã ¤«ï à æ¨® «ìëå ¨ ¨àà -æ¨® «ìëå x,   â ª�¥ äãªæ¨¨, â®�¤¥áâ¢¥® à ¢ë¥ ª ª®¬ã-«¨¡®ç¨á«ã.�à ¢¥¨¥ f(x+y) = f(x)+f(y). (1)1) f(x + x) = f(x) + f(x), â® ¥áâì f(2x) = 2f(x).� «®£¨ç® f(3x) = f(x+2x) = f(x) + f(2x) = f(x) + 2f(x) = 3f(x),¨ â ª ¤ «¥¥.Ǒ®«ãç ¥¬, çâ® ∀n ∈ N f(nx) = nf(x).2) f(x) = f(n· 1nx) = (¯® ¯.1) = nf( 1nx) =⇒ ∀n ∈ N f( 1nx) = 1

nf(x).3) f(m
n x) = f(m · 1

n · x) = (¯® ¯.1 ¨ 2) = m · 1
n · f(x) =⇒=⇒ ∀m, n ∈ N f(m

n x) = m
n f(x).22СА
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4) f(0) = f(2 · 0) = 2f(0) =⇒ f(0) = 0 =⇒ f(0 · x) = 0 · f(x)5) f(x + (−x)) = f(x) + f(−x) = (¯® ¯.4) = 0 =⇒ f(−x) = −f(x)�§ 1-5 ¯®«ãç ¥¬, çâ® ¤«ï «î¡®£® à æ¨® «ì®£® ç¨á«  r ( , § ç¨â,¨ ¤«ï «î¡®£® ¤¥©áâ¢¨â¥«ì®£® ç¨á« , á¬. § ¬¥ç ¨¥) f(rx) = rf(x).� ç áâ®áâ¨ f(x ·1) = xf(1) =⇒ f(x) = cx (c = f(1)) { ¥¤¨áâ¢¥ ïäãªæ¨ï, ã¤®¢«¥â¢®àïîé ï ãà ¢¥¨î (1).�à ¢¥¨¥ f(x+ y) = f(x) · f(y). (2)1) f(x) = f(x2 + x2 ) = f(x2 ) · f(x2 ) = (
f(x2 ))2 ≥ 0.2) �®§ì¬¥¬ xo, ¤«ï ª®â®à®£® f(xo) 6= 0.�®£¤  f(xo) = f(x+(xo − x)) = f(x) · f(x− xo) 6= 0 =⇒ f(x) 6= 0 ∀x.�§ 1-2 ¯®«ãç ¥¬, çâ® f(x) > 0.�¡®§ ç¨¬ ϕ(x) = ln f(x). �®£¤ 

ϕ(x+y) = ln f(x+y) = ln(
f(x) ·f(y)) = ln f(x)+ln f(y) = ϕ(x)+ϕ(y),á«¥¤®¢ â¥«ì® ϕ(x) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (1),   § ç¨â ϕ(x) = cx=⇒ ln f(x) = cx =⇒ f(x) = ecx = ax (a = ec).� ª ª ª c = ϕ(1), a = eϕ(1) = eln f(1) = f(1).� ª¨¬ ®¡à §®¬, f(x) = ax (a = f(1)) { ¥¤¨áâ¢¥ ï äãªæ¨ï,ã¤®¢«¥â¢®àïîé ï ãà ¢¥¨î (2).�à ¢¥¨¥ f(x · y) = f(x) + f(y). (3)1) �á«¨ x = 0, â® f(0 ·y) = f(0)+f(y) =⇒ f(y) = 0 ∀y. � â ª ª ª á ¥ ¨â¥à¥áãîâ äãªæ¨¨, â®�¤¥áâ¢¥® à ¢ë¥ ã«î, ¯®«ãç ¥¬,çâ® 0 /∈ ®¡« áâ¨ ®¯à¥¤¥«¥¨ï äãªæ¨¨ f .2) Ǒãáâì x > 0. �¡®§ ç¨¬ α = lnx, ϕ(α) = f(eα) = f(x). �®£¤ 

ϕ(α + β) = f(eα+β) = f(eα · eβ) = f(eα) + f(eβ) = ϕ(α) + ϕ(β),á«¥¤®¢ â¥«ì® ϕ(x) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (1),   § ç¨â ϕ(α) = cα,£¤¥ c = ϕ(1) = f(e),   f(x) = c lnx = lnx1/c
= lnxln e1/c

= loge1/c x.� ª¨¬ ®¡à §®¬, ¯à¨ x > 0 f(x) = loga x, £¤¥ a = e1/f(e).3) Ǒãáâì x «î¡®¥ ç¨á«® 6= 0.� ®¤®© áâ®à®ë f(x2) = f(x · x) = f(x) + f(x) = 2f(x),á ¤àã£®© áâ®à®ë f(x2) = f((−x) · (−x)) = f(−x) + f(−x) = 2f(−x),á«¥¤®¢ â¥«ì®, f(x) = f(−x), â® ¥áâì f { ç¥â ï äãªæ¨ï.�§ 1-3 ¯®«ãç ¥¬, çâ® f(x) = loga |x| (a = e1/f(e), x 6= 0) { ¥¤¨-áâ¢¥ ï äãªæ¨ï, ã¤®¢«¥â¢®àïîé ï ãà ¢¥¨î (3).23СА
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�à ¢¥¨¥ f(x · y) = f(x) · f(y). (4)1) Ǒãáâì x > 0. �¡®§ ç¨¬ α = lnx, ϕ(α) = f(eα) = f(x). �®£¤ 
ϕ(α + β) = f(eα+β) = f(eα · eβ) = f(eα) · f(eβ) = ϕ(α) · ϕ(β),á«¥¤®¢ â¥«ì® ϕ(x) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (2),   § ç¨â ϕ(α) = bα,

b = ϕ(1) = f(e),   f(x) = blnx = (eln b)lnx = (elnx)ln b = xln b.� ª¨¬ ®¡à §®¬, f(x) = xa (a = ln f(e)) ¥¤¨áâ¢¥ ï äãªæ¨ï á®¡« áâìî ®¯à¥¤¥«¥¨ï x > 0, ã¤®¢«¥â¢®àïîé ï ãà ¢¥¨î (4).2) �á«¨ x = 0, â® f(0 · y) = f(0) · f(y) =⇒ [
f(0) = 0
f(y) = 1 =⇒ f(0) = 0(â ª ª ª  á ¥ ¨â¥à¥áãîâ äãªæ¨¨, â®�¤¥áâ¢¥® à ¢ë¥ 1).3) � ®¤®© áâ®à®ë f(x2) = f(x · x) = f(x) · f(x) = (

f(x))2,á ¤àã£®© áâ®à®ë f(x2) = f((−x) · (−x)) = f(−x) · f(−x) = (
f(−x))2,=⇒ (

f(x))2 = (
f(−x))2 =⇒ [

f(x) = f(−x),
f(x) = −f(−x),â® ¥áâì äãªæ¨ï f ¬®�¥â ¡ëâì ª ª ç¥â®©, â ª ¨ ¥ç¥â®©.�§ 1− 3 ¯®«ãç ¥¬, çâ® f(x) = 





f(x) = xa (a = ln f(e)), ¯à¨ x ≥ 00, ¯à¨ x = 0,
|x|a ¨«¨ − |x|a, ¯à¨ x < 0.�à ¢¥¨¥ f(x+y)+f(x−y) = 2f(x)f(y). (5)Ǒà¨ x = y = 0 ¯®«ãç¨¬:

f(0) + f(0) = 2f(0)f(0) =⇒ f(0) = (
f(0))2 =⇒ [

f(0) = 0,
f(0) = 1.�á«¨ f(0) = 0, â®

f(x + 0) + f(x − 0) = 2f(x)f(0) = 0 ∀x =⇒ f(x) ≡ 0.�«¥¤®¢ â¥«ì®, f(0) = 1. �®�® ¤®ª § âì, çâ® ) ¥á«¨ ¢ ¥ª®â®à®© â®çª¥ x0 ¢ ®ªà¥áâ®áâ¨ ã«ï f(xo) < 1, â®ãà ¢¥¨¥ (5) § ¤ ¥â äãªæ¨î f(x) = osx;¡) ¥á«¨ ¢ ¥ª®â®à®© â®çª¥ x0 ¢ ®ªà¥áâ®áâ¨ ã«ï f(xo) > 1, â®ãà ¢¥¨¥ (5) § ¤ ¥â äãªæ¨î f(x) = hx.24СА
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§3. Ǒ����� Ǒ�����������������¯.3.1. �á®¢ë¥ ¯®ïâ¨ïǑ®ïâ¨¥ ¯®á«¥¤®¢ â¥«ì®áâ¨.Ǒ®á«¥¤®¢ â¥«ì®áâìî  §ë¢ ¥âáï ¡¥áª®¥ç®¥ ã¯®àï¤®ç¥®¥ ¬®-�¥áâ¢® ç¨á¥«: x1, x2, x3, . . . , ª®â®à®¥ ®¡®§ ç ¥âáï {xn}. �¨á«® xn §ë¢ ¥âáï n-ë¬ ç«¥®¬ ¯®á«¥¤®¢ â¥«ì®áâ¨.� �¤ãî ¯®á«¥¤®¢ â¥«ì®áâì ¬®�® à áá¬ âà¨¢ âì ª ª äãªæ¨îá ®¡« áâìî ®¯à¥¤¥«¥¨ï N: f(n) = xn. Ǒ®íâ®¬ã ¯®ïâ¨ï ®£à ¨-ç¥®áâì ¨ ¬®®â®®áâì ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ â¥ �¥, çâ® ¨ ¤«ïäãªæ¨¨. � ¨¬¥®:
• ¯®á«¥¤®¢ â¥«ì®áâì {xn}  §ë¢ ¥âáï ®£à ¨ç¥®©, ¥á«¨  ©¤¥â-áï ª®¥ç®¥ ç¨á«® B â ª®¥, çâ® ∀n |xn| ≤ B;
• ¯®á«¥¤®¢ â¥«ì®áâì {xn}  §ë¢ ¥âáï ¢®§à áâ îé¥©, ¥á«¨

∀n xn < xn+1;
• ¯®á«¥¤®¢ â¥«ì®áâì {xn}  §ë¢ ¥âáï ã¡ë¢ îé¥©, ¥á«¨

∀n xn > xn+1;�«ï § ¤ ¨ï ¯®á«¥¤®¢ â¥«ì®áâ¨ {xn} ¥®¡å®¤¨¬® ãª § âì ä®à¬ã-«ã ¨«¨ ¯à ¢¨«® ¢ëç¨á«¥¨ï ¥¥ n-£® ç«¥  xn.� ¯à¨¬¥à:(1) Ǒãáâì xn = n2−1, n = 1, 2, . . . . Ǒ®«ãç ¥¬ ¯®á«¥¤®¢ â¥«ì®áâì0, 3, 8, 15, 24, 35, . . .(2) Ǒãáâì x1 = 1, xn = 12xn−1, n = 2, 3, 4, . . . . Ǒ®«ãç ¥¬ ¯®á«¥¤®-¢ â¥«ì®áâì 1, 12 ,
14 ,

18 ,
116 ,

132 , . . .(3) Ǒãáâì xn { n-© § ª ¯®á«¥ § ¯ïâ®© ¢ ¤¥áïâ¨ç®© § ¯¨á¨ ç¨á« 
π = 3, 141592..., n = 1, 2, 3, . . . . Ǒ®«ãç ¥¬ ¯®á«¥¤®¢ â¥«ì®áâì1, 4, 1, 5, 9, 2, . . . 25СА
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Ǒ®ïâ¨¥ ®ªà¥áâ®áâ¨.Ǒãáâì ε { ¥ª®â®à®¥ ¯®«®�¨â¥«ì®¥ ç¨á«®. ε-®ªà¥áâ®áâìî ç¨á« 
a  §ë¢ ¥âáï:¤«ï ª®¥ç®£® a ¨â¥à¢ « (a − ε; a+ ε);¤«ï a = +∞ ¨â¥à¢ « ( 1ε ; +∞);¤«ï a = −∞ ¨â¥à¢ « (−∞;− 1

ε ).
ε-®ªà¥áâ®áâìî ç¨á«  a ¡ã¤¥¬ ®¡®§ ç âì U(a; ε).�¯à¥¤¥«¥¨¥ ¯à¥¤¥«  ¯®á«¥¤®¢ â¥«ì®áâ¨.�¨á«® a  §ë¢ ¥âáï ¯à¥¤¥«®¬ ¯®á«¥¤®¢ â¥«ì®áâ¨ ¥á«¨ ¤«ï «î¡®©®ªà¥áâ®áâ¨ a  ©¤¥âáï ®¬¥à n0 â ª®©, çâ® ¢á¥ ç«¥ë ¯®á«¥¤®¢ â¥«ì-®áâ¨ á ®¬¥à ¬¨ ¡®«ìè¥ n0 ¯®¯ ¤ îâ ¢ ¢ë¡à ãî ®ªà¥áâ®áâì.� íâ®¬ á«ãç ¥ ¯¨èãâ lim

n→∞
xn = a ¨«¨ xn → a, n → ∞.(�¨â ¥âáï: \xn áâà¥¬¨âáï ª a ¯à¨ n áâà¥¬ïé¥¬áï ª ¡¥áª®¥ç®áâ¨".)Ǒ®á«¥¤®¢ â¥«ì®áâ¨, ¨¬¥îé¨¥ ª®¥çë© ¯à¥¤¥« ¡ã¤¥¬  §ë¢ âìáå®¤ïé¨¬¨áï.� â¥¬ â¨ç¥áª ï § ¯¨áì ®¯à¥¤¥«¥¨ï.¤«ï ª®¥ç®£® a :lim

n→∞
xn = a ⇐⇒ ∀ε > 0 ∃n0 : ∀n ∈ N, n > n0 ⇒ |xn − a| < ε;¤«ï a = +∞ :lim

n→∞
xn = +∞ ⇐⇒ ∀ε > 0 ∃n0 : ∀n ∈ N, n > n0 ⇒ xn > 1/ε;¤«ï a = −∞ :lim

n→∞
xn = −∞ ⇐⇒ ∀ε > 0 ∃n0 : ∀n ∈ N, n > n0 ⇒ xn < −1/ε.

• Ǒà¨¬¥à 1. �®ª § âì,çâ® lim
n→∞

1/n = 0.�®ª-¢®. �®§ì¬¥¬ «î¡®¥ ε > 0 ¨ à áá¬®âà¨¬ ¥à ¢¥áâ¢® |xn − a| < ε,£¤¥ xn = 1/n , a = 0. �¬¥¥¬:
|xn − a| < ε ⇐⇒ |1/n − 0| < ε ⇐⇒ |1/n| < ε ⇐⇒1/n < ε ⇐⇒ n > 1/ε.�®§ì¬¥¬ n0 = [1/ε℄+1. �®£¤  n0 > 1/ε ¨ ¤«ï ¢á¥å n > n0 ¢ë¯®«¥®¥à ¢¥áâ¢® |1/n− 0| < ε. � ¯® ®¯à¥¤¥«¥¨î ¯à¥¤¥«  § ª«îç ¥¬, çâ®lim

n→∞
1/n = 0. ¤ 26СА
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• Ǒà¨¬¥à 2. �®ª § âì,çâ® lim
n→∞

n+ 1
n

= 1.�®ª-¢®. �®§ì¬¥¬ «î¡®¥ ε > 0 ¨ à áá¬®âà¨¬ ¥à ¢¥áâ¢® |xn − a| < ε,£¤¥ xn = n+ 1
n

, a = 1. �¬¥¥¬
|xn − a| < ε ⇐⇒

∣
∣
∣
n+ 1

n
− 1∣∣∣ < ε ⇐⇒

∣
∣
∣
1
n

∣
∣
∣ < ε ⇐⇒1

n
< ε ⇐⇒ n >

1
ε
.�®§ì¬¥¬ n0 = [1/ε℄+1. �®£¤  n0 > 1/ε ¨ ¤«ï ¢á¥å n > n0 ¢ë¯®«¥®¥à ¢¥áâ¢® ∣

∣
∣
n+ 1

n
− 1∣∣∣ < ε. � ¯® ®¯à¥¤¥«¥¨î ¯à¥¤¥«  § ª«îç ¥¬,çâ® lim

n→∞

n+ 1
n

= 1. ¤

• Ǒà¨¬¥à 3. �®ª § âì, çâ® lim
n→∞

(n2 + 4) = ∞.�®ª-¢®. �®§ì¬¥¬ «î¡®¥ ε > 0. � áá¬®âà¨¬ ¥à ¢¥áâ¢® |n2+4| > 1/ε.
|n2 + 4| > 1/ε ⇐= n2 + 4 > 1/ε ⇐= n2 > 1/ε ⇐= n >

√1/ε.�®§ì¬¥¬ n0 = [√1/ε℄ + 1. �®£¤  n0 >
√1/ε ¨ ¤«ï ¢á¥å n > n0¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® |n2+4| > 1/ε, çâ® ¯® ®¯à¥¤¥«¥¨î ¯à¥¤¥« ®§ ç ¥â, çâ® lim

n→∞
(n2 + 4) = ∞. ¤¯.3.2. �¥áª®¥ç® ¬ «ë¥ ¯®á«¥¤®¢ â¥«ì®áâ¨�¯à¥¤¥«¥¨¥ ¡¥áª®¥ç® ¬ «®©.Ǒ®á«¥¤®¢ â¥«ì®áâì {xn}  §ë¢ ¥âáï ¡¥áª®¥ç® ¬ «®©, ¥á«¨lim

n→∞
xn = 0.�á®¢ ï «¥¬¬  ® ¡¥áª®¥ç® ¬ «®©.�â¢¥à�¤¥¨¥ lim

n→∞
xn = a (a 6= ±∞) íª¢¨¢ «¥â® â®¬ã, çâ® xn =

a+ αn, £¤¥ {αn} ¡¥áª®¥ç® ¬ « ï.��������������.lim
n→∞

xn = a ⇐⇒ |xn − a| < ε ⇐⇒ |(xn − a)− 0| < ε ⇐⇒
⇐⇒ lim

n→∞
(xn − a) = 0 ⇐⇒ αn = xn − a ¡¥áª®¥ç® ¬ « ï. ¤27СА
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�¥®à¥¬  ® áã¬¬¥ ¡¥áª®¥ç® ¬ «ëå.�ã¬¬  ¡¥áª®¥ç® ¬ «ëå ¥áâì ¡¥áª®¥ç® ¬ « ï.��������������. Ǒãáâì {αn} ¨ {βn} ¡¥áª®¥ç® ¬ «ë¥. �®£¤ 
∀ε > 01) ∃n1 â ª®©, çâ® ∀n > n1 |αn| < ε;2) ∃n2 â ª®©, çâ® ∀n > n2 |βn| < ε.�® â®£¤  ∀n > max{n1;n2} |αn + βn| ≤ |αn|+ |βn| < ε+ ε = 2ε = ε∗,â® ¥áâì lim

n→∞
(αn + βn) = 0, â® ¥áâì {αn + βn} ¡¥áª®¥ç® ¬ « ï. ¤�¥®à¥¬  ®¡ ã¬®�¥¨¨   ¡¥áª®¥ç® ¬ «ãî.�á«¨ {αn} ¡¥áª®¥ç® ¬ « ï,   {xn} ®£à ¨ç¥ ï, â® {αnxn} ¡¥á-ª®¥ç® ¬ « ï.��������������.1) � ª ª ª {αn} ¡¥áª®¥ç® ¬ « ï, ∀ε > 0 ∃no : ∀n > n0 |αn| < ε.2) � ª ª ª {xn} ®£à ¨ç¥ ï ∃B : |xn| ≤ B ∀n.�® â®£¤  ∀n > n0 |αnxn| = |αn| · |xn| < εB = ε∗,â® ¥áâì lim

n→∞
(αnxn) = 0, â® ¥áâì {αnxn} ¡¥áª®¥ç® ¬ « ï. ¤�¥®à¥¬  ®¡ ®£à ¨ç¥®áâ¨ ¡¥áª®¥ç® ¬ «®©.�¥áª®¥ç® ¬ « ï ¯®á«¥¤®¢ â¥«ì®áâì ï¢«ï¥âáï ®£à ¨ç¥®©.��������������. Ǒãáâì {αn} ¡¥áª®¥ç® ¬ « ï.�®§ì¬¥¬ ε = 1. �®£¤  ∃n0 : ∀n > n0, |αn| < 1.�¡®§ ç¨¬ B = max{1; |α1|; |α2|; ...; |αn0 |}.�®£¤  |αn| ≤ B ∀n, â® ¥áâì {αn} ®£à ¨ç¥ ï. ¤� ¬¥ç ¨¥. �§ ¤¢ãå ¯®á«¥¤¨å â¥®à¥¬ á«¥¤ã¥â, çâ® ¯à®¨§¢¥¤¥¨¥¤¢ãå ¡¥áª®¥ç® ¬ «ëå ¥áâì ¡¥áª®¥ç® ¬ « ï.¯.3.3. �¥áª®¥ç® ¡®«ìè¨¥ ¯®á«¥¤®¢ â¥«ì®áâ¨�¯à¥¤¥«¥¨¥ ¡¥áª®¥ç® ¡®«ìè®©.Ǒ®á«¥¤®¢ â¥«ì®áâì {xn}  §ë¢ ¥âáï ¡¥áª®¥ç® ¡®«ìè®©, ¥á«¨lim

n→∞
xn = ∞.28СА
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�¢ï§ì ¡¥áª®¥ç® ¡®«ìè®© ¨ ¡¥áª®¥ç® ¬ «®©.
• ������� 1. �á«¨ {αn} ¡¥áª®¥ç® ¡®«ìè ï, â® {1/αn} ¡¥áª®-¥ç® ¬ « ï.��������������.� ª ª ª lim

n→∞
αn = ∞, ∀ε > 0 ∃n0 : ∀n > n0, αn > 1/ε =⇒0 < 1/αn < ε =⇒ |1/αn| < ε, â® ¥áâì {1/αn} ¡¥áª®¥ç® ¬ « ï. ¤

• ������� 2. �á«¨ {αn} ¡¥áª®¥ç® ¬ « ï, â® {1/|αn|} ¡¥áª®-¥ç® ¡®«ìè ï.��������������.� ª ª ª lim
n→∞

αn = 0, ∀ε > 0 ∃n0 : ∀n > n0, |αn| < ε =⇒
|1/αn| > 1/ε, â® ¥áâì {1/αn} ¡¥áª®¥ç® ¡®«ìè ï. ¤�¢ï§ì á ®£à ¨ç¥®áâìî.�§ ®¯à¥¤¥«¥¨ï á«¥¤ã¥â, çâ® «î¡ ï ¡¥áª®¥ç® ¡®«ìè ï ¯®á«¥¤®-¢ â¥«ì®áâì ¥ ®£à ¨ç¥ . �¡à â®¥ ¥ ¢¥à®: ¯®á«¥¤®¢ â¥«ì®áâì¬®�¥â ¡ëâì ¥ ®£à ¨ç¥ , ® ¥ ï¢«ïâìáï ¡¥áª®¥ç® ¡®«ìè®©.� ¯à¨¬¥à: 1, 2, 1, 3, 1, 4, 1, 5, ...�ã¬¬  á ¡¥áª®¥ç® ¡®«ìè®©.

• ������� 1. �á«¨ {αn} ¨ {βn} ¡¥áª®¥ç® ¡®«ìè¨¥ ¯®á«¥¤®¢ -â¥«ì®áâ¨, â® ¨ {αn + βn} ¡¥áª®¥ç® ¡®«ìè ï.��������������. �®§ì¬¥¬ ε > 0.1) � ª ª ª lim
n→∞

αn = ∞, ∃n1 : ∀n > n1, αn > 1/ε.2) � ª ª ª lim
n→∞

βn = ∞, ∃n2 : ∀n > n2, βn > 1/ε.�® â®£¤  ∀n > max{n1;n2} ¡ã¤¥â αn + βn > 1/ε + 1/ε = 2/ε = 1/ε∗,â® ¥áâì {αn + βn} ¡¥áª®¥ç® ¡®«ìè ï. ¤

• ������� 2. �á«¨ {αn} ¡¥áª®¥ç® ¡®«ìè ï,   {βn} ®£à ¨ç¥- ï, â® {αn ± βn} ¡¥áª®¥ç® ¡®«ìè ï.��������������.1) � ª ª ª {βn} ®£à ¨ç¥ ï, ∃B : |βn| ≤ B =⇒ −B ≤ βn ≤ B.2) �®§ì¬¥¬ ε ∈ (0; 1/B).� ª ª ª lim
n→∞

αn = ∞, ∃n0 : ∀n > n0, αn > 1/ε.�® â®£¤  ∀n > n0 ¡ã¤¥â αn ± βn >
1
ε
∓ B = 1∓ εB

ε
= 1

ε∗
, â® ¥áâì

{αn ± βn} ¡¥áª®¥ç® ¡®«ìè ï. ¤29СА
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• � ¬¥ç ¨¥. �á«¨ {αn} ¨ {βn} ¡¥áª®¥ç® ¡®«ìè¨¥ ¯®á«¥¤®¢ -â¥«ì®áâ¨, â® ¯à® ¯®á«¥¤®¢ â¥«ì®áâì {αn−βn} § à ¥¥ ¨ç¥£® ®¯à¥-¤¥«¥®£® áª § âì ¥«ì§ï. �®§¬®�ë à §ë¥ á¨âã æ¨¨.� ¯à¨¬¥à:
αn = (n + 1)2, βn = 2n+ 1, â®£¤  αn − βn = n2 → ∞ ;
αn = (n + 1)2, βn = n2 + 2n, â®£¤  αn − βn = 1;
αn = n+ 1/n, βn = n, â®£¤  αn − βn = 1/n → 0.(� ª ã�¥ £®¢®à¨«®áì, ¢ëà �¥¨¥ ¢¨¤  ∞ − ∞  §ë¢ îâ ¥®¯à¥¤¥-«¥®áâìî.)�¬®�¥¨¥   ¡¥áª®¥ç® ¡®«ìèãî.
• �������. �á«¨ {αn} ¡¥áª®¥ç® ¡®«ìè ï,   lim

n→∞
βn = b 6= 0,â® {αnβn} ¡¥áª®¥ç® ¡®«ìè ï.��������������. �®§ì¬¥¬ ε > 0.1) � ª ª ª lim

n→∞
αn = ∞, ∃n1 : ∀n > n1, αn > 1/ε.2) � ª ª ª lim

n→∞
βn = b, ∃n2 : ∀n > n2, |βn − b| < ε =⇒=⇒ b − ε < βn < b+ ε.�® â®£¤  ∀n > max{n1;n2} ¡ã¤¥â αnβn >

b − ε

ε
= 1

ε∗
, â® ¥áâì {αnβn}¡¥áª®¥ç® ¡®«ìè ï. ¤

• � ¬¥ç ¨¥. �á«¨ {αn} ¡¥áª®¥ç® ¡®«ìè ï,   lim
n→∞

βn = 0, â® ¯à®¯®á«¥¤®¢ â¥«ì®áâì {αn − βn} § à ¥¥ ¨ç¥£® ®¯à¥¤¥«¥®£® áª § âì¥«ì§ï. �®§¬®�ë à §ë¥ á¨âã æ¨¨.� ¯à¨¬¥à:
αn = n2, βn = 1/n, â®£¤  αnβn = n → ∞ ;
αn = n, βn = 1/n, â®£¤  αnβn = 1;
αn = n, βn = 1/n2, â®£¤  αnβn = 1/n → 0.(� ª ã�¥ £®¢®à¨«®áì, ¢ëà �¥¨¥ ¢¨¤  ∞ · 0  §ë¢ îâ ¥®¯à¥¤¥«¥-®áâìî.)
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¯.3.4. �¥®à¥¬ë ® ¯à¥¤¥«¥ ¯®á«¥¤®¢ â¥«ì®áâ¨�¥®à¥¬  ® ¥¤¨áâ¢¥®áâ¨ ¯à¥¤¥« .�á«¨ ã ¯®á«¥¤®¢ â¥«ì®áâ¨ áãé¥áâ¢ã¥â ¯à¥¤¥«, â® ® ¥¤¨áâ¢¥-ë©.��������������. Ǒà¥¤¯®«®�¨¬ ¯à®â¨¢®¥:lim
n→∞

xn = a ¨ lim
n→∞

xn = b, ¯à¨ç¥¬ a 6= b.Ǒãáâì ¤«ï ®¯à¥¤¥«¥®áâ¨ a < b. �®§ì¬¥¬ ε = 13 (b − a). �®£¤ 
a − ε a a+ ε b − ε b b+ ε

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→• • •
︸ ︷︷ ︸

U(a; ε) • • •
︸ ︷︷ ︸

U(b; ε)1) â ª ª ª lim
n→∞

xn = a, ∃n1 : ∀n > n1, xn ∈ U(a; ε);2) â ª ª ª lim
n→∞

xn = b, ∃n2 : ∀n > n2, xn ∈ U(b; ε),â®£¤  ∀n > max{n1;n2}, xn ∈ U(a; ε) ¨ xn ∈ U(b; ε), ® íâ® ¥ ¢®§-¬®�®, â ª ª ª U(a; ε) ¥ ¯¥à¥á¥ª ¥âáï á U(b; ε).Ǒ®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â â¥®à¥¬ã. ¤�¥®à¥¬  ® ¯¥à¥å®¤¥ ª ¯à¥¤¥«ã ¢ ¥à ¢¥áâ¢¥.�á«¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ {xn} ¨ {yn} áå®¤ïâáï ¨ ∀n xn < yn (¨«¨
xn ≤ yn), â® lim

n→∞
xn ≤ lim

n→∞
yn.��������������. �¡®§ ç¨¬ lim

n→∞
xn = a, lim

n→∞
yn = b.Ǒà¥¤¯®«®�¨¬ ¯à®â¨¢®¥: ¯ãáâì a > b. �®§ì¬¥¬ ε = 13 (a−b). �®£¤ 

b − ε b b+ ε a − ε a a+ ε
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→• • •

︸ ︷︷ ︸

U(b; ε) • • •
︸ ︷︷ ︸

U(a; ε)1) â ª ª ª lim
n→∞

xn = a, ∃n1 : ∀n > n1, xn ∈ U(a; ε);2) â ª ª ª lim
n→∞

yn = b, ∃n2 : ∀n > n2, yn ∈ U(b; ε),â®£¤  ∀n > max{n1;n2}, xn ∈ U(a; ε) ¨ yn ∈ U(b; ε), § ç¨â xn «¥�¨â¯à ¢¥¥ yn,   íâ® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® xn < yn.Ǒ®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â â¥®à¥¬ã. ¤31СА
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� ¬¥ç ¨¥. Ǒà¨ ¯¥à¥å®¤¥ ª ¯à¥¤¥«ã ¢ ¥à ¢¥áâ¢¥ ¢ ®¡é¥¬ á«ã-ç ¥ áâà®£®¥ ¥à ¢¥áâ¢® § ¬¥ï¥âáï   ¥ áâà®£®¥, â ª ª ª ¢®§¬®� á¨âã æ¨ï: xn < yn, ® lim
n→∞

xn = lim
n→∞

yn.� ¯à¨¬¥à: 1
n+ 1 <

1
n
,   lim

n→∞

1
n+ 1 = lim

n→∞

1
n
= 0.�¥®à¥¬  ® ¤¢ãå ¬¨«¨æ¨®¥à å.�á«¨ ∀n, xn ≤ yn ≤ zn, lim

n→∞
xn = a, lim

n→∞
zn = a, â® ¨ lim

n→∞
yn = a.��������������.� ª ª ª lim

n→∞
xn = a, ∃n1 : ∀n > n1, |xn − a| < ε=⇒ a − ε < xn < a+ ε (1)� ª ª ª lim

n→∞
zn = a, ∃n2 : ∀n > n1, |zn − a| < ε=⇒ a − ε < zn < a+ ε (2)�®£¤  ∀n > max{n1;n2}

a − ε
(1)
< xn ≤ yn ≤ zn(¯® ãá«®¢¨î) (2)

< a+ ε=⇒ a − ε < yn < a+ ε =⇒ |yn − a| < ε =⇒ lim
n→∞

yn = a. ¤�¥®à¥¬  ® ¯à¥¤¥«¥ áã¬¬ë.�á«¨ lim
n→∞

xn = a, lim
n→∞

yn = b, â® lim
n→∞

(xn + yn) = a + b (â® ¥áâì¯à¥¤¥« áã¬¬ë à ¢¥ áã¬¬¥ ¯à¥¤¥«®¢).��������������. �«ï ¡¥áª®¥ç® ¡®«ìè¨å ¯®á«¥¤®¢ â¥«ì®á-â¥© íâ® ãâ¢¥à�¤¥¨¥ ¡ë«® ¤®ª § ® à ìè¥. Ǒãáâì â¥¯¥àì xn ¨ yn¨¬¥îâ ª®¥çë¥ ¯à¥¤¥«ë.1) lim
n→∞

xn = a =⇒ (¯® ®á®¢®© «¥¬¬¥ ® ¡¥áª®¥ç® ¬ «®©)
xn = a+ αn, £¤¥ αn { ¡¥áª®¥ç® ¬ « ï.2) lim

n→∞
yn = b =⇒ (¯® ®á®¢®© «¥¬¬¥ ® ¡¥áª®¥ç® ¬ «®©)

yn = y + βn, £¤¥ βn { ¡¥áª®¥ç® ¬ « ï.�®£¤ 
xn + yn = (a + b) + (αn + βn),  â ª ª ª (αn + βn) ¡¥áª®¥ç® ¬ « ï, lim

n→∞
(xn + yn) = a+ b. ¤32СА
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� ¬¥ç ¨¥. � ãâ¢¥à�¤¥¨¨ â¥®à¥¬ë áãé¥áâ¢¥®, çâ® ¯à¥¤¥« áã¬-¬ë à ¢¥ áã¬¬¥ ¯à¥¤¥«®¢ â®«ìª® ¥á«¨ ¯à¥¤¥« ª �¤®© ¯®á«¥¤®¢ â¥«ì-®áâ¨ áãé¥áâ¢ã¥â. �¡à â®¥ ¥ ¢¥à®.� ¯à¨¬¥à: ¢®§ì¬¥¬ xn : 1, −1, 1, −1, ... =⇒ lim
n→∞

xn 6 ∃
yn : −1, 1, −1, 1, ... =⇒ lim

n→∞
yn 6 ∃�®£¤  xn + yn : 0, 0, 0, 0, ... =⇒ lim

n→∞
(xn + yn) = 0.�¥®à¥¬  ® ¯à¥¤¥«¥ ¯à®¨§¢¥¤¥¨ï.�á«¨ lim

n→∞
xn = a, lim

n→∞
yn = b, â® lim

n→∞
(xnyn) = ab (â® ¥áâì ¯à¥¤¥«¯à®¨§¢¥¤¥¨ï à ¢¥ ¯à®¨§¢¥¤¥¨î ¯à¥¤¥«®¢).��������������. �«ï ¡¥áª®¥ç® ¡®«ìè¨å ¯®á«¥¤®¢ â¥«ì®á-â¥© íâ® ãâ¢¥à�¤¥¨¥ ¡ë«® ¤®ª § ® à ìè¥. Ǒãáâì â¥¯¥àì xn ¨ yn¨¬¥îâ ª®¥çë¥ ¯à¥¤¥«ë.1) lim

n→∞
xn = a =⇒ ¯® ®á®¢®© «¥¬¬¥ ® ¡¥áª®¥ç® ¬ «®©

xn = a+ αn, £¤¥ αn { ¡¥áª®¥ç® ¬ « ï.2) lim
n→∞

yn = b =⇒ ¯® ®á®¢®© «¥¬¬¥ ® ¡¥áª®¥ç® ¬ «®©
yn = y + βn, £¤¥ βn { ¡¥áª®¥ç® ¬ « ï.�®£¤ 

xnyn = (a + αn)(b + βn) = ab+ αnb+ aβn + αnβn,  â ª ª ª ¯® á¢®©áâ¢ ¬ ¡¥áª®¥ç® ¬ «ëå αnb, aβn, αnβn ¡¥áª®¥ç®¬ «ë¥, â® ¨ ¨å áã¬¬  ¡¥áª®¥ç® ¬ « ï ¨ lim
n→∞

(xnyn) = ab. ¤� ¬¥ç ¨¥. � ãâ¢¥à�¤¥¨¨ â¥®à¥¬ë áãé¥áâ¢¥®, çâ® ¯à¥¤¥« ¯à®-¨§¢¥¤¥¨ï à ¢¥ ¯à®¨§¢¥¤¥¨î ¯à¥¤¥«®¢ â®«ìª® ¥á«¨ ¯à¥¤¥« ª �¤®©¯®á«¥¤®¢ â¥«ì®áâ¨ áãé¥áâ¢ã¥â. �¡à â®¥ ¥ ¢¥à®.� ¯à¨¬¥à: ¢®§ì¬¥¬ xn : 1, 0, 1, 0, ... =⇒ lim
n→∞

xn 6 ∃
yn : 0, 1, 0, 1, ... =⇒ lim

n→∞
yn 6 ∃�®£¤  xnyn : 0, 0, 0, 0, ... =⇒ lim

n→∞
(xnyn) = 0.33СА

РА
ТО
ВС
КИ
Й ГО

СУ
ДА
РС
ТВ
ЕН
НЫ
Й УН

ИВ
ЕР
СИ
ТЕ
Т И
МЕ
НИ

 Н
. Г

. Ч
ЕР
НЫ
ШЕ
ВС
КО
ГО



�¥®à¥¬  ® ¯à¥¤¥«¥ ç áâ®£®.�á«¨ lim
n→∞

xn = a, lim
n→∞

yn = b 6= 0, a ¨ b ª®¥çë¥ ç¨á« , ¨
∀n yn 6= 0, â® lim

n→∞
(xn/yn) = a/b (â® ¥áâì ¯à¥¤¥« ®â®è¥¨ï à ¢¥®â®è¥¨î ¯à¥¤¥«®¢).��������������.1) lim

n→∞
xn = a =⇒ ¯® ®á®¢®© «¥¬¬¥ ® ¡¥áª®¥ç® ¬ «®©

xn = a+ αn, £¤¥ αn { ¡¥áª®¥ç® ¬ « ï.2) lim
n→∞

yn = b =⇒ ¯® ®á®¢®© «¥¬¬¥ ® ¡¥áª®¥ç® ¬ «®©
yn = y + βn, £¤¥ βn { ¡¥áª®¥ç® ¬ « ï.�®£¤ 

xn

yn
= a+ αn

b+ βn
= a

b
+(

a+ αn

b+ βn
− a

b

) = a

b
+(

bαn − aβn

b(b + βn) )

,� ¤à®¡¨ cn = bαn − aβn

b(b + βn) ç¨á«¨â¥«ì áâà¥¬¨âáï ª 0, § ¬¥ â¥«ì áâà¥-¬¨âáï ª b2 6= 0, § ç¨â cn → 0 =⇒ xn

yn
→ a

b
. ¤� ¬¥ç ¨¥. � ãâ¢¥à�¤¥¨¨ â¥®à¥¬ë áãé¥áâ¢¥®, çâ® ¯à¥¤¥« ®â-®è¥¨ï à ¢¥ ®â®è¥¨î ¯à¥¤¥«®¢ â®«ìª® ¥á«¨ ¯à¥¤¥« ª �¤®© ¯®-á«¥¤®¢ â¥«ì®áâ¨ áãé¥áâ¢ã¥â. �¡à â®¥ ¥ ¢¥à®.� ¯à¨¬¥à: ¢®§ì¬¥¬ xn : 2, 4, 2, 4, ... =⇒ lim

n→∞
xn 6 ∃

yn : 1, 2, 1, 2, ... =⇒ lim
n→∞

yn 6 ∃�®£¤  xn/yn : 2, 2, 2, 2, ... =⇒ lim
n→∞

(xn/yn) = 2.¯.3.5. �¢®©áâ¢  áå®¤ïé¨åáï ¯®á«¥¤®¢ â¥«ì®áâ¥©�¥®à¥¬  ®¡ ®£à ¨ç¥®áâ¨.�á«¨ ¯®á«¥¤®¢ â¥«ì®áâì áå®¤¨âáï, â® ®  ®£à ¨ç¥ .��������������. Ǒãáâì lim
n→∞

xn = a, (a 6= ±∞).�®§ì¬¥¬ ε = 1. �®£¤  ∃n0 : ∀n > n0, |xn−a| < 1, a−1 < xn < a+1.�¡®§ ç¨¬
m = min{a − 1; |x1|; |x2|; ...; |xn0 |}.
M = max{a+ 1; |x1|; |x2|; ...; |xn0 |}.�®£¤  m ≤ |xn| ≤ M ∀n, â® ¥áâì {xn} ®£à ¨ç¥ ï. ¤34СА
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�¥®à¥¬  ® ¬®®â®®© ¯®á«¥¤®¢ â¥«ì®áâ¨.�î¡ ï ¬®®â® ï ®£à ¨ç¥ ï ¯®á«¥¤®¢ â¥«ì®áâì áå®¤¨âáï (â®¥áâì ¨¬¥¥â ª®¥çë© ¯à¥¤¥«).��������������. Ǒãáâì {xn} { ¢®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì-®áâì, ®£à ¨ç¥ ï á¢¥àåã. Ǒ®áª®«ìªã ã ®£à ¨ç¥®£® ¬®�¥áâ¢ áãé¥áâ¢ã¥â â®ç ï ¢¥àåïï £à ì, áãé¥áâ¢ã¥â ¨ supxn = a.Ǒ® å à ªâ¥à¨áâ¨ç¥áª®¬ã á¢®©áâ¢ã ¢¥àå¥© £à ¨,
∀n xn ≤ a; (1)
∀ε > 0 ∃no : a − ε < xno

.� ª ª ª ¯®á«¥¤®¢ â¥«ì®áâì {xn} ¢®§à áâ îé ï,
a − ε < xno < xno+1 < xno+2 < xno+3 < ... (2)�§ (1)-(2) á«¥¤ã¥â, çâ® ∀n ≥ no ¡ã¤¥â a − ε < xn ≤ a,§ ç¨â xn ∈ U(a; ε),§ ç¨â lim

n→∞
xn = a.� «®£¨ç® ¤®ª §ë¢ ¥âáï áãé¥áâ¢®¢ ¨¥ ¯à¥¤¥«  ã¡ë¢ îé¥© ¯®-á«¥¤®¢ â¥«ì®áâ¨, ®£à ¨ç¥®© á¨§ã. ¤Ǒ®ïâ¨¥ ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨.Ǒãáâì ¥áâì ¥ª®â®à ï ¯®á«¥¤®¢ â¥«ì®áâì. "�ëç¥àª¥¬" ¨§ ¥¥ª ª¨¥-â® í«¥¬¥âë (¬®�® ª®¥ç®¥, ¬®�® ¡¥áª®¥ç®¥ ç¨á«®, ®â ª, çâ®¡ë ¡¥áª®¥ç® ¬®£® í«¥¬¥â®¢ ®áâ «®áì). �áâ ¢è ïáï ¯®-á«¥¤®¢ â¥«ì®áâì  §ë¢ ¥âáï ¯®¤¯®á«¥¤®¢ â¥«ì®áâìî ¨áå®¤®© ¯®-á«¥¤®¢ â¥«ì®áâ¨.� ¯à¨¬¥à, ¯®á«¥¤®¢ â¥«ì®áâì ç¥âëå ç¨á¥« ï¢«ï¥âáï ¯®¤¯®á«¥-¤®¢ â¥«ì®áâìî ¯®á«¥¤®¢ â¥«ì®áâ¨  âãà «ìëå ç¨á¥«.� ¬¥ç ¨¥. �§ ®¯à¥¤¥«¥¨ï ®ç¥¢¨¤®, çâ® ¥á«¨ ¯®á«¥¤®¢ â¥«ì-®áâì ¨¬¥¥â ¯à¥¤¥«, â® ¨ «î¡ ï ¥¥ ¯®¤¯®á«¥¤®¢ â¥«ì®áâì ¨¬¥¥â â®â�¥ ¯à¥¤¥«. 35СА
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�¥®à¥¬  �®«ìæ ®3{�¥©¥àèâà áá 4.�§ «î¡®© ®£à ¨ç¥®© ¯®á«¥¤®¢ â¥«ì®áâ¨ ¬®�® ¢ë¤¥«¨âì áå®-¤ïéãîáï ¯®¤¯®á«¥¤®¢ â¥«ì®áâì.��������������. � áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì®áâì {xn}.�¡®§ ç¨¬ a1 = inf xn ¨ b1 = supxn. �®£¤  ∀n xn ∈ [a1; b1℄.�ë¡¥à¥¬ «î¡®© í«¥¬¥â ¯®á«¥¤®¢ â¥«ì®áâ¨ xn1 ¨ ®¡®§ ç¨¬ ¥£® y1.� §¤¥«¨¬ [a1; b1℄ ¯®¯®« ¬. Ǒ® ªà ©¥© ¬¥à¥ ¢ ®¤®© ¯®«®¢¨¥ «¥-�¨â ¡¥áª®¥ç® ¬®£® â®ç¥ª ¯®á«¥¤®¢ â¥«ì®áâ¨. �ë¡¥à¥¬ íâã ¯®«®-¢¨ã ¨ ®¡®§ ç¨¬ ¥¥ [a2; b2℄. �ë¡¥à¥¬ «î¡®© í«¥¬¥â ¯®á«¥¤®¢ â¥«ì-®áâ¨ xn2 ∈ [a2; b2℄, n2 > n1 ¨ ®¡®§ ç¨¬ ¥£® y2.� §¤¥«¨¬ [a2; b2℄ ¯®¯®« ¬. Ǒ® ªà ©¥© ¬¥à¥ ¢ ®¤®© ¯®«®¢¨¥ «¥-�¨â ¡¥áª®¥ç® ¬®£® â®ç¥ª ¯®á«¥¤®¢ â¥«ì®áâ¨. �ë¡¥à¥¬ íâã ¯®«®-¢¨ã ¨ ®¡®§ ç¨¬ ¥¥ [a3; b3℄. �ë¡¥à¥¬ «î¡®© í«¥¬¥â ¯®á«¥¤®¢ â¥«ì-®áâ¨ xn3 ∈ [a3; b3℄, n3 > n2 ¨ ®¡®§ ç¨¬ ¥£® y3.� â ª ¤ «¥¥. Ǒà®¤®«� ï íâ®â ¯à®æ¥áá ¤® ¡¥áª®¥ç®áâ¨, ¯®«ãç¨¬¯®á«¥¤®¢ â¥«ì®áâ¨:
{an} { «¥¢ë¥ ª®æë ®âà¥§ª®¢, ¯à¨ç¥¬ an ≤ an+1 ¨ an < b1;
{bn} { ¯à ¢ë¥ ª®æë ®âà¥§ª®¢, ¯à¨ç¥¬ bn ≥ bn+1 ¨ bn > a1;
{yn}, yn ∈ [an; bn℄.�«¥¤®¢ â¥«ì®,
{an} { ¢®§à áâ îé ï, ®£à ¨ç¥ ï á¢¥àåã ¯®á«¥¤®¢ â¥«ì®áâì=⇒ ∃ lim

n→∞
an = a;3�¥à à¤ �®«ìæ ®, 5 ®ªâï¡àï 1781 - 18 ¤¥ª ¡àï 1848 - ç¥èáª¨© ¬ â¥¬ â¨ª,ä¨«®á®ä ¨ â¥®«®£,  ¢â®à ¯¥à¢®© áâà®£®© â¥®à¨¨ ¢¥é¥áâ¢¥ëå ç¨á¥« ¨ ®¤¨ ¨§®á®¢®¯®«®�¨ª®¢ â¥®à¨¨ ¬®�¥áâ¢. Ǒà¨ �¨§¨ �®«ìæ ® ®¯ã¡«¨ª®¢ « â®«ì-ª® ¯ïâì ¥¡®«ìè¨å à ¡®â ¯® ¬ â¥¬ â¨ª¥ ¨ ¥áª®«ìª®  ®¨¬ëå ä¨«®á®äáª¨åâà ªâ â®¢. �¨ § ç¨â¥«ì® ®¯¥à¥¤¨«¨  ãçë© ãà®¢¥ì â®£® ¢à¥¬¥¨ ¨ ¥ ¯à¨-¢«¥ª«¨ ¢¨¬ ¨ï  ãç®© ®¡é¥áâ¢¥®áâ¨. �®«ìª® ¢ ª®æ¥ XIX ¢¥ª , ª®£¤  íâ¨¨¤¥¨ ¥§ ¢¨á¨¬® ¯¥à¥®âªàë«¨ �¥©¥àèâà áá ¨ �¥¤¥ª¨¤, ¨áâ®à¨ª¨ ®¡ àã�¨«¨ ¨®æ¥¨«¨ ¯® § á«ã£ ¬ á®ç¨¥¨ï �®«ìæ ®. (� â¥à¨ « ¨§ �¨ª¨¯¥¤¨¨)4� à« �¥®¤®à �¨«ì£¥«ì¬ �¥©¥àèâà áá, 31 ®ªâï¡àï 1815 - 19 ä¥¢à «ï 1897 -¥¬¥æª¨© ¬ â¥¬ â¨ª, ®á®¢®¯®«®�¨ª á®¢à¥¬¥®£®   «¨§ . �® �¥©¥àèâà áá ®á®¢ ¨©   «¨§  ä ªâ¨ç¥áª¨ ¥ áãé¥áâ¢®¢ «®. �¥©¥àèâà áá § ¢¥àè¨« ¯®áâà®-¥¨¥ äã¤ ¬¥â  ¬ â¥¬ â¨ç¥áª®£®   «¨§ . �£® ®¯à¥¤¥«¥¨ï ¯à¥¤¥« , ¥¯à¥-àë¢®© äãªæ¨¨, áå®¤¨¬®áâ¨ àï¤  ¨ à ¢®¬¥à®© áå®¤¨¬®áâ¨ äãªæ¨© ¢®á¯à®-¨§¢®¤ïâáï ¡¥§ ¢áïª¨å ¨§¬¥¥¨© ¢ á®¢à¥¬¥ëå ãç¥¡¨ª å. �à®¬¥ â®£® ¤®áâ¨£à¥§ã«ìâ â®¢ ¢ £¥®¬¥âà¨¨, «¨¥©®©  «£¥¡à¥, ª®¬¯«¥ªá®¬   «¨§¥. (� â¥à¨ « ¨§�¨ª¨¯¥¤¨¨) 36СА
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{bn} { ¡ë¢ îé ï, ®£à ¨ç¥ ï á¨§ã ¯®á«¥¤®¢ â¥«ì®áâì=⇒ ∃ lim
n→∞

bn = b.� áá¬®âà¨¬ lim
n→∞

(bn − an).� ®¤®© áâ®à®ë, lim
n→∞

(bn − an) = b − a, (1)á ¤àã£®© áâ®à®ë, b2 − a2 = b1 − a12 , b3 − a3 = b1 − a122 , ...lim
n→∞

(bn − an) = lim
n→∞

b1 − a12n−1 = 0 (2)�§ (1)-(2) ¯®«ãç ¥¬, çâ® a = b, ¨ ¯® â¥®à¥¬¥ ® ¤¢ãå ¬¨«¨æ¨®¥à ålim
n→∞

yn = a = b, â® ¥áâì, {yn} { áå®¤ïé ïáï ¯®¤¯®á«¥¤®¢ â¥«ì®áâì¯®á«¥¤®¢ â¥«ì®áâ¨ {xn}. ¤�à¨â¥à¨© �®è¨5.Ǒ®á«¥¤®¢ â¥«ì®áâì {xn} áå®¤¨âáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
∀ε > 0 ∃no: ∀ n > no, ∀ m > no ¡ã¤¥â |xn − xm| < ε.��������������.Ǒãáâì ¯®á«¥¤®¢ â¥«ì®áâì {xn} áå®¤¨âáï ¨ lim

n→∞
xn = a.�®£¤  ∀ε > 0 ∃no: ∀ n > no |xn − a| < ε.�®§ì¬¥¬ m > no, ¨¬¥¥¬

|xn − xm| = |(xn − a) + (a − xm)| ≤ |xn − a|+ |a − xm| < ε+ ε = ε∗,¨ ¯àï¬®¥ ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë ¤®ª § ®.�¡à â®: ¯ãáâì ∀ n > no, ∀ m > no ¡ã¤¥â |xn − xm| < ε,¢ ç áâ®áâ¨, |xn − xno+1| < ε =⇒ xno+1 − ε < xn < xno+1 + ε,5�£îáâ¥ �ã¨ �®è¨, 21  ¢£ãáâ  1789 - 23 ¬ ï 1857 - äà æã§áª¨© ¬ â¥¬ â¨ª¨ ¬¥å ¨ª, ç«¥ Ǒ à¨�áª®©  ª ¤¥¬¨¨  ãª, �®¤®áª®£® ª®à®«¥¢áª®£® ®¡é¥áâ¢ ,Ǒ¥â¥à¡ãà£áª®©  ª ¤¥¬¨¨  ãª ¨ ¤àã£¨å  ª ¤¥¬¨©. � §à ¡®â « äã¤ ¬¥â ¬ â¥-¬ â¨ç¥áª®£®   «¨§ , ®¤¨ ¨§ ®á®¢®¯®«®�¨ª®¢ ¬¥å ¨ª¨ á¯«®èëå áà¥¤, ¢ñá®£à®¬ë© ¢ª« ¤ ¢  «£¥¡àã, ¬ â¥¬ â¨ç¥áªãî ä¨§¨ªã, ª®¬¯«¥ªáë©   «¨§ ¨ ¬®-£¨¥ ¤àã£¨¥ ®¡« áâ¨ ¬ â¥¬ â¨ª¨ ¨ ä¨§¨ª¨. �£® ¨¬ï ¢¥á¥® ¢ á¯¨á®ª ¢¥«¨ç ©-è¨å ãçñëå �à æ¨¨, ¯®¬¥éñë©   ¯¥à¢®¬ íâ �¥ �©ä¥«¥¢®© ¡ è¨. �®è¨ ¯¨á « á¢ëè¥ 800 à ¡®â, ¯®«®¥ á®¡à ¨¥ ¥£® á®ç¨¥¨© á®¤¥à�¨â 27 â®¬®¢.(� â¥à¨ « ¨§ �¨ª¨¯¥¤¨¨) 37СА
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§ ç¨â ¯®á«¥¤®¢ â¥«ì®áâì {xn} ®£à ¨ç¥  ¨ ¯® â¥®à¥¬¥ �®«ìæ ®{�¥©¥àèâà áá  ¨§ ¥¥ ¬®�® ¢ë¤¥«¨âì áå®¤ïéãîáï ¯®¤¯®á«¥¤®¢ â¥«ì-®áâì {xnk
}. �¡®§ ç¨¬ lim

n→∞
xnk

= a.�«ï nk > no ¡ã¤¥â |xn − xnk
| < ε. Ǒ¥à¥å®¤ï ¢ íâ®¬ ¥à ¢¥áâ¢¥ ªlim

k→∞
..., ¯®«ãç¨¬ |xn − a| < ε, â ª¨¬ ®¡à §®¬ ®¡à â®¥ ãâ¢¥à�¤¥¨¥â¥®à¥¬ë â ª�¥ ¤®ª § ®. ¤� ¬¥ç ¨¥. �à¨â¥à¨© �®è¨ ¯®å®�   ®¯à¥¤¥«¥¨¥ ¯à¥¤¥«  ¯®á«¥-¤®¢ â¥«ì®áâ¨. �® çâ®¡ë ãáâ ®¢¨âì ä ªâ, çâ® ¯®á«¥¤®¢ â¥«ì®áâì¨¬¥¥â ª®¥çë© ¯à¥¤¥« ¯® ªà¨â¥à¨î �®è¨, ¢ ®â«¨ç¨¥ ®â ®¯à¥¤¥«¥¨ï¯à¥¤¥« , ¢®¢á¥ ¥ ®¡ï§ â¥«ì® § âì ç¥¬ã íâ®â ¯à¥¤¥« à ¢¥.� ¯à¨¬¥à, à áá¬®âà¨¬ xn = 11 · 2 + 12 · 3 + 13 · 4 + ... + 1

n(n + 1).�¯à¥¤¥«¨¬, ï¢«ï¥âáï «¨ íâ  ¯®á«¥¤®¢ â¥«ì®áâì áå®¤ïé¥©áï. �«ïíâ®£® à áá¬®âà¨¬ xm − xn. Ǒãáâì ¤«ï ®¯à¥¤¥«¥®áâ¨ m > n. �®£¤ 
xm − xn = ( 11 · 2 + 12 · 3 + ...+ 1

n(n + 1) + ...+ 1
m(m + 1))−

−
( 11 · 2 + 12 · 3 + ...+ 1

n(n + 1)) == 1(n + 1)(n + 2) + 1(n + 2)(n + 3) + ...+ 1
m(m + 1) == (n + 2)− (n + 1)(n + 1)(n + 2) + (n + 3)− (n + 2)(n + 2)(n + 3) + ...+ (m + 1)− m

m(m + 1) =
( 1

n+ 1 − 1
n+ 2)+( 1

n+ 2 − 1
n+ 3)+ ...+( 1

m
− 1

m+ 1) == 1
n+ 1 − 1

m+ 1�âªã¤ 
|xm − xn| = ∣

∣
∣
∣

1
n+ 1 − 1

m+ 1 ∣
∣
∣
∣
≤

∣
∣
∣
∣

1
n+ 1 ∣

∣
∣
∣
+ ∣

∣
∣
∣

1
m+ 1 ∣

∣
∣
∣

∀ ε > 0 ¢®§ì¬¥¬ no â ª®©, çâ® no + 1 > 1/ε, â®£¤  ¤«ï m > n > no

|xm − xn| < ε+ ε = ε∗,§ ç¨â ¢ á¨«ã ªà¨â¥à¨ï �®è¨ ¯®á«¥¤®¢ â¥«ì®áâì {xn} ï¢«ï¥âáï áå®-¤ïé¥©áï. (�ë ãáâ ®¢¨«¨, çâ® ¯à¥¤¥« áãé¥áâ¢ã¥â, å®âï ¨ ¥ § ¥¬¥£® § ç¥¨¥.) 38СА
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�¯à¥¤¥«¥¨¥ ç¨á«  e.Ǒ®á«¥¤®¢ â¥«ì®áâì (1+ 1
n )n ¨¬¥¥â ª®¥çë© ¯à¥¤¥«. �â®â ¯à¥¤¥«®¡®§ ç îâ e.(e = 2, 7182818284590..., ®¡ëç® ¡¥àãâ ¯à¨¡«¨�¥®¥ § ç¥¨¥ 2,7.)��������������.1) Ǒ®ª �¥¬, çâ® ¯®á«¥¤®¢ â¥«ì®áâì xn = (1+ 1

n )n ¢®§à áâ ¥â. �«ïíâ®£® à áá¬®âà¨¬ ®â®è¥¨¥ xn+1
xn

:
xn+1
xn

= (1 + 1
n+1 )n+1(1 + 1

n )n = (n + 2)n+1(n + 1)n · nn(n + 1)n+1 == n+ 2
n+ 1 · (n + 2)nnn((n + 1)2)n = n+ 2

n+ 1 




n2 + 2n+1−1√

n2 + 2n+ 1 




n == n+ 2
n+ 1 (1− 1

n2 + 2n+ 1)n

≥� ¯ 1.1. ¡ë«® ¤®ª § ® ¥à ¢¥áâ¢®: (1+x)n ≥ 1+nx (n ∈ N, x ≥ −1),¯à¨¬¥ïï ª®â®à®¥, ¯®«ãç¨¬:
≥ n+ 2

n+ 1 (1− n

n2 + 2n+ 1) = (n + 2)(n2 + n+ 1)(n + 1)(n2 + 2n+ 1) == n3 + 3n2 + 3n+ 2
n3 + 3n2 + 3n+ 1 > 1=⇒ xn+1 > xn =⇒ ¯®á«¥¤®¢ â¥«ì®áâì xn = (1 + 1

n )n ¢®§à áâ ¥â.2) Ǒ®ª �¥¬, çâ® ¯®á«¥¤®¢ â¥«ì®áâì yn = (1+ 1
n )n+1 ã¡ë¢ ¥â. �«ïíâ®£® à áá¬®âà¨¬ ®â®è¥¨¥ yn

yn+1 :
yn

yn+1 = (1 + 1
n )n+1(1 + 1

n+1 )n+2 = (n + 1)n+1
nn+1 · (n + 1)n+2(n + 2)n+2 == n+ 1

n+ 2 · ((n + 1)2)n+1
nn+1(n + 2)n+1 = n+ 1

n+ 2 (
n2 + 2n+ 1

n2 + 2n )n+1 == n+ 1
n+ 2 (1 + 1

n2 + 2n)n+1
≥39СА

РА
ТО
ВС
КИ
Й ГО

СУ
ДА
РС
ТВ
ЕН
НЫ
Й УН

ИВ
ЕР
СИ
ТЕ
Т И
МЕ
НИ

 Н
. Г

. Ч
ЕР
НЫ
ШЕ
ВС
КО
ГО



�®¢ì ¯à¨¬¥ïï ¥à ¢¥áâ¢®: (1 + x)n ≥ 1 + nx, ¯®«ãç¨¬:
≥ n+ 1

n+ 2 (1 + n+ 1
n2 + 2n) = (n + 1)(n2 + 3n+ 1)(n + 2)(n2 + 2n) == n3 + 4n2 + 4n+ 1

n3 + 4n2 + 4n > 1=⇒ yn > yn+1 =⇒ ¯®á«¥¤®¢ â¥«ì®áâì yn = (1+ 1
n )n+1 ã¡ë¢ îé ï.3) �ç¥¢¨¤®, çâ® xn < yn. �§ 2) =⇒ ∀n yn ≤ y1 = (1 + 1)2 = 4,á«¥¤®¢ â¥«ì® xn < 4, â® ¥áâì {xn} ®£à ¨ç¥ ï á¢¥àåã, ¨ ¯® 1)¢®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì®áâì, § ç¨â (¯® â¥®à¥¬¥ ® ¬®®â®®©¯®á«¥¤®¢ â¥«ì®áâ¨) ¨¬¥¥â ª®¥çë© ¯à¥¤¥«. ¤Ǒ®áâ®ï ï �©«¥à 6.Ǒ®á«¥¤®¢ â¥«ì®áâì

xn = 1 + 12 + 13 + ...+ 1
n
− lnn¨¬¥¥â ª®¥çë© ¯à¥¤¥«. �â®â ¯à¥¤¥« ®¡®§ ç îâ γ (¨«¨ C).(γ = 0, 5772156649....)��������������.1) Ǒ®ª �¥¬, çâ® ¯®á«¥¤®¢ â¥«ì®áâì {xn} ã¡ë¢ ¥â. �«ï íâ®£® à á-á¬®âà¨¬ à §®áâì xn+1 − xn:

xn+1 − xn = (1 + 12 + 13 + ...+ 1
n
+ 1

n+ 1 − ln(n + 1))−

−
(1 + 12 + 13 + ...+ 1

n
− lnn

) == 1
n+ 1 − ln(n + 1) + lnn = 1

n+ 1 − ln n+ 1
n

.6�¥® à¤ �©«¥à 15  ¯à¥«ï 1707 - 7 (18) á¥âï¡àï 1783 - è¢¥©æ àáª¨©, ¥¬¥æª¨©¨ à®áá¨©áª¨© ¬ â¥¬ â¨ª ¨ ¬¥å ¨ª, ¢ñáè¨© äã¤ ¬¥â «ìë© ¢ª« ¤ ¢ à §¢¨-â¨¥ íâ¨å  ãª,   â ª�¥ ä¨§¨ª¨,  áâà®®¬¨¨ ¨ àï¤  ¯à¨ª« ¤ëå  ãª,  ¢â®à ¡®«¥¥ç¥¬ 850 à ¡®â, ¢ª«îç ï ¤¢  ¤¥áïâª  äã¤ ¬¥â «ìëå ¬®®£à ä¨© ¯® ¬ â¥¬ -â¨ç¥áª®¬ã   «¨§ã, ¤¨ää¥à¥æ¨ «ì®© £¥®¬¥âà¨¨, â¥®à¨¨ ç¨á¥«, ¯à¨¡«¨�ñë¬¢ëç¨á«¥¨ï¬, ¥¡¥á®© ¬¥å ¨ª¥, ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¥, ®¯â¨ª¥, ¡ ««¨áâ¨ª¥,ª®à ¡«¥áâà®¥¨î, â¥®à¨¨ ¬ã§ëª¨ ¨ ¤àã£¨¬ ®¡« áâï¬. � £«ã¡®ª® ¨§ãç « ¬¥¤¨æ¨-ã, å¨¬¨î, ¡®â ¨ªã, ¢®§¤ãå®¯« ¢ ¨¥, â¥®à¨î ¬ã§ëª¨, ¬®�¥áâ¢® ¥¢à®¯¥©áª¨å¨ ¤à¥¢¨å ï§ëª®¢. �ª ¤¥¬¨ª Ǒ¥â¥à¡ãà£áª®©, �¥à«¨áª®©, �ãà¨áª®©, �¨áá ¡®-áª®© ¨ � §¥«ìáª®©  ª ¤¥¬¨©  ãª, ¨®áâà ë© ç«¥ Ǒ à¨�áª®©  ª ¤¥¬¨¨  ãª.Ǒ®çâ¨ ¯®«�¨§¨ ¯à®¢ñ« ¢ �®áá¨¨, £¤¥ ¢ñá áãé¥áâ¢¥ë© ¢ª« ¤ ¢ áâ ®¢«¥¨¥à®áá¨©áª®©  ãª¨. (� â¥à¨ « ¨§ �¨ª¨¯¥¤¨¨)40СА
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� ¯à¥¤ë¤ãé¥© â¥®à¥¬¥ ¡ë«® ¯®ª § ®, çâ® (1 + 1
n

)n+1
> e =⇒(n + 1) ln(1 + 1

n

)

> 1 =⇒ ln n+ 1
n

>
1

n+ 1, § ç¨â, xn+1 − xn < 0¨«¨ xn+1 < xn, â® ¥áâì ¯®á«¥¤®¢ â¥«ì®áâì {xn} ã¡ë¢ ¥â.2) Ǒ®ª �¥¬, çâ® ¯®á«¥¤®¢ â¥«ì®áâì {xn} ®£à ¨ç¥  á¨§ã. �¯à¥¤ë¤ãé¥© â¥®à¥¬¥ ¡ë«® ¯®ª § ®, çâ® (1 + 1
n

)n

< e=⇒ n ln(1 + 1
n

)

< 1 =⇒ ln n+ 1
n

<
1
n
. � ç¨â,

xn = 1
∨ln 21 + 12

∨ln 32 + 13
∨ln 43 + ...+ 1

n
∨ln n+1

n

− lnn >

> ln 21 + ln 32 + ln 43 + ...+ ln n+ 1
n

− lnn == ln 2 · 3 · 4 · ... · (n + 1)1 · 2 · 3 · ... · n − lnn = ln(n + 1)− lnn > 0,§ ç¨â, ¯®á«¥¤®¢ â¥«ì®áâì {xn} ®£à ¨ç¥  á¨§ã.�§ 1) ¨ 2) ¯®«ãç ¥¬ ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë. ¤�â¥à æ¨® ï ä®à¬ã«  �¥à® 7.
∀a > 0, x1 > 0 ¯®á«¥¤®¢ â¥«ì®áâì xn : xn+1 = 12 (

xn + a

xn

)áå®¤¨âáï ª √
a.7�¥à® �«¥ªá ¤à¨©áª¨© - £à¥ç¥áª¨© ¬ â¥¬ â¨ª ¨ ¬¥å ¨ª. �à¥¬ï �¨§¨ ®â-¥á¥® ª® ¢â®à®© ¯®«®¢¨¥ I ¢¥ª  . í. �¥à®  ®â®áïâ ª ¢¥«¨ç ©è¨¬ ¨�¥¥à ¬§  ¢áî ¨áâ®à¨î ç¥«®¢¥ç¥áâ¢ . � ¯¥à¢ë¬ ¨§®¡àñ«  ¢â®¬ â¨ç¥áª¨¥ ¤¢¥à¨,  ¢â®¬ -â¨ç¥áª¨© â¥ âà ªãª®«,  ¢â®¬ â ¤«ï ¯à®¤ �, áª®à®áâà¥«ìë© á ¬®§ àï� îé¨©-áï  à¡ «¥â, ¯ à®¢ãî âãà¡¨ã,  ¢â®¬ â¨ç¥áª¨¥ ¤¥ª®à æ¨¨, ¯à¨¡®à ¤«ï ¨§¬¥à¥¨ï¯à®âï�ñ®áâ¨ ¤®à®£ ¨ ¤à. Ǒ¥à¢ë¬  ç « á®§¤ ¢ âì ¯à®£à ¬¬¨àã¥¬ë¥ ãáâà®©-áâ¢ : ¢ « á® èâëàìª ¬¨ á  ¬®â ®©   ¥£® ¢¥àñ¢ª®©. � ¨¬ «áï £¥®¬¥âà¨¥©,¬¥å ¨ª®©, £¨¤à®áâ â¨ª®©, ®¯â¨ª®©. �®£¨¥ ¨§ ¥£® ª¨£ ¡¥§¢®§¢à â® ãâ¥àïë(á¢¨âª¨ á®¤¥à� «¨áì ¢ �«¥ªá ¤à¨©áª®© ¡¨¡«¨®â¥ª¥). � áà¥¤¨¥ ¢¥ª  ¬®£¨¥ ¨§¥£® ¨§®¡à¥â¥¨© ¡ë«¨ ®â¢¥à£ãâë, § ¡ëâë ¨«¨ ¥ ¯à¥¤áâ ¢«ï«¨ ¯à ªâ¨ç¥áª®£®¨â¥à¥á . (� â¥à¨ « ¨§ �¨ª¨¯¥¤¨¨) 41СА
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��������������.1) Ǒ®ª �¥¬, çâ® {xn} ®£à ¨ç¥  á¨§ã:
xn+1 −√

a = 12 (

xn + a

xn

)

−
√

a = x2n − 2√a xn + a2xn
== (xn −√

a)22xn
≥ 0 =⇒ xn+1 ≥ √

a,á«¥¤®¢ â¥«ì® ∀ n xn ≥ √
a.2) Ǒ®ª �¥¬, çâ® {xn} ã¡ë¢ ¥â:

xn − xn+1 = xn − 12 (

xn + a

xn

) = 12 (

xn − a

xn

) = x2n − a2xn

c¬. 1)
≥ 0,á«¥¤®¢ â¥«ì®, xn ≥ xn+1, â® ¥áâì {xn} ã¡ë¢ ¥â.�§ 1) ¨ 2) á«¥¤ã¥â, çâ® ¯®á«¥¤®¢ â¥«ì®áâì {xn} ¨¬¥¥â ª®¥çë©¯à¥¤¥«. �¡®§ ç¨¬ íâ®â ¯à¥¤¥« c. �®£¤ , ¯¥à¥å®¤ï ª ¯à¥¤¥«ã ¢ à ¢¥-áâ¢¥ xn+1 = 12 (

xn + a

xn

), ¯®«ãç¨¬ á = 12 (á + aá) =⇒ 2c2 = c2 + a=⇒ c2 = a =⇒ c = √
a. ¤
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§4. Ǒ����� � ��Ǒ���������� �������¯.4.1. �¯à¥¤¥«¥¨¥ ¯à¥¤¥«  äãªæ¨¨�¯à¥¤¥«¥¨¥ ¯à¥¤¥«  äãªæ¨¨ ¯® �¥©¥8.�¨á«® a  §ë¢ ¥âáï ¯à¥¤¥«®¬ äãªæ¨¨ f(x) ¢ â®çª¥ xo, ¥á«¨ ¤«ï«î¡®© ¯®á«¥¤®¢ â¥«ì®áâ¨ {xn}, áå®¤ïé¥©áï ª xo, ¯®á«¥¤®¢ â¥«ì-®áâì {f(xn)}, áå®¤¨âáï ª a.�¡®§ ç ¥âáï lim
x→xo

f(x) = a ¨«¨ f(x) → a ¯à¨ x → xo.
• Ǒà¨¬¥à 1. � áá¬®âà¨¬ f(x) = x+ 1

x − 1, xo = 0.�®§ì¬¥¬ «î¡ãî ¯®á«¥¤®¢ â¥«ì®áâì {xn} â ªãî, çâ® lim
n→∞

xn = 0.�®£¤  lim
n→∞

f(xn) = lim
n→∞

xn + 1
xn − 1 = lim

n→∞
xn + 1lim

n→∞
xn − 1 = −1,á«¥¤®¢ â¥«ì®, lim

x→0 f(x) = −1.
• Ǒà¨¬¥à 2. � áá¬®âà¨¬ f(x) = sin 1

x , xo = 0.�®§ì¬¥¬ ¤¢¥ ¯®á«¥¤®¢ â¥«ì®áâ¨: x′
n = 12πn

¨ x′′
n = 12πn+ π/2.�ç¥¢¨¤®, çâ® lim

n→∞
x′

n = 0 ¨ lim
n→∞

x′′
n = 0, ¯à¨ íâ®¬lim

n→∞
f(x′

n) = lim
n→∞

sin(2πn) = 0;lim
n→∞

f(x′′
n) = lim

n→∞
sin(2πn+ π/2) = 1,á«¥¤®¢ â¥«ì®, ¥ áãé¥áâ¢ã¥â lim

x→0 f(x).8�¥à¨å �¤ã à¤ �¥©¥, 15 ¬ àâ  1821 - 21 ®ªâï¡àï 1881 - ¥¬¥æª¨© ¬ â¥¬ â¨ª,§ ¨¬ «áï ¯à¥¨¬ãé¥áâ¢¥® â¥®à¨¥© ¯®â¥æ¨ « , â¥®à¨¥© äãªæ¨© ¨ ¤¨ää¥à¥-æ¨ «ìë¬¨ ãà ¢¥¨ï¬¨. (� â¥à¨ « ¨§ �¨ª¨¯¥¤¨¨)
43СА
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�¯à¥¤¥«¥¨¥ ¯à¥¤¥«  äãªæ¨¨ ¯® �®è¨9.�¨á«® a  §ë¢ ¥âáï ¯à¥¤¥«®¬ äãªæ¨¨ f(x) ¢ â®çª¥ x0 ¥á«¨ ¤«ï«î¡®© ®ªà¥áâ®áâ¨ U(a) â®çª¨ a áãé¥áâ¢ã¥â â ª ï ®ªà¥áâ®áâì U(x0)â®çª¨ x0, çâ® ¤«ï ¢á¥å x ∈ U(x0) ¡ã¤¥â f(x) ∈ U(a).
• Ǒà¨¬¥à. � áá¬®âà¨¬ f(x) = x+ 1

x
, xo = 1.Ǒ®ª �¥¬, çâ® lim

x→1 f(x) = 2:
f(x) ∈ U(2; ε) ⇐⇒

∣
∣
∣
∣

x+ 1
x

− 2∣∣∣
∣
< ε ⇐⇒

∣
∣
∣
∣

1− x

x

∣
∣
∣
∣
< ε ⇐⇒

− ε <
1− x

x
< ε ⇐⇒







1− x

x
+ ε > 0,1− x

x
− ε < 0, ⇐⇒

{ 1− x+ xε > 0,1− x − xε < 0,
⇐⇒

{ 1 > x(1− ε),1 < x(1 + ε), ⇐⇒11 + ε
‖1− ε1+ε

< x <
11− ε
‖1 + ε1−ε

(1)�®§ì¬¥¬ δ = ε1 + ε
. �®£¤  ¤«ï x ∈ U(1; δ)1− δ < x < 1 + δ < 1 + ε1− ε

,â® ¥áâì x ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã (1),   § ç¨â f(x) ∈ U(2; ε) ¨ ¯®®¯à¥¤¥«¥¨î �®è¨ lim
x→1 f(x) = 2.�ª¢¨¢ «¥â®áâì ®¯à¥¤¥«¥¨© ¯® �®è¨ ¨ ¯® �¥©¥.�¯à¥¤¥«¥¨ï ¯à¥¤¥«  äãªæ¨¨ ¯® �®è¨ ¨ ¯® �¥©¥ íª¢¨¢ «¥âë,â® ¥áâì, ¥á«¨ ãáâ ®¢«¥®, çâ® ç¨á«® a ï¢«ï¥âáï ¯à¥¤¥«®¬ äãªæ¨¨¢ â®çª¥ xo ¯® ®¯à¥¤¥«¥¨î �®è¨, â® a â ª �¥ ï¢«ï¥âáï ¯à¥¤¥«®¬äãªæ¨¨ ¢ â®çª¥ xo ¯® ®¯à¥¤¥«¥¨î �¥©¥, ¨  ®¡®à®â.9á¬. ¯.3.5. 44СА
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��������������.1) Ǒãáâì lim
x→xo

f(x) = a ¯® �®è¨.�®§ì¬¥¬ ¯à®¨§¢®«ìãî ®ªà¥áâ®áâì U(a; ε) ¨  ©¤¥¬ δ â ª®¥, çâ®¤«ï ¢á¥å x ∈ U(xo; δ) ¡ã¤¥â f(x) ∈ U(a; ε).�®§ì¬¥¬ «î¡ãî ¯®á«¥¤®¢ â¥«ì®áâì {xn}, áå®¤ïéãîáï ª xo. Ǒ®®¯à¥¤¥«¥¨î ¯à¥¤¥«  ¯®á«¥¤®¢ â¥«ì®áâ¨,  ©¤¥âáï ®¬¥à,  ç¨ ïá ª®â®à®£® xn ∈ U(xo; δ), ® â®£¤  f(xn) ∈ U(a; ε),   íâ® § ç¨â, çâ®¯®á«¥¤®¢ â¥«ì®áâì {f(xn)} áå®¤¨âáï ª a,   § ç¨â a { ¯à¥¤¥« äãª-æ¨¨ f ¢ â®çª¥ xo ¯® �¥©¥.2)Ǒãáâì lim
x→xo

f(x) = a ¯® �¥©¥.Ǒà¥¤¯®«®�¨¬, çâ® a ¥ ï¢«ï¥âáï ¯à¥¤¥«®¬ äãªæ¨¨ ¢ â®çª¥ xo¯® ®¯à¥¤¥«¥¨î �®è¨. �â® § ç¨â, çâ® ¤«ï «î¡®£® ç¨á«  ε ¨ ¤«ï«î¡®£® áª®«ì ã£®¤® ¬ «®£® ç¨á«  δ  ©¤¥âáï â ª®¥ § ç¥¨¥ x, çâ®
x ∈ U(xo; δ), ® f(x) 6∈ U(a; ε).�®§ì¬¥¬ «î¡®¥ ε ¨ δn = 1

n (n ∈ N). Ǒ® á¤¥« ®¬ã ¯à¥¤¯®«®�¥-¨î, ¤«ï ª �¤®£® n  ©¤¥âáï â ª®¥ § ç¥¨¥ xn, çâ® xn ∈ U(xo; δ),® f(xn) 6∈ U(a; ε). � ª ª ª δn → 0, xn → xo, ® f(xn) 6→ a,   íâ®¯à®â¨¢®à¥ç¨â â®¬ã, çâ® a ï¢«ï¥âáï ¯à¥¤¥«®¬ äãªæ¨¨ ¢ â®çª¥ xo ¯®�¥©¥. � ç¨â, ¯à¥¤¯®«®�¥¨¥ ¥ ¢¥à®¥, § ç¨â a ï¢«ï¥âáï ¯à¥¤¥«®¬äãªæ¨¨ ¢ â®çª¥ xo ¯® ®¯à¥¤¥«¥¨î �®è¨. ¤�¤®áâ®à®¨¥ ¯à¥¤¥«ë.(¯® �¥©¥)�¨á«® a  §ë¢ ¥âáï «¥¢ë¬ ¯à¥¤¥«®¬ äãªæ¨¨ f(x) ¢ â®çª¥ xo, ¥á«¨¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì®áâ¨ {xn}, áå®¤ïé¥©áï ª xo ¨ á®áâ®ïé¥© ¨§ç¨á¥«, ¬¥ìè¨å xo, ¯®á«¥¤®¢ â¥«ì®áâì {f(xn)}, áå®¤¨âáï ª a.�¨á«® a  §ë¢ ¥âáï ¯à ¢ë¬ ¯à¥¤¥«®¬ äãªæ¨¨ f(x) ¢ â®çª¥ xo,¥á«¨ ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì®áâ¨ {xn}, áå®¤ïé¥©áï ª xo ¨ á®áâ®-ïé¥© ¨§ ç¨á¥«, ¡®«ìè¨å xo, ¯®á«¥¤®¢ â¥«ì®áâì {f(xn)}, áå®¤¨âáï ª
a. (¯® �®è¨)�¨á«® a  §ë¢ ¥âáï «¥¢ë¬ ¯à¥¤¥«®¬ äãªæ¨¨ f(x) ¢ â®çª¥ x0 ¥á«¨¤«ï «î¡®© ®ªà¥áâ®áâ¨ U(a) â®çª¨ a áãé¥áâ¢ã¥â â ª®¥ δ, çâ® ¤«ï ¢á¥å
x ∈ (x0 − δ;xo) ¡ã¤¥â f(x) ∈ U(a).45СА
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�¨á«® a  §ë¢ ¥âáï ¯à ¢ë¬ ¯à¥¤¥«®¬ äãªæ¨¨ f(x) ¢ â®çª¥ x0¥á«¨ ¤«ï «î¡®© ®ªà¥áâ®áâ¨ U(a) â®çª¨ a áãé¥áâ¢ã¥â â ª®¥ δ, çâ®¤«ï ¢á¥å x ∈ (xo;x0 + δ; ) ¡ã¤¥â f(x) ∈ U(a).�¥¢ë© ¯à¥¤¥« ®¡®§ ç ¥âáï lim
x→xo−0 f(x) = a;¯à ¢ë© ¯à¥¤¥« ®¡®§ ç ¥âáï lim
x→xo−0 f(x) = a.� ¬¥ç ¨¥ 1. �ç¥¢¨¤®, çâ® ¥á«¨ áãé¥áâ¢ã¥â ¯à¥¤¥« äãªæ¨¨ f(x)¢ â®çª¥ x0, â® ¢ íâ®© â®çª¥ áãé¥áâ¢ãîâ «¥¢ë© ¨ ¯à ¢ë© ¯à¥¤¥«ë ¨íâ¨ ¯à¥¤¥«ë à ¢ë. �¥à® ¨ ®¡à â®¥.� ¬¥ç ¨¥ 2. Ǒ® áãâ¨, ¯à¥¤¥« ¯à¨ x → +∞ ¢á¥£¤  ¯®¨¬ ¥âáï ª ª«¥¢ë© ¯à¥¤¥«,   ¯à¨ x → −∞ ª ª ¯à ¢ë©.� â¥¬ â¨ç¥áª ï § ¯¨áì ®¯à¥¤¥«¥¨ï ¯à¥¤¥«  äãªæ¨¨.�«ï xo, a 6= ∞:lim

x→xo

f(x) = a ⇐⇒ ∀ε > 0 ∃δ(ε) : ∀ |x − xo| < δ ⇒ |f(x)− a| < ε.�á«¨ xo = +∞, â® ¢¬¥áâ® |x − xo| < δ á«¥¤ã¥â ¯¨á âì x > 1/δ,  ¤«ï x0 = −∞ ¯¨èãâ x < −1/δ.�á«¨ a = +∞, â® ¢¬¥áâ® |f(x) − a| < ε á«¥¤ã¥â ¯¨á âì f(x) > 1/ε,  ¤«ï a = −∞ ¯¨èãâ f(x) < −1/ε.�á«¨ x → xo−0 â® ¢¬¥áâ® |x−xo| < δ á«¥¤ã¥â ¯¨á âì x ∈ (xo−δ;x0).�á«¨ x → xo+0 â® ¢¬¥áâ® |x−xo| < δ á«¥¤ã¥â ¯¨á âì x ∈ (x0;xo+δ).�-á¨¬¢®«¨ª .Ǒ®   «®£¨¨ á ¯®á«¥¤®¢ â¥«ì®áâï¬¨, ¡ã¤¥¬ £®¢®à¨âì, çâ® äãª-æ¨ï α(x) ¡¥áª®¥ç® ¬ « ï ¢ ®ªà¥áâ®áâ¨ xo, ¥á«¨ lim
x→xo

α(x) = 0 ¨¡¥áª®¥ç® ¡®«ìè ï, ¥á«¨ lim
x→xo

α(x) = ∞.� áâ® ¢®§¨ª ¥â ¥®¡å®¤¨¬®áâì áà ¢¨âì ¡¥áª®¥ç® ¬ «ë¥ ¨«¨¡¥áª®¥ç® ¡®«ìè¨¥ ¢¥«¨ç¨ë. �«ï íâ®£® ¯à¨¬¥ïîâ á¯¥æ¨ «ìë¥®¡®§ ç¥¨ï:¥á«¨ lim
x→xo

α(x)
β(x) = 0, â® ¯¨èãâ α(x) = o

(
β(x)) ¯à¨ x → xo;¥á«¨ lim

x→xo

α(x)
β(x) = onst 6= 0, â® ¯¨èãâ α(x) = O

(
β(x)) ¯à¨ x → xo.� ¯à¨¬¥à:

x2 = o(x) ¯à¨ x → 0;
x+ 1 = O(x) ¯à¨ x → ∞. 46СА
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�â¬¥â¨¬ ¥ª®â®àë¥ á¢®©áâ¢ :
• o(α) + o(α) = o(α);
• O(α) +O(α) = O(α);
• o(α) +O(α) = O(α);
• o(α) · o(α) = o(α2);
• o(o(α)) = o(α)¨ â.¤. ¯.4.2. �¥¯à¥àë¢®áâì ¨ à §àë¢ë äãªæ¨¨Ǒ®ïâ¨¥ ¥¯à¥àë¢®© äãªæ¨¨.�ãªæ¨ï f(x)  §ë¢ ¥âáï ¥¯à¥àë¢®© ¢ â®çª¥ x0, ¥á«¨lim

x→x0 f(x) = f(x0).�ãªæ¨ï f(x)  §ë¢ ¥âáï ¥¯à¥àë¢®© á«¥¢  â®çª¥ x0, ¥á«¨lim
x→x0−0 f(x) = f(x0).�ãªæ¨ï f(x)  §ë¢ ¥âáï ¥¯à¥àë¢®© á¯à ¢  ¢ â®çª¥ x0, ¥á«¨lim
x→x0+0 f(x) = f(x0).�ãªæ¨ï f(x)  §ë¢ ¥âáï ¥¯à¥àë¢®©   ¬®�¥áâ¢¥, ¥á«¨ ® ¥¯à¥àë¢  ¢ ª �¤®© â®çª¥ íâ®£® ¬®�¥áâ¢ .Ǒà¨¬¥à. �ãªæ¨ï y = sinx ¥¯à¥àë¢ .��������������. � ¤® ¤®ª § âì, çâ® lim

x→xo

sinx = sinxo.� áá¬®âà¨¬ | sinx − sinxo| == |2 sin x − xo2 · os x+ xo2 | = 2 | sin x − xo2 |
︸ ︷︷ ︸

≤
∣
∣
∣
x−xo2 ∣

∣
∣

· | os x+ xo2 |
︸ ︷︷ ︸

≤1 ≤ |x − xo|,á«¥¤®¢ â¥«ì®, ¥á«¨ x → xo, â® sinx → sinxo. ¤� ¬¥ç ¨¥. �®�® ¤®ª § âì, çâ® ¢á¥ í«¥¬¥â àë¥ äãªæ¨¨ ¥-¯à¥àë¢ë   ¢á¥© ®¡« áâ¨ á¢®¥£® ®¯à¥¤¥«¥¨ï.47СА
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Ǒ®ïâ¨¥ à ¢®¬¥à®© ¥¯à¥àë¢®áâ¨.�ãªæ¨ï  §ë¢ ¥âáï ¥¯à¥àë¢®©   ¬®�¥áâ¢¥, ¥á«¨ ®  ¥¯à¥-àë¢  ¢ ª �¤®© â®çª¥ íâ®£® ¬®�¥áâ¢ .Ǒãáâì äãªæ¨ï f(x) ¥¯à¥àë¢    ¬®�¥áâ¢¥ J . �â® § ç¨â, çâ®
∀x′, x′′ ∈ J, ∀ε > 0, ∃δ : ¥á«¨ |x′ − x′′| < δ, â® |f(x′)− f(x′′)| < ε,(£¤¥ δ § ¢¨á¨â ®â ε ¨, ¢®®¡é¥ £®¢®àï, ®â x′ ¨ x′′).�á«¨ �¥ ¬®�® ãâ¢¥à�¤ âì, çâ®
∀ε > 0, ∃δ : ¥á«¨ |x′ − x′′| < δ, â® |f(x′)− f(x′′)| < ε ∀x′, x′′ ∈ J,(â® ¥áâì ¬®�® ãª § âì ®¤® ¨ â® �¥ δ ¤«ï ¢á¥å â®ç¥ª ¬®�¥áâ¢  J),â® £®¢®àïâ, çâ® äãªæ¨ï f à ¢®¬¥à® ¥¯à¥àë¢    ¬®�¥áâ¢¥ J .� ¯à¨¬¥à, à áá¬®âà¨¬ f(x) = 1

x
. �®£¤ 

|f(x′)− f(x′′)| = ∣
∣
∣
∣

1
x′ −

1
x′′

∣
∣
∣
∣
= ∣

∣
∣
∣

x′′ − x′

x′x′′

∣
∣
∣
∣
< ε, ¥á«¨ |x′′ − x′| < ε|x′x′′|.�®§ì¬¥¬ J = (1; 2).�®£¤  ¤«ï δ = ε, x′, x′′ ∈ J, ¥á«¨ |x′′ − x′| < δ, â®, â¥¬ ¡®«¥¥,

|x′′ − x′| < ε|x′x′′|, § ç¨â äãªæ¨ï f à ¢®¬¥à® ¥¯à¥àë¢   ¨â¥à¢ «¥ (1; 2).�®§ì¬¥¬ J = (0; 1). �¥¬ ¡«¨�¥ â®çª  ª ã«î, â¥¬ ¬¥ìè¥  -¤® ¡à âì δ, çâ®¡ ¢ë¯®«¨âì ãá«®¢¨¥ |x′′ − x′| < δ < ε|x′x′′|, § ç¨âäãªæ¨ï f ¥ ï¢«ï¥âáï à ¢®¬¥à® ¥¯à¥àë¢®©   ¨â¥à¢ «¥ (0; 1).�¥®à¥¬  � â®à 10.�ãªæ¨ï, ¥¯à¥àë¢ ï   [a; b℄ à ¢®¬¥à® ¥¯à¥àë¢    ¥¬(çâ® ¥«ì§ï ãâ¢¥à�¤ âì ¤«ï (a; b), á¬. ¯à¥¤ë¤ãé¨© ¯à¨¬¥à).10�¥®à£ � â®à, 3 ¬ àâ  1845 - 6 ï¢ àï 1918 - ¥¬¥æª¨© ¬ â¥¬ â¨ª, ãç¥-¨ª �¥©¥àèâà áá . � ¨¡®«¥¥ ¨§¢¥áâ¥ ª ª á®§¤ â¥«ì â¥®à¨¨ ¬®�¥áâ¢. �á®-¢ â¥«ì ¨ ¯¥à¢ë© ¯à¥§¨¤¥â �¥à¬ áª®£® ¬ â¥¬ â¨ç¥áª®£® ®¡é¥áâ¢ , ¨¨æ¨ â®àá®§¤ ¨ï �¥�¤ã à®¤®£® ª®£à¥áá  ¬ â¥¬ â¨ª®¢. � â®à ¢¯¥à¢ë¥ ®¯à¥¤¥«¨«áà ¢¥¨¥ ¯à®¨§¢®«ìëå ¬®�¥áâ¢, ¢ª«îç ï ¡¥áª®¥çë¥, ¯® ¨å ¬®é®áâ¨ ç¥à¥§¯®ïâ¨¥ ¢§ ¨¬®-®¤®§ ç®£® á®®â¢¥âáâ¢¨ï ¬¥�¤ã ¬®�¥áâ¢ ¬¨. �¥®à¨ï � -â®à  ® âà áä¨¨âëå ç¨á« å ¯¥à¢® ç «ì® ¡ë«  ¢®á¯à¨ïâ  ª ª  àãè¥¨¥¬®£®¢¥ª®¢ëå âà ¤¨æ¨©, § «®�¥ëå ¥éñ ¤à¥¢¨¬¨ £à¥ª ¬¨ ¨ ®âà¨æ îé¨å  ª-âã «ìãî ¡¥áª®¥ç®áâì ª ª «¥£ «ìë© ¬ â¥¬ â¨ç¥áª¨© ®¡ê¥ªâ. �® ¢à¥¬¥¥¬ª â®à®¢áª ï â¥®à¨ï ¬®�¥áâ¢ ¡ë«  ¯®áâ ¢«¥     ªá¨®¬ â¨ç¥áªãî ®á®¢ã ¨áâ «  ªà ¥ã£®«ìë¬ ª ¬¥¬ ¢ á®¢à¥¬¥®¬ ¯®áâà®¥¨¨ ®á®¢ ¨© ¬ â¥¬ â¨ª¨,  ¥ñ ®¯¨à îâáï ¬ â¥¬ â¨ç¥áª¨©   «¨§, â®¯®«®£¨ï, äãªæ¨® «ìë©   «¨§,â¥®à¨ï ¬¥àë ¨ ¬®£¨¥ ¤àã£¨¥ à §¤¥«ë ¬ â¥¬ â¨ª¨. (� â¥à¨ « ¨§ �¨ª¨¯¥¤¨¨)48СА
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��������������. Ǒà¥¤¯®«®�¨¬ ¯à®â¨¢®¥: äãªæ¨ï ¥ ï¢«ï-¥âáï à ¢®¬¥à® ¥¯à¥àë¢®©   [a; b℄, § ç¨â
∃ε > 0 : ∀δ, ∃ x′, x′′ ∈ [a; b℄ â ª¨¥, çâ® |x′ − x′′| < δ,® |f(x′)− f(x′′)| > ε.�®§ì¬¥¬ δn = 1

n . Ǒ® ¯à¥¤¯®«®�¥¨î ∃{x′
n} ¨ {x′′

n} â ª¨¥, çâ®
|x′

n − x′′
n| <

1
n

, ® |f(x′
n)− f(x′′

n)| > ε� ª ª ª {x′
n} ®£à ¨ç¥ , ¯® â¥®à¥¬¥ �®«ìæ ®-�¥©¥àèâà áá  ¨§ ¥¥¬®�® ¢ë¤¥«¨âì áå®¤ïéãîáï ¯®¤¯®á«¥¤®¢ â¥«ì®áâì {x′

nk
}, ¯à¨ç¥¬¨ ¤«ï íâ®© ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨

|x′
nk

− x′′
n| <

1
n

, ® |f(x′
nk
)− f(x′′

n)| > ε (*)�¡®§ ç¨¬ lim
k→∞

x′
nk

= xo. �® â®£¤  ¢ á¨«ã ¥¯à¥àë¢®áâ¨ äãªæ¨¨lim
k→∞

f(x′
nk
) = f(xo), ¨ ¯¥à¥å®¤ï ¢ (*) ª ¯à¥¤¥«ã, ¯®«ãç¨¬

|xo − x′′
n| <

1
n

, ® |f(xo)− f(x′′
n)| > ε (**)� ª ª ª |xo − x′′

n| < 1
n =⇒ xo − 1

n
↓0 < x′′

n < xo + 1
n
↓0 =⇒ x′′

n → xo ¨¢ á¨«ã ¥¯à¥àë¢®áâ¨ äãªæ¨¨ lim
n→∞

f(x′′
n) = f(xo),   íâ® ¯à®â¨¢®à¥-ç¨â ãâ¢¥à�¤¥¨î (**). �«¥¤®¢ â¥«ì®, á¤¥« ®¥ ¯à¥¤¯®«®�¥¨¥ ¥¢¥à®. ¤�®çª¨ à §àë¢  ¨ ¨å ª« áá¨ä¨ª æ¨ï.�â¬¥â¨¬, ¥á«¨ äãªæ¨ï f(x) ¥¯à¥àë¢  ¢ â®çª¥ x0, â®lim

x→x0−0 f(x) = lim
x→x0+0 f(x) = f(x0) (1)�®çª  x0  §ë¢ ¥âáï â®çª®© à §àë¢  äãªæ¨¨, ¥á«¨ ¤«ï ¥ª®â®à®-£® ε > 0 äãªæ¨ï ¥¯à¥àë¢    ¬®�¥áâ¢¥ (x0 − ε, x0)∪ (x0, x0 + ε),® ¥ ï¢«ï¥âáï ¥¯à¥àë¢®© ¢ â®çª¥ x0 (â® ¥áâì ¥ ¢ë¯®«¥® á®®â-®è¥¨¥ (1)).� §«¨ç îâ á«¥¤ãîé¨¥ âà¨ á¨âã æ¨¨:1) lim

x→x0−0 f(x) = lim
x→x0+0 f(x) 6= f(x0). �®£¤  x0  §ë¢ ¥âáï ãáâà -¨¬®© â®çª®© à §àë¢ . 49СА
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� ¯à¨¬¥à: f(x) = {
x2 ¤«ï x 6= 0,1 ¤«ï x = 0. x = 0 { ãáâà ¨¬ ï â®çª  à §-àë¢ .2) lim

x→x0−0 f(x) 6= lim
x→x0+0 f(x) ® ®¡  ¯à¥¤¥«  áãé¥áâ¢ãîâ ¨ ª®¥ç-ë. �®£¤  x0  §ë¢ ¥âáï â®çª®© à §àë¢  ¯¥à¢®£® à®¤ .� ¯à¨¬¥à: f(x) = { 1 ¤«ï x ≤ 0,2 ¤«ï x > 0. x = 0 { â®çª  à §àë¢  ¯¥à¢®£®à®¤ .3) lim

x→x0−0 f(x) = ∞ ¨«¨ lim
x→x0+0 f(x) = ∞. �®£¤  x0  §ë¢ ¥âáïâ®çª®© à §àë¢  ¢â®à®£® à®¤ .� ¯à¨¬¥à: f(x) = 1

x
. x = 0 { â®çª  à §àë¢  ¢â®à®£® à®¤ .¯.4.3. �¥®à¥¬ë ® ¯à¥¤¥«¥ äãªæ¨¨�á®¢ë¥ á¢®©áâ¢  ¯à¥¤¥«  äãªæ¨¨.�¯à¥¤¥«¥¨¥ ¯à¥¤¥«  ¯® �¥©¥ ¯®§¢®«ï¥â ¯¥à¥¥áâ¨ á¢®©áâ¢  ¯à¥-¤¥«  ¯®á«¥¤®¢ â¥«ì®áâ¨   ¯à¥¤¥« äãªæ¨¨. � ¨¬¥®:

• �¥®à¥¬  ® ¥¤¨áâ¢¥®áâ¨ ¯à¥¤¥« . �á«¨ ã äãªæ¨¨ ¢ â®çª¥áãé¥áâ¢ã¥â ¯à¥¤¥«, â® ® ¥¤¨áâ¢¥ë©.
• �¥®à¥¬  ® ¯¥à¥å®¤¥ ª ¯à¥¤¥«ã ¢ ¥à ¢¥áâ¢¥. �á«¨ ¢ ¥ª®â®à®©®ªà¥áâ®áâ¨ xo f(x) < g(x) (¨«¨ ≤), â® lim

x→x0 f(x) ≤ lim
x→x0 g(x).

• �¥®à¥¬  ® ¤¢ãå ¬¨«¨æ¨®¥à å. �á«¨ ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ xo

f(x) ≤ g(x) ≤ h(x), lim
x→x0 f(x) = a ¨ lim

x→x0 h(x) = a, â® ¨ lim
x→x0 g(x) = a.

• �¥®à¥¬  ® ¯à¥¤¥«¥ áã¬¬ë (à §®áâ¨), ¯à®¨§¢¥¤¥¨ï, ç áâ®£®.�á«¨ lim
x→x0 f(x) = a, lim

x→x0 g(x) = b, â®lim
x→x0(f(x)± g(x)) = a ± b;lim
x→x0(f(x)g(x)) = ab;lim
x→x0 f(x)

g(x) = a

b
(¯à¨ ¤®¯®«¨â¥«ì®¬ ãá«®¢¨¨ b 6= 0).

• �¥®à¥¬  ®¡ ®£à ¨ç¥®áâ¨. �á«¨ äãªæ¨ï ¢ â®çª¥ xo ¨¬¥¥âª®¥çë© ¯à¥¤¥«, â® ®  ®£à ¨ç¥  ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ íâ®©â®çª¨. 50СА
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�¥®à¥¬  ®¡ ®¤®áâ®à®¨å ¯à¥¤¥« å ¬®®â®®© äãªæ¨¨.�á«¨ äãªæ¨ï f(x) ¬®®â®    [a; b℄, â® ¢ ª �¤®© â®çª¥ (a; b)®  ¨¬¥¥â ª®¥çë© ¯à¥¤¥«,   â ª �¥ ¢ a ¨ b á®®â¢¥âáâ¢¥® ¯à ¢ë©¨ «¥¢ë© ¯à¥¤¥«ë.��������������. Ǒãáâì ¤«ï ®¯à¥¤¥«¥®áâ¨ f(x) ¥ ã¡ë¢ ¥â.�®§ì¬¥¬ c ∈ (a; b℄ ¨ à áá¬®âà¨¬ ¬®�¥áâ¢® J = {f(x), x ∈ [a; á)}.� ª ª ª f(a) ≤ f(x) ≤ f(c), J { ®£à ¨ç¥®¥ ¬®�¥áâ¢®, § ç¨â
∃ supJ = s. Ǒ® á¢®©áâ¢ã sup:1) ∀y ∈ J y ≤ s =⇒ f(x) ≤ s ∀ x ∈ [a; á);2) ∀ ε > 0 ∃y0 ∈ J â ª®©, çâ® s − ε < y0 < s =⇒
∃ x0 ∈ [a; á) â ª®©, çâ® s − ε < f(x0) < s.�§ (1) ¨ (2) á«¥¤ã¥â, çâ®¤«ï x ∈ (x0; c) s − ε < f(x0) < f(x) ≤ s < s+ ε.�¡®§ ç¨¬ δ = c − x0. �®£¤  ¯®á«¥¤¥¥ ¥à ¢¥áâ¢® ¯¥à¥¯¨è¥âáï ¢¢¨¤¥: ¤«ï x ∈ (c − δ; c) s − ε < f(x) < s+ ε,  íâ® ®§ ç ¥â, çâ® s = lim

x→x0−0 f(x), â® ¥áâì «¥¢ë© ¯à¥¤¥« áãé¥áâ¢ã¥â.� «®£¨ç® ¤®ª §ë¢ ¥âáï áãé¥áâ¢®¢ ¨¥ ¯à ¢®£® ¯à¥¤¥« . ¤� §àë¢ë ¬®®â®®© äãªæ¨¨.�®®â® ï äãªæ¨ï ¬®�¥â ¨¬¥âì à §àë¢ë â®«ìª® ¯¥à¢®£® à®¤ ,¯à¨ç¥¬ ¨å ¥ ¡®«¥¥, ç¥¬ áç¥â®¥ ¬®�¥áâ¢®.��������������. Ǒãáâì ¤«ï ®¯à¥¤¥«¥®áâ¨ äãªæ¨ï f ¥ã¡ë-¢ îé ï, xo { ¥¥ â®çª  à §àë¢ . � ¯à¥¤ë¤ãé¥© â¥®à¥¬¥ ¡ë«® ¯®ª § -®, çâ® ã äãªæ¨¨ f ¢ ª �¤®© â®çª¥, ¢ â®¬ ç¨á«¥ ¨ ¢ xo, ¥áâì «¥¢ë©¨ ¯à ¢ë© ¯à¥¤¥«ë, ¯à¨ç¥¬ ®¡  ®¨ ª®¥çë. � ç¨â, xo ¥ ¬®�¥â¡ëâì â®çª®© à §àë¢  ¢â®à®£® à®¤ .� ª ª ª f(xo − δ) ≤ f(xo) ≤ f(xo + δ) =⇒=⇒ lim
δ→0 f(xo − δ) ≤ f(xo) ≤ lim

δ→0 f(xo + δ) =⇒=⇒ lim
x→x0−0 f(x) ≤ f(xo) ≤ lim

x→x0+0 f(x),51СА
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¨ ¥á«¨ ®¡  ¯à¥¤¥«ë à ¢ë, â® äãªæ¨ï ¥¯à¥àë¢  ¢ â®çª¥ xo,   íâ®¯à®â¨¢®à¥ç¨â â®¬ã, çâ® xo â®çª  à §àë¢ . � ç¨â, xo ¥ ¬®�¥â ¡ëâìãáâà ¨¬ë¬ à §àë¢®¬.� ª¨¬ ®¡à §®¬ xo ¬®�¥â ¡ëâì â®«ìª® à §àë¢®¬ ¯¥à¢®£® à®¤ .� �¤®© â®çª¥ à §àë¢  ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ¨â¥à¢ «
(
f(xo −0); f(xo+0)),   ª �¤®¬ ¨â¥à¢ «¥ ¢ë¡¥à¥¬ ®¤® à æ¨® «ì-®¥ ç¨á«®. � ª ª ª à æ¨® «ìëå ç¨á¥« áç¥â®¥ ¬®�¥áâ¢®, § ç¨â¨â¥à¢ «®¢,  , á«¥¤®¢ â¥«ì®, ¨ â®ç¥ª à §àë¢ , ¥ ¡®«¥¥, ç¥¬ áç¥â®¥¬®�¥áâ¢®. ¤Ǒ¥à¢ë© § ¬¥ç â¥«ìë© ¯à¥¤¥«.lim

x→0 sinx

x
= 1��������������. � áá¬®âà¨¬ ¥¤¨¨çãî ®ªàã�®áâì ¨ ã£®« x:

S△OAC < Sá¥ªâ®à  OAC < S△OBC

S△OAC = 12 · OA · OC sinx = 12 sinx;
Sá¥ªâ®à  OAC = πr22π · x = 12x;
S△OBC = 12 · OC · BC == 12 · OC · (OCtgx) = 12tgx;=⇒ sinx < x < tgx /: sinx=⇒ 1 <

xsinx
<

1osx.� ª ª ª 1osx → 0 ¯à¨ x → 0, =⇒ xsinx
→ 0 ¯à¨ x → 0. ¤�«¥¤áâ¢¨¥. lim

x→0 1− osx
x2 = 12.��������������.1− osx

x2 = (1− osx)(1 + osx)
x2(1 + osx) = sin2 x

x2(1 + osx) = ( sinx

x

)2 11 + osx� ª ª ª osx → 1 ¯à¨ x → 0, ¯®«ãç ¥¬ âà¥¡ã¥¬®¥. ¤52СА
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�â®à®© § ¬¥ç â¥«ìë© ¯à¥¤¥«.lim
x→0(1 + x)1/x = e��������������. �®á¯®«ì§ã¥¬áï ®¯à¥¤¥«¥¨¥¬ ¯à¥¤¥«  äãª-æ¨¨ ¯® �¥©¥. � ¤® ¤®ª § âì, çâ® ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì®áâ¨

{xn}, áå®¤ïé ïáï ª 0, lim
n→∞

(1 + xn)1/xn = e� ¥¥ íâ® ¡ë«® ¤®ª § ® ¤«ï ®¤®© ¯®á«¥¤®¢ â¥«ì®áâ¨. � ¨¬¥®,¤«ï xn = 1
n ¤®ª § ®: lim

n→∞

(1 + 1
n

)n = e (®¯à¥¤¥«¥¨¥ ç¨á«  e). �¥-¯¥àì  ¤® ¤®ª § âì ¤«ï ¢á¥å ¯®á«¥¤®¢ â¥«ì®áâ¥©, áå®¤ïé¨åáï ª 0.Ǒãáâì {xn} { ¯à®¨§¢®«ì ï ¯®á«¥¤®¢ â¥«ì®áâì ¯®«®�¨â¥«ìëåç¨á¥«, áå®¤ïé ïáï ª 0.�®§ì¬¥¬ mn = [1/xn℄ (æ¥« ï ç áâì). �®£¤ 
mn ≤ 1

xn
< mn + 1 ¨ 1

mn + 1 < xn ≤ 1
mn

{mn} { ¯®¤¯®á«¥¤®¢ â¥«ì®áâì  âãà «ìëå ç¨á¥«,   § ç¨â, ¯® ¤®-ª § ®¬ã à ¥¥ lim
n→∞

(1 + 1
mn

)mn = e,   lim
n→∞

1
mn

= 0.Ǒ®íâ®¬ã(1 + xn)1/xn <

(1 + 1
mn

)mn+1 = (1 + 1
mn

)mn
(1 + 1

mn

)

→ e¨ (1 + xn)1/xn >

(1 + 1
mn + 1)mn == (1 + 1

mn + 1)mn+1 (1 + 1
mn + 1)−1

→ eǑ® â¥®à¥¬¥ ® ¤¢ãå ¬¨«¨æ¨®¥à å =⇒ (1 + xn)1/xn → e.�«¥¤®¢ â¥«ì®, lim
x→0+0(1 + x)1/x = e (1)53СА
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Ǒãáâì â¥¯¥àì {xn} { ¯à®¨§¢®«ì ï ¯®á«¥¤®¢ â¥«ì®áâì ®âà¨æ -â¥«ìëå ç¨á¥«, áå®¤ïé ïáï ª 0.�®§ì¬¥¬ yn = − xn1+xn
. �®£¤  yn + ynxn = −xn, xn = − yn1+yn

.�ç¥¢¨¤®, çâ® {yn} ¡¥áª®¥ç® ¬ « ï ¯®á«¥¤®¢ â¥«ì®áâì ¯®«®-�¨â¥«ìëå ç¨á¥«. �®£¤  ¯® ¤®ª § ®¬ã lim
n→∞

(1 + yn)1/yn = e ¨(1 + xn)1/xn = (1− yn1 + yn

)− 1+yn
yn = ( 11 + yn

)−(1+ 1
yn

) == (1 + yn)(1 + yn) 1
yn → e�«¥¤®¢ â¥«ì®, lim

x→0−0(1 + x)1/x = e (2)�§ (1) ¨ (2) ¯®«ãç ¥¬ ¤®ª §ë¢ ¥¬®¥ à ¢¥áâ¢®. ¤�«¥¤áâ¢¨¥ (âà¥â¨© § ¬¥ç â¥«ìë© ¯à¥¤¥«).lim
x→0 ln(1 + x)

x
= 1��������������.lim

x→0 ln(1 + x)
x

= lim
x→0 ln(1 + x)1/x = ln lim

x→0(1 + x)1/x = ln e = 1. ¤�«¥¤áâ¢¨¥ (ç¥â¢¥àâë© § ¬¥ç â¥«ìë© ¯à¥¤¥«).lim
x→0 ax − 1

x
= ln a��������������. �ë¯®«¨¬ § ¬¥ã: ax − 1 = y. �®£¤  y → 0,

x = loga(y + 1) = ln(y + 1)ln a
. � ª¨¬ ®¡à §®¬,lim

x→0 ax − 1
x

= lim
y→0 y · ln aln(y + 1) = ln a · lim

y→0 yln(y + 1) = ln a. ¤
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¯.4.4. Ǒà¨¬¥àë ¢ëç¨á«¥¨ï ¯à¥¤¥«®¢Ǒà¨¬¥à 1. � ©â¨ lim
x→∞

x2
x3 + 1.�¥è¥¨¥. � ª ª ª lim

x→∞
x2 = ∞ ¨ lim

x→∞
(x3+1) = ∞, â® ¨¬¥¥¬ ¥®¯à¥-¤¥«¥®áâì ¢¨¤  ∞/∞. Ǒà¥®¡à §ã¥¬ ¢ëà �¥¨¥ x2

x3 + 1 , à §¤¥«¨¢ç¨á«¨â¥«ì ¨ § ¬¥ â¥«ì   x3, â.¥.   áâ àèãî áâ¥¯¥ì ¯¥à¥¬¥®©
x, ª®â®à ï á®¤¥à�¨âáï ¢ ¤ ®¬ ¢ëà �¥¨¨. �®£¤  ¯®«ãç¨¬lim

x→∞

x2
x3 + 1 = lim

x→∞

1
x1 + 1

x3 = (¯®¤áâ ¢«ï¥¬ x = ∞) = 01 + 0 = 0.Ǒà¨¬¥à 2. � ©â¨ lim
n→∞

(√n2 + 3n − n).�¥è¥¨¥. � ¤ ®¬ á«ãç ¥ ¨¬¥¥¬ ¥®¯à¥¤¥«¥®áâì ¢¨¤  ∞ − ∞.�¬®�¨¬ ¨ à §¤¥«¨¬ ¢ëà �¥¨¥, § ¤ îé¥¥ ¯®á«¥¤®¢ â¥«ì®áâì,  á®¯àï�¥®¥ ¢ëà �¥¨¥: √n2 + 3n+ n. �®£¤  ¯®«ãç¨¬lim
n→∞

(√n2 + 3n − n) = lim
n→∞

(√n2 + 3n − n)(√n2 + 3n+ n)√
n2 + 3n+ n

== lim
n→∞

n2+3n−n2√
n2+3n+n

= lim
n→∞

3n
n√

n2+3n
n + n

n

= lim
n→∞

3
√1 + 3

n + 1 = 32 .Ǒà¨¬¥à 3. � ©â¨ lim
x→1 x2 − 4x+ 3

x3 − 6x2 + 11x − 6.�¥è¥¨¥. �î¡ë¬ ¨§¢¥áâë¬ á¯®á®¡®¬ à §«®�¨¬ ç¨á«¨â¥«ì ¨ § -¬¥ â¥«ì   ¬®�¨â¥«¨. � ¯à¨¬¥à, ¢ ç¨á«¨â¥«¥ ¬®�® ¯à¨ ¯®¬®é¨¤¨áªà¨¬¨ â   ©â¨ ª®à¨ x1, x2 ª¢ ¤à â®£® âà¥åç«¥  ¨ ¯à¨¬¥-¨âì à ¢¥áâ¢®: ax2 + bx+ c = a(x − x1)(x − x2).� ¬¥ â¥«ì ¬®�® ¯®¤¥«¨âì "ã£®«ª®¬"   x − 1:
x3 − 6x2 + 11x − 6 ∣

∣
∣ x − 1

x3 − x2 ∣
∣
∣ x2 − 5x+ 6

−5x2+11x − 6
−5x2 + 5x6x − 66x − 6055СА
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� à¥§ã«ìâ â¥ ¯®«ãç¨¬:lim
x→1 x2 − 4x+ 3

x3 − 6x2 + 11x − 6 = lim
x→1 (x − 1)(x − 3)(x − 1)(x2 − 5x+ 6) == lim

x→1 x − 3
x2 − 5x+ 6 = −22 = −1.Ǒà¨¬¥à 4. � ©â¨ lim

x→2 √x+ 7− 33√x − 1− 1.�¥è¥¨¥. �â®¡ë ¢ ç¨á«¨â¥«¥ ¯à¨¬¥¨âì ä®à¬ã«ã "à §®áâì ª¢ ¤-à â®¢": (a − b)(a + b) = a2 − b2, ¤®¬®�¨¬ ç¨á«¨â¥«ì ¨ § ¬¥ â¥«ì  ¢ëà �¥¨¥, á®¯àï�¥®¥ ç¨á«¨â¥«î. �â®¡ë ¢ § ¬¥ â¥«¥ ¯à¨-¬¥¨âì ä®à¬ã«ã "à §®áâì ªã¡®¢": (a − b)(a2 + ab + b2) = a3 − b3,¤®¬®�¨¬ ç¨á«¨â¥«ì ¨ § ¬¥ â¥«ì   ¥¯®«ë© ª¢ ¤à â áã¬¬ë § -¬¥ â¥«ï:lim
x→2 √x+ 7− 33√x − 1− 1 == lim

x→2 (√
x+ 7− 3) ·

(√
x+ 7 + 3) ·

(( 3√x − 1)2 + 3√x − 1 + 1)
( 3√x − 1− 1) ·

(( 3√x − 1)2 + 3√x − 1 + 1) ·
(√

x+ 7 + 3) == lim
x→2 ((x + 7)− 9) ·

(( 3√x − 1)2 + 3√x − 1 + 1)
((x − 1)− 1) ·

(√
x+ 7 + 3) == lim

x→2 (

x − 2) ·
(( 3√x − 1)2 + 3√x − 1 + 1)

(

x − 2) ·
(√

x+ 7 + 3) = 1 + 1 + 13 + 3 = 12 .Ǒà¨¬¥à 5. � ©â¨ lim
x→0 sin 3xtg2x1− os 4x .�¥è¥¨¥. �â®¡ë á¢¥áâ¨ ª ¯¥à¢®¬ã § ¬¥ç â¥«ì®¬ã ¯à¥¤¥«ã ¨ á«¥¤-áâ¢¨î ¨§ ¥£®, ¢ë¯®«¨¬ ®ç¥¢¨¤ë¥ ¯à¥®¡à §®¢ ¨ï:lim

x→0 sin 3xtg2x1− os 4x = lim
x→0 sin 3x3x · 3x · sin 2xos 2x · 2x · 2x1− os 4x(4x)2 · (4x)2 == lim

x→0 6x2 · 1os 2x12 · (4x)2 = lim
x→0 68 os 2x = 34 .56СА
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Ǒà¨¬¥à 6. � ©â¨ lim
x→0 os 2x − os 3x1− os 4x os 5x .�¥è¥¨¥. �â®¡ë á¢¥áâ¨ ª á«¥¤áâ¢¨î ¨§ ¯¥à¢®£® § ¬¥ç â¥«ì®£®¯à¥¤¥« , ¢ë¯®«¨¬ ®ç¥¢¨¤ë¥ ¯à¥®¡à §®¢ ¨ï:lim

x→0 os 2x − os 3x1− os 4x os 5x = lim
x→0 os 2x − 1 + 1− os 3x1− os 4x+ os 4x − os 4x os 5x == lim

x→0 os 2x − 1(2x)2 · (2x)2 + 1− os 3x(3x)2 · (3x)21− os 4x(4x)2 · (4x)2 + os 4x(1− os 5x)(5x)2 · (5x)2 == lim
x→0 −12 · (2x)2 + 12 · (3x)212 · (4x)2 + 12 os 4x · (5x)2 = −42 + 92162 + 252 = 541 .Ǒà¨¬¥à 7. � ©â¨ lim
x→π/4 2 osx −

√22 sinx −
√2 .�¥è¥¨¥. �â®¡ë á¢¥áâ¨ ª ¯¥à¢®¬ã § ¬¥ç â¥«ì®¬ã ¯à¥¤¥«ã ¨ á«¥¤-áâ¢¨î ¨§ ¥£®, á¤¥« ¥¬ § ¬¥ã x− π/4 = t, â®£¤  x = t+ π/4, t → 0 ¨¨áå®¤ë© ¯à¥¤¥« ¯à¨¬¥â ¢¨¤:lim

x→π/4 2 osx −
√22 sinx −
√2 = lim

t→0 2 os(t + π/4)−√22 sin(t + π/4)−√2 =(¯à¨¬¥ï¥¬ ä®à¬ã«ë ª®á¨ãá áã¬¬ë ¨ á¨ãá áã¬¬ë ¨ ¯®¤áâ ¢«ï¥¬â ¡«¨çë¥ § ç¥¨ï os π4 = √22 , sin π4 = √22 )= lim
t→0 √2 os t −√2 sin t −

√2√2 sin t+√2 os t −√2 = lim
t→0 os t − 1− sin tsin t+ os t − 1 == lim

t→0 os t − 1
t2 · t2 − sin t

t
· tsin t

t
· t+ os t − 1

t2 · t2 = lim
t→0 −12 · t2 − t

t − 12 · t2 = lim
t→0 −t2 − 2t2t − t2 == lim

t→0 −t − 22− t
= −1.57СА
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Ǒà¨¬¥à 8. � ©â¨ lim
x→1( x+ 13x − 1)1/(x−1).�¥è¥¨¥. Ǒà¥®¡à §ã¥¬ ¢ëà �¥¨¥ â ª, çâ®¡ë ¯®«ãç¨«áï ¢â®à®©§ ¬¥ç â¥«ìë© ¯à¥¤¥«:lim

x→1( x+ 13x − 1) 1
x−1 = lim

x→1(1 + ( x+ 13x − 1 − 1)) 1
x−1 == lim

x→1(1 + 2(1− x)3x − 1 ) 3x−12(1−x) · 2(1−x)3x−1 · 1
x−1 = lim

x→1 e
− 23x−1 = e−1 = 1

e
.Ǒà¨¬¥à 9. � ©â¨ lim

x→0 (2sinx − 1)(3x2 − 3x)ln(osx) .�¥è¥¨¥. �®¬®�¨¢ ¨ à §¤¥«¨¢   ¥¤®áâ îé¨¥ ¢ëà �¥¨ï, á¢¥-¤¥¬ § ¬¥ â¥«ì ª âà¥âì¥¬ã § ¬¥ç â¥«ì®¬ã ¯à¥¤¥«ã,   ¬®�¨â¥«¨ç¨á«¨â¥«ï ª ç¥â¢¥àâ®¬ã § ¬¥ç â¥«ì®¬ã ¯à¥¤¥«ã:lim
x→0 (2sinx − 1)(3x2 − 3x)ln(osx) == lim

x→0(2sinx − 1sinx
· sinx · 3x(3x2−x − 1)

x2 − x
· (x2 − x)·

· osx − 1ln(1 + (osx − 1)) · 1osx − 1) == ln 2 · ln 3 · lim
x→0( sinx · 3x · (x2 − x)osx − 1 ) == ln 2 · ln 3 · lim

x→0 sinx

x
· x · 3x · x(x − 1)osx − 1

x2 · x2 == ln 2 · ln 3 · lim
x→0 x2 · 3x · (x − 1)

−0, 5 · x2 = 2 · ln 2 · ln 3.58СА
РА
ТО
ВС
КИ
Й ГО

СУ
ДА
РС
ТВ
ЕН
НЫ
Й УН

ИВ
ЕР
СИ
ТЕ
Т И
МЕ
НИ

 Н
. Г

. Ч
ЕР
НЫ
ШЕ
ВС
КО
ГО



¯.4.5. �¥®à¥¬ë ® ¥¯à¥àë¢®© äãªæ¨¨Ǒà®áâ¥©è¨¥ á¢®©áâ¢ .�á«¨ äãªæ¨¨ f(x) ¨ g(x) ¥¯à¥àë¢ë ¢ â®çª¥ xo, â® ¨ äãªæ¨¨
f(x)±g(x), f(x)g(x), f(x)/g(x) (¯à¨ ¤®¯®«¨â¥«ì®¬ ãá«®¢¨¨ g(xo) 6=0) ¥¯à¥àë¢ë ¢ â®çª¥ xo.�á«¨ äãªæ¨ï f(x) ¥¯à¥àë¢  ¢ â®çª¥ xo,   g(y) ¥¯à¥àë¢  ¢â®çª¥ y0 = f(xo), â® ¨ äãªæ¨ï g(f(x)) ¥¯à¥àë¢  ¢ â®çª¥ xo.Ǒ¥à¢ ï â¥®à¥¬  �¥©¥àèâà áá 11.�á«¨ äãªæ¨ï f(x) ¥¯à¥àë¢    ®âà¥§ª¥ [a; b℄, â® ®  ®£à ¨ç¥   íâ®¬ ®âà¥§ª¥.� ¬¥ç ¨¥. �«ï (a; b) (  â ª �¥ [a; b), (a; b℄ ) ¯®¤®¡®£® ãâ¢¥à�¤ âì¥«ì§ï. � ¯à¨¬¥à, äãªæ¨ï f(x) = 11− x

¥¯à¥àë¢    [0; 1), ®,®ç¥¢¨¤®, ¥ ï¢«ï¥âáï ®£à ¨ç¥®© â ª ª ª lim
x→1−0 f(x) = +∞.��������������. Ǒà¥¤¯®«®�¨¬ ¯à®â¨¢®¥: ¯ãáâì f ¥ ®£à -¨ç¥  á¢¥àåã   [a; b℄. �®£¤  ¤«ï ª �¤®£® n ∈ N  ©¤¥âáï â®çª 

xn ∈ [a; b℄ â ª ï, çâ® f(xn) > n, â® ¥áâì lim
n→∞

f(xn) = +∞.Ǒ®áª®«ìªã {xn} ®£à ¨ç¥ ï ¯®á«¥¤®¢ â¥«ì®áâì, ¨§ ¥¥, ¯® â¥®-à¥¬¥ �®«ìæ ®-�¥©¥àèâà áá , ¬®�® ¢ë¤¥«¨âì áå®¤ïéãîáï ¯®¤¯®-á«¥¤®¢ â¥«ì®áâì {xnk
}. �¡®§ ç¨¬ lim

k→∞
xnk

= x0. �®£¤ , ¢ á¨«ã¥¯à¥àë¢®áâ¨, lim
k→∞

f(xnk
) = f(xo).�® {f(xnk

)} { ¯®¤¯®á«¥¤®¢ â¥«ì®áâì {f(xn)}, ¯à¥¤¥« ª®â®à®© à -¢¥ +∞, á«¥¤®¢ â¥«ì® ¨ f(xnk
) ¤®«�  áâà¥¬¨âáï ª +∞.Ǒ®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥, § ç¨â á¤¥« ®¥ ¯à¥¤¯®«®�¥¨¥ ¥ ¢¥à-®, § ç¨â f ®£à ¨ç¥  á¢¥àåã.� «®£¨ç® ¤®ª §ë¢ ¥âáï ®£à ¨ç¥®áâì á¨§ã. ¤�â®à ï â¥®à¥¬  �¥©¥àèâà áá .�á«¨ äãªæ¨ï ¥¯à¥àë¢    ®âà¥§ª¥ [a; b℄, â®   íâ®¬ ®âà¥§ª¥ ® ¤®áâ¨£ ¥â á¢®¥£® ¬ ªá¨¬ã¬  ¨ ¬¨¨¬ã¬ .� ¬¥ç ¨¥. �«ï (a; b) (  â ª �¥ [a; b), (a; b℄ ) ¯®¤®¡®£® ãâ¢¥à�¤ âì¥«ì§ï.11á¬. ¯.3.5. 59СА
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��������������. �¡®§ ç¨¬ M = sup f(x). Ǒà¥¤¯®«®�¨¬ ¯à®-â¨¢®¥: ∀x f(x) < M (¥â "=", â® ¥áâì ã f ¥áâì sup ® ¥â max).�®£¤  ϕ(x) = 1
M − f(x) ¥¯à¥àë¢ ï äãªæ¨ï ¨ ¯® ¯¥à¢®© â¥®à¥-¬¥ �¥©¥àèâà áá  ϕ ®£à ¨ç¥ , § ç¨â  ©¤¥âáï ª®¥ç®¥ ç¨á«® Bâ ª®¥, çâ® ϕ(x) ≤ B =⇒ 1

M − f(x) ≤ B =⇒ 1 ≤ BM − Bf(x) =⇒
f(x) ≤ M− 1

B
,   íâ® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® M â®ç ï ¢¥àåïï £à ì,â® ¥áâì á ¬®¥ ¬ «¥ìª®¥ ¨§ ç¨á¥«, ®£à ¨ç¨¢ îé¨å f á¢¥àåã.� ç¨â, á¤¥« ®¥ ¯à¥¤¯®«®�¥¨¥ ¥ ¢¥à®. ¤�¥®à¥¬  ® ¯à®¬¥�ãâ®ç®¬ § ç¥¨¨.�á«¨ äãªæ¨ï f(x) ¥¯à¥àë¢    ®âà¥§ª¥ [a; b℄, f(a) = A, f(b) =

B (A 6= B), â® ¤«ï «î¡®£® ç¨á«  C ¬¥�¤ã A ¨ B,  ©¤¥âáï â®çª 
xo ∈ (a; b) â ª ï, çâ® f(xo) = C (â® ¥áâì äãªæ¨ï ¯à¨¨¬ ¥â ¢á¥§ ç¥¨ï ¬¥�¤ã ªà ©¨¬¨).��������������. Ǒãáâì ¤«ï ®¯à¥¤¥«¥®áâ¨ A < C < B. � á-á¬®âà¨¬ äãªæ¨î ϕ(x) = f(x)− C.

ϕ(a) = f(a)− C = A − C < 0,
ϕ(b) = f(b)− C = B − C > 0.�¡®§ ç¨¬ J { ¬®�¥áâ¢® â®ç¥ª ®âà¥§ª  [a; b℄, ¢ ª®â®àëå ϕ(x) < 0,sup J = xo (sup áãé¥áâ¢ã¥â, â ª ª ª J ®£à ¨ç¥®¥).�®¯ãáâ¨¬, çâ® ϕ(xo) < 0. �®§ì¬¥¬ ε = − 12ϕ(xo). � ª ª ª ϕ ¥¯à¥-àë¢ ,  ©¤¥âáï δ â ª®¥, çâ® ¤«ï ¢á¥å x ∈ (xo − δ;xo + δ) ¡ã¤¥â

ϕ(x) ∈ (

ϕ(xo)− ε ; ϕ(xo) + ε

) = ( 32ϕ(xo) ; 12ϕ(xo)
︸ ︷︷ ︸

<0 )

.Ǒ®«ãç ¥âáï, çâ® á¯à ¢  ®â xo ¥áâì â®çª¨, ¬®�¥áâ¢  J ,   íâ® ¯à®â¨-¢®à¥ç¨â â®¬ã, çâ® xo = sup J . � ç¨â ϕ(xo) 6< 0.�®¯ãáâ¨¬, çâ® ϕ(xo) > 0. �®§ì¬¥¬ ε = 12ϕ(xo). � ª ª ª ϕ ¥¯à¥-àë¢ ,  ©¤¥âáï δ â ª®¥, çâ® ¤«ï ¢á¥å x ∈ (xo − δ;xo + δ) ¡ã¤¥â
ϕ(x) ∈ (

ϕ(xo)− ε ; ϕ(xo) + ε

) = ( 12ϕ(xo)
︸ ︷︷ ︸

>0 ; 32ϕ(xo)).60СА
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Ǒ®«ãç ¥âáï, çâ® á«¥¢  ®â xo ¥áâì â®çª¨, ¬®�¥áâ¢  J ,   íâ® ¯à®â¨¢®-à¥ç¨â â®¬ã, çâ® xo = sup J . � ç¨â ϕ(xo) 6> 0.�áâ ¥âáï ¥¤¨áâ¢¥ë© ¢ à¨ â: ϕ(xo) = 0 =⇒ f(xo) = C. ¤
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��������������� ��Ǒ����1. �¥â®¤ ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨. Ǒà¨¬¥àë ¯à¨¬¥¥¨ï. �¨®¬�ìîâ® .2. � æ¨® «ìë¥ ¨ ¨àà æ¨® «ìë¥ ç¨á« 3. �ç¥âë¥ ¨ ¥áç¥âë¥ ¬®�¥áâ¢ . �ç¥â®áâì à æ¨® «ìëå ç¨á¥«.�¥áç¥â®áâì ¨àà æ¨® «ìëå ç¨á¥«.4. Ǒ®ïâ¨¥ inf ¨ sup. �¯à¥¤¥«¥¨¥ ¨ å à ªâ¥à¨áâ¨ç¥áª®¥ á¢®©áâ¢®.�¥®à¥¬  ® áãé¥áâ¢®¢ ¨¨ inf ¨ sup.5. Ǒà®áâ¥©è¨¥ á¢®©áâ¢  äãªæ¨©. � «¨â¨ç¥áª ï § ¯¨áì ãá«®¢¨ï ¢ë-¯ãª«®áâ¨ (¤¢¥ ä®à¬ë)6. �ãªæ¨® «ìë¥ ãà ¢¥¨ï, § ¤ îé¨¥ í«¥¬¥â àë¥ äãªæ¨¨.7. �¥áª®¥ç® ¬ «ë¥ ¯®á«¥¤®¢ â¥«ì®áâ¨8. �¥áª®¥ç® ¡®«ìè¨¥ ¯®á«¥¤®¢ â¥«ì®áâ¨.9. �¥®à¥¬  ® ¥¤¨áâ¢¥®áâ¨ ¯à¥¤¥«  ¯®á«¥¤®¢ â¥«ì®áâ¨.10. Ǒ¥à¥å®¤ ª ¯à¥¤¥«ã ¢ ¥à ¢¥áâ¢ å11. �¥®à¥¬  ® ¤¢ãå ¬¨«¨æ¨®¥à å12. �¥®à¥¬ë ® ¯à¥¤¥«¥ áã¬¬ë (à §®áâ¨), ¯à®¨§¢¥¤¥¨ï, ç áâ®£®.13. �¥®à¥¬  ®¡ ®£à ¨ç¥®áâ¨ áå®¤ïé¥©áï ¯®á«¥¤®¢ â¥«ì®áâ¨14. �¥®à¥¬  �®«ìæ ®-�¥©¥àèâà áá 15. �ãé¥áâ¢®¢ ¨¥ ¯à¥¤¥«  ¬®®â®®© ¯®á«¥¤®¢ â¥«ì®áâ¨16. �¨á«® ¥ (®¯à¥¤¥«¥¨¥ ¨ ¤®ª § â¥«ìáâ¢® ª®àà¥ªâ®áâ¨ ®¯à¥¤¥«¥¨ï)17. Ǒ®áâ®ï ï �©«¥à  (®¯à¥¤¥«¥¨¥ ¨ ¤®ª § â¥«ìáâ¢® ª®àà¥ªâ®áâ¨®¯à¥¤¥«¥¨ï)18. Ǒ¥à¢ë© § ¬¥ç â¥«ìë© ¯à¥¤¥«. �«¥¤áâ¢¨¥.19. �â®à®© § ¬¥ç â¥«ìë© ¯à¥¤¥«. �«¥¤áâ¢¨ï.20. �£à ¨ç¥®áâì ¥¯à¥àë¢®© äãªæ¨¨ (¯¥à¢ ï â¥®à¥¬  �¥©¥à-èâà áá )21. �¥®à¥¬  ® ¯à®¬¥�ãâ®ç®¬ § ç¥¨¨.22. �¥®à¥¬  ®  ¨¡®«ìè¥¬ ¨  ¨¬¥ìè¥¬ § ç¥¨¨ (¢â®à ï â¥®à¥¬ �¥©¥àèâà áá )
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Ǒ��������-�������(¥®¡å®¤¨¬® § âì ®¯à¥¤¥«¥¨ï, ä®à¬ã«ë ¨ ä®à¬ã«¨à®¢ª¨ â¥®à¥¬)1. �à¨ä¬¥â¨ç¥áª¨¥ ¤¥©áâ¢¨ï á ç¨á« ¬¨ ±∞2. �¯à¥¤¥«¥¨¥ ®£à ¨ç¥®£® ¬®�¥áâ¢ 3. �¯à¥¤¥«¥¨¥ äãªæ¨¨4. �¯à¥¤¥«¥¨¥ ¯®á«¥¤®¢ â¥«ì®áâ¨5. �¯à¥¤¥«¥¨¥ ®£à ¨ç¥®© äãªæ¨¨6. �¯à¥¤¥«¥¨¥ ¢®§à áâ îé¥© ¨ ã¡ë¢ îé¥© äãªæ¨¨7. �¯à¥¤¥«¥¨¥ ¢ë¯ãª«®© ¢¨§ ¨ ¢ë¯ãª«®© ¢¢¥àå äãªæ¨¨8. �¯à¥¤¥«¥¨¥ ¯à¥¤¥«  ¯®á«¥¤®¢ â¥«ì®áâ¨. � â¥¬ â¨ç¥áª ï § ¯¨áì9. �¥®à¥¬  ® ¥¤¨áâ¢¥®áâ¨ ¯à¥¤¥« 10. �¥®à¥¬  ® ¯¥à¥å®¤ ª ¯à¥¤¥«ã ¢ ¥à ¢¥áâ¢ å11. �¥®à¥¬  ® ¤¢ãå ¬¨«¨æ¨®¥à å12. �¥®à¥¬ë ® ¯à¥¤¥«¥ áã¬¬ë (à §®áâ¨), ¯à®¨§¢¥¤¥¨ï, ç áâ®£®13. �¥®à¥¬  ®¡ ®£à ¨ç¥®áâ¨ áå®¤ïé¥©áï ¯®á«¥¤®¢ â¥«ì®áâ¨14. �¥®à¥¬  ® áãé¥áâ¢®¢ ¨¨ ¯à¥¤¥«  ¬®®â®®© ¯®á«¥¤®¢ â¥«ì®áâ¨15. �¯à¥¤¥«¥¨¥ ¯à¥¤¥«  äãªæ¨¨. � â¥¬ â¨ç¥áª ï § ¯¨áì16. �¯à¥¤¥«¥¨¥ ¥¯à¥àë¢®© äãªæ¨¨17. �®çª¨ à §àë¢  ¨ ¨å ª« áá¨ä¨ª æ¨ï18. Ǒ¥à¢ë© § ¬¥ç â¥«ìë© ¯à¥¤¥«, á«¥¤áâ¢¨¥.19. �â®à®© § ¬¥ç â¥«ìë© ¯à¥¤¥«20. �à¥â¨© § ¬¥ç â¥«ìë© ¯à¥¤¥«21. �¥â¢¥àâë© § ¬¥ç â¥«ìë© ¯à¥¤¥«22. �£à ¨ç¥®áâì ¥¯à¥àë¢®© äãªæ¨¨ (¯¥à¢ ï â¥®à¥¬  �¥©¥à-èâà áá )23. �¥®à¥¬  ®  ¨¡®«ìè¥¬ ¨  ¨¬¥ìè¥¬ § ç¥¨¨ (¢â®à ï â¥®à¥¬ �¥©¥àèâà áá )24. �¥®à¥¬  ® ¯à®¬¥�ãâ®ç®¬ § ç¥¨¨.
63СА
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������ �� ��Ǒ���� Ǒ��������-�������1. �à¨ä¬¥â¨ç¥áª¨¥ ¤¥©áâ¢¨ï á ç¨á« ¬¨ ±∞.
∞+ c = ∞;
∞+∞ = ∞; c · ∞ = ∞;

∞ ·∞ = ∞; c/∞ = 0;
c/0 = ∞;

∞c = ∞, c > 0;
∞c = 0, c < 0; c∞ = ∞, c > 1;

c∞ = 0, |c| < 1.�¥ ®¯à¥¤¥«¥ë ®¯¥à æ¨¨ 0/0; ∞/∞; ∞−∞; 0 · ∞; 1∞; 00; ∞0.2. �¯à¥¤¥«¥¨¥ ®£à ¨ç¥®£® ¬®�¥áâ¢ .�®�¥áâ¢® X  §ë¢ ¥âáï ®£à ¨ç¥ë¬ ¥á«¨  ©¤¥âáï ª®¥ç®¥ç¨á«® B â ª®¥, çâ® ¤«ï ¢á¥å x ∈ X ¡ã¤¥â |x| ≤ B.3. �¯à¥¤¥«¥¨¥ äãªæ¨¨.�ãªæ¨¥©  §ë¢ ¥âáï ¯à ¢¨«®, ¯® ª®â®à®¬ã ª �¤®¬ã ç¨á«ã x ¨§¥ª®â®à®£® ¬®�¥áâ¢  X áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥ ¥¤¨áâ¢¥®¥ ç¨á«®
y ¨§ ¬®�¥áâ¢  Y . X  §ë¢ ¥âáï ®¡« áâìî ®¯à¥¤¥«¥¨ï äãªæ¨¨, Y{ ¬®�¥áâ¢®¬ § ç¥¨©.4. �¯à¥¤¥«¥¨¥ ¯®á«¥¤®¢ â¥«ì®áâ¨Ǒ®á«¥¤®¢ â¥«ì®áâìî  §ë¢ ¥âáï ¡¥áª®¥ç®¥ ã¯®àï¤®ç¥®¥ ¬®-�¥áâ¢® ç¨á¥«: x1, x2, x3, . . . , ª®â®à®¥ ®¡®§ ç ¥âáï {xn}. �¨á«® xn §ë¢ ¥âáï n-ë¬ ç«¥®¬ ¯®á«¥¤®¢ â¥«ì®áâ¨.5. �¯à¥¤¥«¥¨¥ ®£à ¨ç¥®© äãªæ¨¨.�ãªæ¨ï  §ë¢ ¥âáï ®£à ¨ç¥®©, ¥á«¨ ®£à ¨ç¥® ¬®�¥áâ¢® ¥¥§ ç¥¨©.6. �¯à¥¤¥«¥¨¥ ¢®§à áâ îé¥© ¨ ã¡ë¢ îé¥© äãªæ¨¨.�ãªæ¨ï f(x)  §ë¢ ¥âáï ¢®§à áâ îé¥©   ¬®�¥áâ¢¥ G, ¥á«¨ ¤«ï¢á¥å x1, x2 ∈ G â ª¨å, çâ® x1 < x2 f(x1) < f(x2). (�á«¨ f(x1) ≤ f(x2)¥ áâà®£® ¢®§à áâ îé¥© ¨«¨ ¥ã¡ë¢ îé¥©.)�ãªæ¨ï f(x)  §ë¢ ¥âáï ã¡ë¢ îé¥©   ¬®�¥áâ¢¥ G, ¥á«¨ ¤«ï¢á¥å x1, x2 ∈ G â ª¨å, çâ® x1 < x2 f(x1) > f(x2). (�á«¨ f(x1) ≥ f(x2)¥ áâà®£® ã¡ë¢ îé¥© ¨«¨ ¥¢®§à áâ îé¥©.)64СА
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7. �¯à¥¤¥«¥¨¥ ¢ë¯ãª«®© ¢¨§ ¨ ¢ë¯ãª«®© ¢¢¥àå äãªæ¨¨.�ãªæ¨ï f(x)  §ë¢ ¥âáï ¢ë¯ãª«®© ¢¢¥àå   ¬®�¥áâ¢¥ G, ¥á«¨¤«ï ¢á¥å x1, x2 ∈ G £à ä¨ª äãªæ¨¨ ¬¥�¤ã â®çª ¬¨ A(x1; f(x1)) ¨
B(x2; f(x2)) «¥�¨â ¢ëè¥ ®âà¥§ª  AB.�ãªæ¨ï f(x)  §ë¢ ¥âáï ¢ë¯ãª«®© ¢¨§   ¬®�¥áâ¢¥ G, ¥á«¨¤«ï ¢á¥å x1, x2 ∈ G £à ä¨ª äãªæ¨¨ ¬¥�¤ã â®çª ¬¨ A(x1; f(x1)) ¨
B(x2; f(x2)) «¥�¨â ¨�¥ ®âà¥§ª  AB.8. �¯à¥¤¥«¥¨¥ ¯à¥¤¥«  ¯®á«¥¤®¢ â¥«ì®áâ¨.�¨á«® a  §ë¢ ¥âáï ¯à¥¤¥«®¬ ¯®á«¥¤®¢ â¥«ì®áâ¨ ¥á«¨ ¤«ï «î¡®©®ªà¥áâ®áâ¨ a  ©¤¥âáï ®¬¥à n0 â ª®©, çâ® ¢á¥ ç«¥ë ¯®á«¥¤®¢ â¥«ì-®áâ¨ á ®¬¥à ¬¨ ¡®«ìè¥ n0 ¯®¯ ¤ îâ ¢ ¢ë¡à ãî ®ªà¥áâ®áâì.� â¥¬ â¨ç¥áª ï § ¯¨áì:¤«ï ª®¥ç®£® a: lim

n→∞
xn = a ⇐⇒ ∀ε > 0 ∃n0 : ∀n ∈ N, n >

n0 ⇒ |xn − a| < ε;¤«ï a = +∞: lim
n→∞

xn = +∞ ⇐⇒ ∀ε > 0 ∃n0 : ∀n ∈ N, n >

n0 ⇒ xn > 1/ε;¤«ï a = −∞: lim
n→∞

xn = −∞ ⇐⇒ ∀ε > 0 ∃n0 : ∀n ∈ N, n >

n0 ⇒ xn < −1/ε.9. �¥®à¥¬  ® ¥¤¨áâ¢¥®áâ¨ ¯à¥¤¥« .�á«¨ ¯à¥¤¥« áãé¥áâ¢ã¥â, â® ® ¥¤¨áâ¢¥ë©.10. �¥®à¥¬  ® ¯¥à¥å®¤ ª ¯à¥¤¥«ã ¢ ¥à ¢¥áâ¢ å.�á«¨ ¢ ®ªà¥áâ®áâ¨ â®çª¨ x0 f(x) < g(x), â® lim
x→x0 f(x) ≤ lim

x→x0 g(x).11. �¥®à¥¬  ® ¤¢ãå ¬¨«¨æ¨®¥à å.�á«¨ ¢ ®ªà¥áâ®áâ¨ â®çª¨ x0 f(x) ≤ g(x) ≤ h(x) ¨ lim
x→x0 f(x) = a,lim

x→x0 h(x) = a, â® ¨ lim
x→x0 g(x) = a.12. �¥®à¥¬ë ® ¯à¥¤¥«¥ áã¬¬ë (à §®áâ¨), ¯à®¨§¢¥¤¥¨ï, ç áâ®£®.Ǒà¥¤¥« áã¬¬ë, à §®áâ¨, ¯à®¨§¢¥¤¥¨ï, ç áâ®£® à ¢¥, á®®â¢¥â-áâ¢¥®, áã¬¬¥, à §®áâ¨, ¯à®¨§¢¥¤¥¨î, ç áâ®¬ã ¯à¥¤¥«®¢, ¯à¨ãá«®¢¨¨, çâ® ª �¤ë© ¨§ ¨å áãé¥áâ¢ã¥â.65СА
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13. �¥®à¥¬  ®¡ ®£à ¨ç¥®áâ¨ áå®¤ïé¥©áï ¯®á«¥¤®¢ â¥«ì®áâ¨.�á«¨ ¯®á«¥¤®¢ â¥«ì®áâì ¨¬¥¥â ª®¥çë© ¯à¥¤¥«, â® ®  ®£à ¨-ç¥ .14. �¥®à¥¬  ® áãé¥áâ¢®¢ ¨¨ ¯à¥¤¥«  ¬®®â®®© ¯®á«¥¤®¢ -â¥«ì®áâ¨.�áïª ï ¬®®â® ï ®£à ¨ç¥ ï ¯®á«¥¤®¢ â¥«ì®áâì ¨¬¥¥â ª®-¥çë© ¯à¥¤¥«.15. �¯à¥¤¥«¥¨¥ ¯à¥¤¥«  äãªæ¨¨. � â¥¬ â¨ç¥áª ï § ¯¨áì.(¯® �¥©¥) �¨á«® a  §ë¢ ¥âáï ¯à¥¤¥«®¬ äãªæ¨¨ f(x) ¢ â®çª¥ x0¥á«¨ ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì®áâ¨ {xn}, áå®¤ïé¥©áï ª x0, ¯®á«¥¤®-¢ â¥«ì®áâì {f(xn)}, áå®¤¨âáï ª a.(¯® �®è¨) �¨á«® a  §ë¢ ¥âáï ¯à¥¤¥«®¬ äãªæ¨¨ f(x) ¢ â®çª¥ x0¥á«¨ ¤«ï «î¡®© ®ªà¥áâ®áâ¨ U(a) â®çª¨ a áãé¥áâ¢ã¥â â ª ï ®ªà¥áâ-®áâì U(x0) â®çª¨ x0, çâ® ¤«ï ¢á¥å x ∈ U(x0) ¡ã¤¥â f(x) ∈ U(a).� â¥¬ â¨ç¥áª ï § ¯¨áì (¤«ï x0, a 6= ∞): lim
x→x0 f(x) = a ⇐⇒ ∀ε >0 ∃δ(ε) : ∀|x − x0| < δ ⇒ |f(x)− a| < ε.�á«¨ x0 = +∞, â® ¢¬¥áâ® |x − x0| < δ á«¥¤ã¥â ¯¨á âì x > 1/δ,  ¤«ï x0 = −∞ ¯¨èãâ x < −1/δ.�á«¨ a0 = +∞, â® ¢¬¥áâ® |f(x)− a| < ε á«¥¤ã¥â ¯¨á âì f(x) > 1/ε,  ¤«ï a = −∞ ¯¨èãâ f(x) < −1/ε.16. �¯à¥¤¥«¥¨¥ ¥¯à¥àë¢®© äãªæ¨¨.�ãªæ¨ï f(x)  §ë¢ ¥âáï ¥¯à¥àë¢®© ¢ â®çª¥ x0, ¥á«¨lim

x→x0 f(x) = f(x0).17. �®çª¨ à §àë¢  ¨ ¨å ª« áá¨ä¨ª æ¨ï.�ãªæ¨ï f(x) ¨¬¥¥â à §àë¢ ¢ â®çª¥ x0, ¥á«¨ ¤«ï ¥ª®â®à®£® ε > 0®  ¥¯à¥àë¢  ¢ ª �¤®© â®çª¥ ¬®�¥áâ¢  (x0 − ε, x0) ∪ (x0, x0 + ε),® ¥ ï¢«ï¥âáï ¥¯à¥àë¢®© ¢ â®çª¥ x0.
x0  §ë¢ ¥âáï ãáâà ¨¬®© â®çª®© à §àë¢ , ¥á«¨lim

x→x0−0 f(x) = lim
x→x0+0 f(x) 6= f(x0).66СА
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x0  §ë¢ ¥âáï â®çª®© à §àë¢  ¯¥à¢®£® à®¤ , ¥á«¨lim
x→x0−0 f(x) 6= lim

x→x0+0 f(x)® ®¡  ¯à¥¤¥«  áãé¥áâ¢ãîâ ¨ ª®¥çë.
x0  §ë¢ ¥âáï â®çª®© à §àë¢  ¢â®à®£® à®¤ , ¥á«¨lim

x→x0−0 f(x) = ∞ ¨«¨ lim
x→x0+0 f(x) = ∞.18. Ǒ¥à¢ë© § ¬¥ç â¥«ìë© ¯à¥¤¥«: lim
x→0 sinx

x
= 1�«¥¤áâ¢¨¥: lim

x→0 1− osx
x2 = 12.19. �â®à®© § ¬¥ç â¥«ìë© ¯à¥¤¥«: lim

x→0(1 + x)1/x = e20. �à¥â¨© § ¬¥ç â¥«ìë© ¯à¥¤¥«: lim
x→0 ln(1 + x)

x
= 121. �¥â¢¥àâë© § ¬¥ç â¥«ìë© ¯à¥¤¥«: lim

x→0 ax − 1
x

= ln a22. �£à ¨ç¥®áâì ¥¯à¥àë¢®© äãªæ¨¨ (¯¥à¢ ï â¥®à¥¬ �¥©¥àèâà áá ).�á«¨ äãªæ¨ï ¥¯à¥àë¢    § ¬ªãâ®¬ ®âà¥§ª¥ [a; b℄, â® ®  ®£à -¨ç¥    íâ®¬ ®âà¥§ª¥.23. �¥®à¥¬  ®  ¨¡®«ìè¥¬ ¨  ¨¬¥ìè¥¬ § ç¥¨¨ (¢â®à ïâ¥®à¥¬  �¥©¥àèâà áá ).�á«¨ äãªæ¨ï ¥¯à¥àë¢    § ¬ªãâ®¬ ®âà¥§ª¥ [a; b℄, â®   íâ®¬®âà¥§ª¥ ã ¥¥ ¥áâì â®çª  ¬ ªá¨¬ã¬  ¨ â®çª  ¬¨¨¬ã¬ .24. �¥®à¥¬  ® ¯à®¬¥�ãâ®ç®¬ § ç¥¨¨.�á«¨ äãªæ¨ï ¥¯à¥àë¢    ®âà¥§ª¥ [a; b℄, f(a) = A, f(b) = B, â®¤«ï «î¡®£® ç¨á«  C ¬¥�¤ã ç¨á« ¬¨ A ¨ B  ©¤¥âáï â®çª  x0 ∈ [a; b℄,¢ ª®â®à®© f(x0) = C.
67СА
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