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5��������� ¤à¥¢¨å ¢à¥¬¥ ç¥«®¢¥ª áâ «ª¨¢ «áï á ¥®¡å®¤¨¬®áâìî áç¥â ,   § ç¨â¨ ç¨á¥«. �®£¤ -â® «î¤¨ § «¨ â®«ìª®  âãà «ìë¥ ç¨á« : 1, 2, 3, ... � ¨å¢¯®«¥ å¢ â «® ¤«ï ¯®¤áç¥â  ¤®¡ëâëå ¬ ¬®â®¢ ¨«¨ ®¢¥æ ¢ áâ ¤¥.�¥«®¢¥ç¥áâ¢® à §¢¨¢ «®áì, ãá«®�ï«¨áì à áç¥âë,   § ç¨â ¨ ç¨á« . �î-¤¨ ®â¬¥àï«¨ ¬ â¥à¨î ¨ §¥¬«î, ¢§¢¥è¨¢ «¨ §¥à® ¨ ¬ïá® { ¯®ï¢¨«¨áì ¤à®-¡¨.� à §¢¨â¨¥ ç¥«®¢¥ç¥áâ¢ , ¢®§¨ª îé¨å § ¤ ç,  , § ç¨â, ¬ â¥¬ â¨ª¨ ¨ç¨á¥« ¯à®¤®«� «®áì. �â «ª¨¢ ïáì á ¥®¡å®¤¨¬®áâìî, ¢¬¥áâ¥ á ãà ¢¥¨¥¬â¨¯ 
x2 = 4ã¬¥âì à¥è âì ¨ ®ç¥ì ¯®å®�¥¥   ¥£® ãà ¢¥¨¥ ¢¨¤ 
x2 = 5,¯à¨è«¨ ª ¯®ïâ¨î ¨àà æ¨® «ìëå ç¨á¥«, á¥©ç á § ª®¬ëå ª �¤®¬ã ¢ë-¯ãáª¨ªã áà¥¤¥© èª®«ë.Ǒ¥à¥å®¤ï ®â ãà ¢¥¨ï ¢¨¤ 

x+ 2 = 6ª ¯®å®�¥¬ã   ¥£®,  ¯à¨¬¥à,
x+ 6 = 2¯à¨è«¨ ª ¯®ïâ¨î ®âà¨æ â¥«ì®£® ç¨á« .� ª ª ¡ëâì á ãà ¢¥¨ï¬¨

x2 + 1 = 5,à¥è¥¨¥ ª®â®à®£® ¨§¢¥áâ® ª �¤®¬ã èª®«ì¨ªã áâ àè¨å ª« áá®¢, ¨
x2 + 5 = 1,à¥è âì ª®â®à®¥ ®¡ëçë¥ èª®«ì¨ª¨ ¥ ã¬¥îâ? � à¥è¥¨¥ ã íâ®£® ãà ¢-¥¨ï ¥áâì. �® ¥áâì ¥áâì ç¨á« , ª¢ ¤à â ª®â®àëå ®âà¨æ â¥«¥. �ë¯ãáª¨ªáà¥¤¥© èª®«ë, ª®â®à®¬ã ¬®£® «¥â ãç¨â¥«ï ®¡êïáï«¨, çâ® "ª¢ ¤à â ç¨á-«  ¢á¥£¤  ¡®«ìè¥ ¨«¨ à ¢¥ ã«ï" ®¡ëç® á âàã¤®¬ íâ® ¢®á¯à¨¨¬ ¥â. �®¢á¯®¬¨â¥ ¯à® ®âà¨æ â¥«ìë¥ ç¨á« . �¥©ç á ¤ �¥ à¥¡¥®ª § ¥â çâ® § -ç¨â "−10o   ã«¨æ¥" ¨«¨ "−30 àã¡«¥©   ¡ « á¥". � ¯à¥¤áâ ¢ìâ¥ á¥¡¥ ¯¥à-¢®¡ëâ®£® ç¥«®¢¥ª . � ª ¥¬ã ¡ë«® ®¡êïá¨âì, çâ® â ª®¥ "−2 ¬ ¬®â "?� ª ¨ á ç¨á« ¬¨, ª¢ ¤à â ª®â®àëå ¬¥ìè¥ ã«ï. �¨ ª �ãâáï "áâà ë-¬¨", ¨å ¥«ì§ï "¯®éã¯ âì", ® á¥©ç á á«®�®  ©â¨ ¢ëá®ª®â¥å®«®£¨çãî®¡« áâì, £¤¥ ¡ë â ª¨¥ ç¨á«  ¥ ¯à¨¬¥ï«¨áì ¯à¨ à áç¥â å.�â¨ ç¨á«  ¯®«ãç¨«¨  §¢ ¨¥ ª®¬¯«¥ªáë¥,   ®¤¨ ¨§ ¨§ãç îé¨å ¨åà §¤¥«®¢ ¬ â¥¬ â¨ª¨ { â¥®à¨ï äãªæ¨© ª®¬¯«¥ªá®£® ¯¥à¥¬¥®£®.СА

РА
ТО
ВС
КИ
Й ГО

СУ
ДА
РС
ТВ
ЕН
НЫ
Й УН

ИВ
ЕР
СИ
ТЕ
Т И
МЕ
НИ

 Н
. Г

. Ч
ЕР
НЫ
ШЕ
ВС
КО
ГО



6
§1. Ǒ������ ���Ǒ�������� ������¯à¥¤¥«¥¨¥ ( «£¥¡à ¨ç¥áª ï ä®à¬ ). �®¬¯«¥ªáë¬ ç¨á«®¬  §ë¢ ¥âáïç¨á«® ¢¨¤  z = x + iy, £¤¥ x ¨ y ¤¥©áâ¢¨â¥«ìë¥ ç¨á« , i { ç¨á«®, ¤«ïª®â®à®£® i2 = −1 (¬¨¬ ï ¥¤¨¨æ ).

x  §ë¢ ¥âáï ¤¥©áâ¢¨â¥«ì®© ç áâìî ç¨á«  z ¨ ®¡®§ ç ¥âáï Re z.
y  §ë¢ ¥âáï ¬¨¬®© ç áâìî ç¨á«  z ¨ ®¡®§ ç ¥âáï Im z.�®�¥áâ¢® ª®¬¯«¥ªáëå ç¨á¥« ®¡®§ ç ¥âáï C.� ¯à¨¬¥à:

z = 2− 3i (x = Re z = 2, y = Im z = −3),
z = 2i (x = Re z = 0, y = Im z = 2),
z = 4 (x = Re z = 4, y = Im z = 0).(�¥©áâ¢¨â¥«ì®¥ ç¨á«® { ç áâë© á«ãç © ª®¬¯«¥ªá®£® ç¨á« .)� ¬¥ç ¨¥. �¢¥¤¥¨¥ ª®¬¯«¥ªáëå ç¨á¥« ¯®§¢®«ï¥â,  ¯à¨¬¥à, ¨§¢«¥-ª âì ª®à¥ì ¨§ ®âà¨æ â¥«ì®£® ç¨á«  ¨  å®¤¨âì à¥è¥¨¥ ª¢ ¤à â®£®ãà ¢¥¨ï á ®âà¨æ â¥«ìë¬ ¤¨áªà¨¬¨ â®¬.� ¯à¨¬¥à: à¥è¨âì ãà ¢¥¨¥ z2 − 2z + 5 = 0.

D = 4− 20 = −16 = (4i)2, z = 2± 4i2 = 1± 2i�«®�¥¨¥ (¢ëç¨â ¨¥) ¨ ã¬®�¥¨¥ ª®¬¯«¥ªáëå ç¨á¥«.�«®�¥¨¥, ¢ëç¨â ¨¥ ¨ ã¬®�¥¨¥ ª®¬¯«¥ªáëå ç¨á¥« ¢ë¯®«ïîâáï ¯®®¡ëçë¬ ¯à ¢¨« ¬  «£¥¡àë:  ¤® à áªàëâì áª®¡ª¨, ¯à¨¢¥áâ¨ ¯®¤®¡ë¥á« £ ¥¬ë¥, ãç¥áâì, çâ® i2 = −1.� ¯à¨¬¥à:á«®�¥¨¥: (2 + 3i) + (4− i) = 6 + 2i,¢ëç¨â ¨¥: (2 + 3i)− (4− i) = −2 + 4i,ã¬®�¥¨¥: (2 + 3i)(4− i) = 8 + 12i − 2i − 3i2 = (â.ª. i2 = −1) = 11 + 10i,¢®§¢¥¤¥¨¥ ¢ ª¢ ¤à â: (2 + 3i)2 = 22 + 2 · 2 · 3i+ (3i)2 = −5 + 12i.�¥®¬¥âà¨ç¥áª ï ¨â¥à¯à¥â æ¨ï. �®¬¯«¥ªáë¥ ç¨á«  ¨§®¡à � îâáïª ª â®çª¨   ª®®à¤¨ â®© ¯«®áª®áâ¨ (ª®¬¯«¥ªá ï ¯«®áª®áâì) . �¥©áâ¢¨-â¥«ì ï ç áâì z, ®âª« ¤ë¢ ¥âáï ¯® ®á¨ OX, ¬¨¬ ï ç áâì z ®âª« ¤ë¢ ¥âáï¯® ®á¨ OY .
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7� ¬¥ç ¨¥. �«ï ª®¬¯«¥ªáëå ç¨á¥« ¥à ¢¥áâ¢® ¢¨¤  z1 < z2 ¥ ¨¬¥¥âá¬ëá« .� ¬¥ç ¨¥. �  ª®¬¯«¥ªáãî ¯«®áª®áâì C ¬®�® â ª �¥ á¬®âà¥âì ª ª  áä¥àã ¡¥áª®¥ç® ¡®«ìè®£® à ¤¨ãá . � ¥á«¨ z = 0 { ®¤¨ ¯®«îá íâ®© áä¥-àë, â® ¤¨ ¬¥âà «ì® ¯à®â¨¢®¯®«®�ë© ¯®«îá { íâ® ç¨á«® z = ∞. � íâ®©â®çª¨ §à¥¨ï ¢á¥ ¯àï¬ë¥ (¢ â®¬ ç¨á«¥ ¨ ª®®à¤¨ âë¥ ®á¨) ¯¥à¥á¥ª îâáï¢ ¡¥áª®¥ç® ã¤ «¥®© â®çª¥.�®¤ã«ì ¨  à£ã¬¥â ª®¬¯«¥ªá®£® ç¨á« . �®¤ã«¥¬ ª®¬¯«¥ªá®£® ç¨á« 
z  §ë¢ ¥âáï à ááâ®ï¨¥ ®â â®çª¨, á®®â¢¥âáâ¢ãîé¥© ç¨á«ã z, ¤®  ç « ª®®à¤¨ â. �¡®§ ç ¥âáï r ¨«¨ |z|.

r = √

x2 + y2�à£ã¬¥â®¬ ª®¬¯«¥ªá®£® ç¨á«  z  §ë¢ ¥âáï ã£®« ®â ¯®«®�¨â¥«ì®©ç áâìî ®á¨ OX ¤® ®âà¥§ª  Oz. �¡®§ ç ¥âáï ϕ ¨«¨ arg z.�à£ã¬¥â z, (á â®ç®áâìî ¤® ¯¥à¨®¤  2πk)  å®¤¨âáï ¨§ ãá«®¢¨©:






osϕ = x√
x2+y2 ,sinϕ = y√
x2+y2 .Ǒ® áãâ¨ r ¨ ϕ { ¯®«ïàë¥ ª®®à¤¨ âë â®çª¨:

� ¯à¨¬¥à: z = 2i − 2√3. �¤¥áì x = −2√3, y = 2, ¯®íâ®¬ã
r = √(−2√3)2 + 22 = √16 = 4osϕ = −2√34 = −

√32sinϕ = 24 = 12
z ∈ II ç¥â¢¥àâ¨ 





















=⇒ ϕ = 5π6СА
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8 �¥®¬¥âà¨ç¥áª¨© á¬ëá« |z1 − z2|. Ǒãáâì z1 = x1 + iy1, z2 = x2 + iy2.�®£¤ 
|z1 − z2| = |(x1 + iy1)− (x2 + iy2)| = |(x1 − x2) + i(y1 − y2)| == √(x1 − x2)2 + (y1 − y2)2 − à ááâ®ï¨¥ ¬¥�¤ã â®çª ¬¨ z1 ¨ z2.Ǒ®íâ®¬ã
|z − z0| = á { ¬®�¥áâ¢® â®ç¥ª z, ã¤ «¥ëå ®â ¤ ®© â®çª¨ z0  à ááâ®ï¨¥ c, â® ¥áâì ®ªàã�®áâì á æ¥âà®¬ ¢ z0 à ¤¨ãá  c. � ç áâ®áâ¨

|z| = á { ãà ¢¥¨¥ ®ªàã�®áâ¨ á æ¥âà®¬ ¢  ç «¥ ª®®à¤¨ â.
|z−z1| = |z−z2| { ¬®�¥áâ¢® â®ç¥ª z, à ¢®ã¤ «¥ëå ®â ¤ ëå â®ç¥ª

z1 ¨ z2, â® ¥áâì á¥à¥¤¨ë© ¯¥à¯¥¤¨ªã«ïà ª ®âà¥§ªã [z1; z2℄.
|z−z1|+ |z−z2| = c { ¬®�¥áâ¢® â®ç¥ª z, ¤«ï ª®â®àëå áã¬¬  à ááâ®ï¨©¤® ¤ ëå â®ç¥ª z1 ¨ z2 ¯®áâ®ï , â® ¥áâì í««¨¯á á ä®ªãá ¬¨ ¢ â®çª å z1¨ z2.�®¯àï�¥ë¥ ç¨á« . �¨á«® z = x−iy  §ë¢ ¥âáï á®¯àï�¥ë¬ ª ç¨á«ã

z = x+ iy.� ¯à¨¬¥à:
z = 1 + 4i, z = 1− 4i
z = 2− 3i, z = 2 + 3i
z = 2i, z = −2i
z = 3, z = 3�®¯àï�¥ë¥ ç¨á«  á¨¬¬¥âà¨çë ®â®á¨â¥«ì® ®á¨ OX.� á®¯àï�¥ëå ç¨á¥« ®¤¨ ª®¢ë¥ ¬®¤ã«¨,    à£ã¬¥âë ¯à®â¨¢®¯®«®�-ë ¯® § ªã.�¬¥¥â ¬¥áâ® à ¢¥áâ¢®: z · z = |z|2.�¥«¥¨¥ ª®¬¯«¥ªáëå ç¨á¥«. �â®¡ë ¢ë¯®«¨âì ¤¥«¥¨¥ ¤¢ãå ª®¬¯«¥ªá-ëå ç¨á¥«, á«¥¤ã¥â ¢ë¯®«¨âì á«¥¤ãîé¨¥ ¤¥©áâ¢¨ï:1) ã¬®�¨âì ç¨á«¨â¥«ì ¨ § ¬¥ â¥«ì   ç¨á«®, á®¯àï�¥®¥ § ¬¥ -â¥«î;2) à áªàëâì áª®¡ª¨, ãç¨âë¢ ï, çâ® i2 = −1;3) ¯à¨¢¥áâ¨ ¯®¤®¡ë¥ á« £ ¥¬ë¥;4) ¯®¤¥«¨âì ¯®ç«¥® ¯®«ãç¨¢è¨©áï ç¨á«¨â¥«ì   ¯®«ãç¨¢è¨©áï § -¬¥ â¥«ì.� ¯à¨¬¥à:2 + 3i4− i

= (2 + 3i)(4 + i)(4− i)(4 + i) = 8 + 12i+ 2i+ 3i242 − i2 = 5 + 14i17 = 517 + 1417 i
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9�®à¬ã«  �©«¥à  (®¯à¥¤¥«¥¨¥ ¬¨¬®© áâ¥¯¥¨). �«ï ϕ ∈ R

eiϕ = osϕ+ i sinϕ.� ¯à¨¬¥à, eiπ/4 = os π4 + i sin π4 = √22 + i
√22

eiπ = osπ + i sinπ = −1� ¬¥ç ¨¥. �«ï ¯®ª § â¥«ì®© äãªæ¨¨ ®á®¢ë¬ ®¯à¥¤¥«ïîé¨¬ ï¢-«ï¥âáï á¢®©áâ¢®: ea+b = ea · eb �®à¬ã«  �©«¥à  á®åà ï¥â íâ® á¢®©áâ¢® ¨¤«ï ª®¬¯«¥ªáëå ç¨á¥«. � ç áâ®áâ¨
ez = ex+iy = exeiy = ex(os y + i sin y).�à¨£®®¬¥âà¨ç¥áª ï ¨ ¯®ª § â¥«ì ï ä®à¬ë ª®¬¯«¥ªá®£® ç¨á« .Ǒ®áª®«ìªã x = r osϕ, y = r sinϕ =⇒

z = r(osϕ+ i sinϕ) -âà¨£®®¬¥âà¨ç¥áª ï ä®à¬  ª®¬¯«¥ªá®£® ç¨á« Ǒà¨¬¥ïï ä®à¬ã«ã �©«¥à , ¯®«ãç ¥¬:
z = reiϕ - ¯®ª § â¥«ì ï ä®à¬  ª®¬¯«¥ªá®£® ç¨á« �®§¢¥¤¥¨ï ª®¬¯«¥ªá®£® ç¨á«  ¢ áâ¥¯¥ì. �«ï ¢®§¢¥¤¥¨ï ª®¬¯«¥ªá-®£® ç¨á«  ¢ áâ¥¯¥ì (> 3) ç áâ® ã¤®¡¥¥ ¨á¯®«ì§®¢ âì ¯®ª § â¥«ìãîä®à¬ã ç¨á« . �® ¥áâì á«¥¤ã¥â ¢ë¯®«¨âì á«¥¤ãîé¨¥ ¤¥©áâ¢¨ï:1)  ©â¨ ¬®¤ã«ì ¨  à£ã¬¥â ç¨á« (¯¥à¨®¤  à£ã¬¥â  ãç¨âë¢ âì ¥  -¤®),2) ¯à¥¤áâ ¢¨âì ç¨á«® ¢ ¯®ª § â¥«ì®© ä®à¬¥: z = reiϕ,3) ¢®§¢¥áâ¨ ¢ áâ¥¯¥ì: zn = rnei(ϕn),4) ¯à¨¬¥ïï ä®à¬ã«ã �©«¥à , ¯¥à¥©â¨ ª âà¨£®®¬¥âà¨ç¥áª®©,   § â¥¬(¥á«¨ § ç¥¨ï âà¨£®®¬¥âà¨ç¥áª¨å äãªæ¨© ï¢«ïîâáï "â ¡«¨çë¬¨"), ª «£¥¡à ¨ç¥áª®© ä®à¬¥ ç¨á« .� ¯à¨¬¥à: ¢ëç¨á«¨âì (1− i)16. �¤¥áì x = 1, y = −1, ¯®íâ®¬ã

r = √2osϕ = 12 , sinϕ = −
12 , 1− i ∈ IV ç¥â¢¥àâ¨ =⇒ ϕ = −

π4
⇓(1− i)16 = (√2e−i π4 )16 = 28e−i 4π = 28(os(−4π) + i sin(−4π)) = 28 = 256�§¢«¥ç¥¨¥ ª®àï ¨§ ª®¬¯«¥ªá®£® ç¨á« . �«ï ¨§¢«¥ç¥¨ï ª®àï n-®©áâ¥¯¥¨ ¨§ ª®¬¯«¥ªá®£® ç¨á«  á«¥¤ã¥â ¢ë¯®«¨âì á«¥¤ãîé¨¥ ¤¥©áâ¢¨ï:1)  ©â¨ ¬®¤ã«ì ¨  à£ã¬¥â ç¨á« ( à£ã¬¥â § ¯¨á âì á ¯¥à¨®¤®¬ 2πk),2) ¯à¥¤áâ ¢¨âì ç¨á«® ¢ ¯®ª § â¥«ì®© ä®à¬¥: z = rei(ϕ+2πk),СА
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10 3) ¨§¢«¥çì ª®à¥ì(¢®§¢¥áâ¨ ¢ áâ¥¯¥ì 1/n) z = n
√

r · e
i(ϕ+2πk)

n ,4) ¢ë¯¨á âì n § ç¥¨© zk ¤«ï k = 0, 1, 2, ..., n − 1. �«ï ª �¤®£® zk,¯à¨¬¥ïï ä®à¬ã«ã �©«¥à , ¯¥à¥©â¨ ª âà¨£®®¬¥âà¨ç¥áª®©,   § â¥¬ (¥á«¨¨¬¥¥¬ "â ¡«¨çë¥" § ç¥¨ï) ª  «£¥¡à ¨ç¥áª®© ä®à¬¥ ç¨á« .� ¯à¨¬¥à: à¥è¨âì ãà ¢¥¨¥ z3 = −8.�«ï ç¨á«  −8 r = 8, ϕ = π + 2πk =⇒ −8 = 8ei(π+2πk) =⇒
z = (8ei(π+2πk)) 13 = 3√8e i(π+2πk)3 = 2e i(π+2πk)3

z0 = 2e iπ3 = 2(os(π3 ) + i sin(π3 )) = 2( 12 + i
√32 ) = 1 + i

√3
z1 = 2e i(π+2π)3 = 2eiπ = 2(osπ + i sinπ

) = 2( 12 + i
√32 ) = −2

z2 = 2e i(π+4π)3 = 2e i5π3 = 2(os( 5π3 ) + i sin( 5π3 )) = 2( 12 − i
√32 ) = 1− i

√3� ¬¥ç ¨¥. �¨á«  n
√

z ï¢«ïîâáï ¢¥àè¨ ¬¨ ¯à ¢¨«ì®£® n-ã£®«ì¨ª á æ¥âà®¬ ¢  ç «¥ ª®®à¤¨ â ¨ ¢¯¨á ®£® ¢ ®ªàã�®áâì à ¤¨ãá  |z|.�®£ à¨ä¬, á¨ãá, ª®á¨ãá ª®¬¯«¥ªá®£® ç¨á« . Ǒ® ®¯à¥¤¥«¥¨î ¯®« -£ îâ: ln z = ln |z|+ i(arg z + 2πk)sin z = eiz − e−iz2ios z = eiz + e−iz2�¥¯®áà¥¤áâ¢¥ë¬ ¢ëç¨á«¥¨¥¬ «¥£ª® ã¡¥¤¨âáï, çâ® ¯à¨¢¥¤¥ë¥ ®¯à¥¤¥-«¥¨ï á®åà ïîâ ®á®¢ë¥ ä®à¬ã«ë ¤«ï «®£ à¨ä¬ , á¨ãá  ¨ ª®á¨ãá ( ¯à¨¬¥à, ¤«ï «®£ à¨ä¬  ¯à®¨§¢¥¤¥¨ï ¨«¨ ç áâ®£®, «®£ à¨ä¬  áâ¥-¯¥¨, ®á®¢®¥ âà¨£®®¬¥âà¨ç¥áª®¥ â®�¤¥áâ¢®, á¨ãá ¨ ª®á¨ãá áã¬¬ë ¨à §®áâ¨ ¨«¨ ¤¢®©®£® ã£«  ¨ â.¤.).�¨¯¥à¡®«¨ç¥áª¨¥ á¨ãá ¨ ª®á¨ãá ®¯à¥¤¥«ïîâáï â ª �¥, ª ª ¨ ¤«ï ¤¥©-áâ¢¨â¥«ìëå ç¨á¥«:sh z = ez − e−z2 h z = ez + e−z2Ǒà¨¬¥à. � ©â¨ z, ¤«ï ª®â®àëå ez = −2.�¥è¥¨¥. z = ln(−2). �«ï ç¨á«  −2 ¬®¤ã«ì à ¢¥ 2,  à£ã¬¥â π. Ǒ®-íâ®¬ã z = ln 2 + i(π + 2πk).СА
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11Ǒà¨¬¥à. �¥è¨âì ãà ¢¥¨¥ sin z = 2.�¥è¥¨¥.sin z = eiz − e−iz2i = 2 /

·2i =⇒ eiz − e−iz = 4i § ¬¥  eiz = t

t −
1
t
= 4i /

·t =⇒ t2 − 4it − 1 = 0, =⇒ t = 4i ± i2√32 = i(2±√3)
eiz = i(2±√3) =⇒ iz = ln(i(2±√3))ã ç¨á¥« i(2±√3) ¬®¤ã«¨ à ¢ë á®®â¢¥âáâ¢¥® 2±√3,  à£ã¬¥âë π2=⇒ iz = ln(2±√3) + i(π2 + 2πk)/·(−i)

z = −i ln(2±√3) + (π2 + 2πk)� ¤ ç¨ ª §1. � ©â¨ ¨ ¨§®¡à §¨âì   ª®¬¯«¥ªá®© ¯«®áª®áâ¨ ç¨á«  z, ¥á«¨1.1) z2 + 2z + 4 = 0;1.2) z = (1− i)16(3 + 2i)(2√3 + 2i)4 + 4 + 2i;1.3) z4 + 16 = 0;1.4) ez = −2i;1.5) sin z = 3;1.6) |z + 1| < |z − 3|;1.7) zz + i(z − z) = 0;1.8) Re(z − 1
z ) = 0.

§2. Ǒ������ ������������� ��������ãªæ¨ï, ¯à¥¤¥«, ¥¯à¥àë¢®áâì.�ãªæ¨¥© w = f(z)  §ë¢ ¥âáï ¯à ¢¨«®, ¯® ª®â®à®¬ã ª®¬¯«¥ªá®¬ãç¨á«ã z = x+ iy áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥ ª®¬¯«¥ªá®¥ ç¨á«® w = u+ iv. (u¨ v { ¤¥©áâ¢¨â¥«ìë¥ äãªæ¨¨ ¤¢ãå ¯¥à¥¬¥ëå: u = u(x, y), v = v(x, y))�¨á«® w0 ∈ C  §ë¢ ¥âáï ¯à¥¤¥«®¬ äãªæ¨¨ f(z) ¢ â®çª¥ z0 ¥á«¨ ¤«ï«î¡®£® ε > 0  ©¤¥âáï ç¨á«® δ â ª®¥, çâ® ¤«ï ¢á¥å z ∈ C ¤«ï ª®â®àëå
|z − z0| < δ ¡ã¤¥â |f(z)− wo| < ε�® ¥áâì:

w0 = lim
z→z0 f(z) ⇐⇒ ∀ε > 0 ∃δ(ε) : ∀|z − z0| < δ =⇒ |f(z)− wo| < ε�ãªæ¨ï f(z) ¥¯à¥àë¢  ¢ â®çª¥ z0 ¥á«¨ lim

z→z0 f(z) = f(z0).�ãªæ¨ï f(z) ¥¯à¥àë¢    ¬®�¥áâ¢¥, ¥á«¨ ®  ¥¯à¥àë¢  ¢ ª �¤®©â®çª¥ íâ®£® ¬®�¥áâ¢ .СА
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12 Ǒà®¨§¢®¤ ï, ¤¨ää¥à¥æ¨àã¥¬®áâì,   «¨â¨ç®áâì.Ǒà®¨§¢®¤®© äãªæ¨¨ ¢ â®çª¥ z  §ë¢ ¥âáï
f ′(z) = lim

△z→0 f(z+ △z)− f(z)
△z�ãªæ¨ï  §ë¢ ¥âáï ¤¨ää¥à¥æ¨àã¥¬®© ¢ â®çª¥, ¥á«¨ ¢ íâ®© â®çª¥ ã¥¥ áãé¥áâ¢ã¥â ª®¥ç ï ¯à®¨§¢®¤ ï.�ãªæ¨ï, ¤¨ää¥à¥æ¨àã¥¬ ï ¢ ª �¤®© â®çª¥ ¥ª®â®à®© ®¡« áâ¨,  §ë-¢ ¥âáï   «¨â¨ç¥áª®© ¢ íâ®© ®¡« áâ¨.� ¬¥ç ¨¥. Ǒ®áª®«ìªã ®¯à¥¤¥«¥¨¥ ¯à®¨§¢®¤®© ¤«ï äãªæ¨¨ ª®¬-¯«¥ªá®£® ¯¥à¥¬¥®£® â ª®¥ �¥, ª ª ¨ ¢ ¤¥©áâ¢¨â¥«ì®¬   «¨§¥, ¨¬¥îâ¬¥áâ® â ª¨¥ �¥ ä®à¬ã«ë ¤«ï  å®�¤¥¨ï ¯à®¨§¢®¤ëå:

(

f(z) + g(z))′ = f ′(z) + g′(z)
(

f(z) · g(z))′ = f ′(z)g(z) + f(z)g′(z)
(

f(z)
g(z))′ = f ′(z)g(z)− f(z)g′(z)

g2(z)� ¬¥ç ¨¥. �§ ®¯à¥¤¥«¥¨ï ¯à®¨§¢®¤®© á«¥¤ã¥â, çâ® ¥á«¨ äãªæ¨ï
f(z) = u(x; y) + iv(x; y) ¤¨ää¥à¥æ¨àã¥¬ , â® u(x; y) ¨ v(x; y) â ª �¥ ¤¨ä-ä¥à¥æ¨àã¥¬ë¥ äãªæ¨¨. �¤ ª® ®¡à â®¥ ¥ ¢¥à®. �¥®¡å®¤¨¬ë ¤®¯®«-¨â¥«ìë¥ ãá«®¢¨ï (ãá«®¢¨ï �®è¨-�¨¬   ¨«¨ � « ¬¡¥à -�©«¥à ).�á«®¢¨ï �®è¨-�¨¬  . �ãªæ¨ï f(z) = u+ iv ï¢«ï¥âáï   «¨â¨ç¥áª®©â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  äãªæ¨¨ u ¨ v ¤¨ää¥à¥æ¨àã¥¬ë¥ ¨ ã¤®¢«¥-â¢®àïîâ ãá«®¢¨ï¬

∂u

∂x
= ∂v

∂y
¨ ∂u

∂y
= −

∂v

∂x��������������.(1) �¥®¡å®¤¨¬®áâì. Ǒãáâì áãé¥áâ¢ã¥â
f ′(z) = lim

△z→0 f(z+ △z)− f(z)
△z

== lim
△x→0
△y→0 u(x+ △x; y+ △y) + iv(x+ △x; y+ △y)− u(x; y)− iv(x; y)

△x+ i △y
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13Ǒ®«®�¨¬ ¢ íâ®¬ à ¢¥áâ¢¥ △y = 0. Ǒ®«ãç¨¬:
f ′(z) = lim

△x→0 u(x+ △x; y) + iv(x+ △x; y)− u(x; y)− iv(x; y)
△x

= ∂u

∂x
+ i

∂v

∂xǑ®«®�¨¬ ¢ à ¢¥áâ¢¥ ¤«ï ¯à®¨§¢®¤®© △x = 0. Ǒ®«ãç¨¬:
f ′(z) = lim

△y→0 u(x; y+ △y) + iv(x; y+ △y)− u(x; y)− iv(x; y)
i △y

= 1
i

∂u

∂y
+ ∂v

∂y
== −i

∂u

∂y
+ ∂v

∂yǑà¨à ¢¨¢ ï ¤¥©áâ¢¨â¥«ìë¥ ¨ ¬¨¬ë¥ ç áâ¨ ¯®«ãç¨¢è¨åáï ¢ëà �¥-¨©, ¯®«ãç¨¬ ãá«®¢¨ï �®è¨-�¨¬  .(2) �®áâ â®ç®áâì. Ǒãáâì ¢ë¯®«¥ë ãá«®¢¨ï �®è¨-�¨¬  . � ç¨âäãªæ¨¨ u(x; y) ¨ v(x; y) ¤¨ää¥à¥æ¨àã¥¬ë, â® ¥áâì
△u = ∂u

∂x
△x+ ∂u

∂y
△y + o(△x,△y)

△v = ∂v

∂x
△x+ ∂v

∂y
△y + o(△x,△y) =⇒

△f =△u+ i △v = (

∂u

∂x
+ i

∂v

∂x

)

△x+(

∂u

∂y
‖

−
∂v
∂x

+ i
∂v

∂y
‖

∂u
∂x

)

△y + o(△x,△y) == (

∂u

∂x
+ i

∂v

∂x

)

△x+(

i2 ∂v

∂x
+ i

∂u

∂x

)

△y + o(△x,△y) == (

∂u

∂x
+ i

∂v

∂x

)(△x+ i △y) + o(△x,△y) = (

∂u

∂x
+ i

∂v

∂x

)

△z + o(△z)=⇒ △f

△z
= ∂u

∂x
+ i

∂v

∂x
+ o(△z)

△z
=⇒ lim

△z→0 △f

△z
= ∂u

∂x
+ i

∂v

∂x
,â® ¥áâì áãé¥áâ¢ã¥â f ′(z).
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14 �á«®¢¨ï �®è¨-�¨¬   ¢ ¯®«ïàëå ª®®à¤¨ â å.�ãªæ¨ï f(z) = u + iv ï¢«ï¥âáï   «¨â¨ç¥áª®© â®£¤  ¨ â®«ìª® â®£¤ ,ª®£¤  äãªæ¨¨ u ¨ v ¤¨ää¥à¥æ¨àã¥¬ë¥ ¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬
r
∂u

∂r
= ∂v

∂ϕ
¨ ∂u

∂ϕ
= −r

∂v

∂r��������������. � ª ª ª x = r osϕ, y = r sinϕ, ¨¬¥¥¬:
∂u

∂r
= ∂u

∂x
·
∂x

∂r
+ ∂u

∂y
·
∂y

∂r
= ∂u

∂x
· osϕ+ ∂u

∂y
· sinϕ

∂v

∂ϕ
= ∂v

∂x
·
∂x

∂ϕ
+ ∂v

∂y
·

∂y

∂ϕ
= ∂v

∂x
‖

−
∂u
∂y

(−r sinϕ) + ∂v

∂y
‖

∂u
∂x

· r osϕ

























=⇒ r
∂u

∂r
= ∂v

∂ϕ� «®£¨ç®:
∂u

∂ϕ
= ∂u

∂x
·
∂x

∂ϕ
+ ∂u

∂y
·

∂y

∂ϕ
= ∂u

∂x
· (−r sinϕ) + ∂u

∂y
· r osϕ

∂v

∂r
= ∂v

∂x
·
∂x

∂r
+ ∂v

∂y
·
∂y

∂r
= ∂v

∂x
‖

−
∂u
∂y

· osϕ+ ∂v

∂y
‖

∂u
∂x

· sinϕ



























⇒
∂u

∂ϕ
= −r

∂v

∂r� à¬®¨ç¥áª¨¥ äãªæ¨¨, á¢ï§ì á   «¨â¨ç¥áª¨¬¨. �ãªæ¨¥©, £ à¬®-¨ç¥áª®© ¢ ®¡« áâ¨ D  §ë¢ ¥âáï ¤¥©áâ¢¨â¥«ì ï äãªæ¨ï ¤¢ãå ¤¥©áâ¢¨-â¥«ìëå ¯¥à¥¬¥ëå u(x; y), ¨¬¥îé ï ¢ íâ®© ®¡« áâ¨ ¥¯à¥àë¢ë¥ ¢â®àë¥ç áâë¥ ¯à®¨§¢®¤ë¥ ¨ ã¤®¢«¥â¢®àïîé ï ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î� ¯« á :
∂2u
∂x2 + ∂2u

∂y2 = 0.� ¬¥ç ¨¥. � ¬ â¥¬ â¨ª¥ ¨§ãç îâ ¨ £ à¬®¨ç¥áª¨¥ äãªæ¨¨ âà¥å ¯¥-à¥¬¥ëå u(x; y; z), ã¤®¢«¥â¢®àïîé¨¥ ãà ¢¥¨î ∂2u
∂x2 + ∂2u

∂y2 + ∂2u
∂z2 = 0, ®¢ íâ®¬ ªãàá¥ ®¨ à áá¬ âà¨¢ âìáï ¥ ¡ã¤ãâ.�¢ï§ì ¬¥�¤ã £ à¬®¨ç¥áª¨¬¨ ¨   «¨â¨ç¥áª¨¬¨ äãªæ¨ï¬¨ ¢ëà � -¥âáï á«¥¤ãîé¨¬¨ ¤¢ã¬ï â¥®à¥¬ ¬¨:�������. �¥©áâ¢¨â¥«ì ï ¨ ¬¨¬ ï ç áâ¨   «¨â¨ç¥áª®© ¢ ®¡« áâ¨Däãªæ¨¨ f(z) = u(x; y)+ iv(x; y) ï¢«ïîâáï ¢ íâ®© ®¡« áâ¨ £ à¬®¨ç¥áª¨¬¨äãªæ¨ï¬¨.СА
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15��������������. �ãªæ¨¨ u ¨ v ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ �®è¨-�¨¬  . Ǒà®¤¨ää¥à¥æ¨àã¥¬ ¯¥à¢®¥ ãá«®¢¨¥ ¯® x,   ¢â®à®¥ ¯® y, ¯®«ãç¨¬:
∂

∂x

(

∂u

∂x

) = ∂

∂x

(

∂v

∂y

)

∂

∂y

(

∂u

∂y

) = ∂

∂y

(

−
∂v

∂x

) =⇒ ∂2u
∂x2 = ∂2v

∂x ∂y

∂2u
∂y2 = −

∂2v
∂y ∂x

=⇒ ∂2u
∂x2 + ∂2u

∂y2 = 0â® ¥áâì u { £ à¬®¨ç¥áª ï äãªæ¨ï.� «®£¨ç® ¯à®¤¨ää¥à¥æ¨àã¥¬ ¯¥à¢®¥ ãá«®¢¨¥ �®è¨-�¨¬   ¯® y,  ¢â®à®¥ ¯® x, ¯®«ãç¨¬:
∂

∂y

(

∂u

∂x

) = ∂

∂y

(

∂v

∂y

)

∂

∂x

(

∂u

∂y

) = ∂

∂x

(

−
∂v

∂x

) =⇒ ∂2u
∂y ∂x

= ∂2v
∂y2

∂2u
∂x ∂y

= −
∂2v
∂x2 =⇒ ∂2v

∂x2 + ∂2v
∂y2 = 0â® ¥áâì v { £ à¬®¨ç¥áª ï äãªæ¨ï.�¢¥ £ à¬®¨ç¥áª¨¥ äãªæ¨¨ u ¨ v, á¢ï§ ë¥ ãá«®¢¨ï¬¨ �®è¨-�¨¬   §ë¢ îâáï á®¯àï�¥ë¬¨.�������. �«ï «î¡®© äãªæ¨¨ u(x; y), £ à¬®¨ç¥áª®© ¢ ®¤®á¢ï§-®© ®¡« áâ¨ D ¬®�®  ©â¨ á®¯àï�¥ãî á ¥© £ à¬®¨ç¥áªãî äãªæ¨î

v(x; y), ¯à¨ç¥¬ ¥¤¨áâ¢¥ãî, á â®ç®áâìî ¤® ¯à®¨§¢®«ì®£® á« £ ¥¬®£®.(�®ª-¢® á¬.,  ¯à¨¬¥à [1℄, áâà.188-189)�¢¥ ¯à¨¢¥¤¥ë¥ â¥®à¥¬ë ¯®§¢®«ïîâ áä®à¬ã«¨à®¢ âì ãâ¢¥à�¤¥¨¥:�������. �«ï â®£®, çâ®¡ë äãªæ¨ï a(x; y) ï¢«ï« áì ¤¥©áâ¢¨â¥«ì®©¨«¨ ¬¨¬®© ç áâìî   «¨â¨ç¥áª®© äãªæ¨¨, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®,çâ®¡ë ®  ¨¬¥«  ¥¯à¥àë¢ë¥ ç áâë¥ ¯à®¨§¢®¤ë¥ ¢â®à®£® ¯®àï¤ª  ¨ã¤®¢«¥â¢®àï«  ãà ¢¥¨î � ¯« á :
∂2a
∂x2 + ∂2a

∂y2 = 0.�®ááâ ®¢«¥¨¥   «¨â¨ç¥áª®© äãªæ¨¨. �á«®¢¨ï �®è¨-�¨¬   ¯®§-¢®«ïîâ ¢®ááâ ®¢¨âì   «¨â¨ç¥áªãî äãªæ¨î ¯® ¥¥ ¨§¢¥áâ®© ¤¥©áâ¢¨-â¥«ì®© ¨«¨ ¬¨¬®© ç áâ¨. �«£®à¨â¬ à¥è¥¨ï íâ®© § ¤ ç¨ à §¡¥à¥¬  ¯à¨¬¥à¥.������. �®ááâ ®¢¨âì   «¨â¨ç¥áªãî äãªæ¨î f(z) ¯® ¥¥ ¬¨¬®© ç -áâ¨ v(x; y) = ex sin y − 2x, ¯à¨ ãá«®¢¨¨ f(0) = 2.СА
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16 �������. 1) Ǒà®¢¥à¨¬, ï¢«ï¥âáï «¨ § ¤  ï äãªæ¨ï £ à¬®¨ç¥-áª®© (ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î ∂2v
∂x2 + ∂2v

∂y2 = 0):
∂2v
∂x2 = (

(

ex sin y − 2x)′
x

)′

x

= (

ex sin y − 2)′

x

= ex sin y

∂2v
∂y2 = (

(

ex sin y − 2x)′
y

)′

y

= (

ex os y)′

y

= −ex sin y



















⇒
∂2v
∂x2 + ∂2v

∂y2 = 02) Ǒ®¤áâ ¢¨¬ § ¤ ãî äãªæ¨î ¢ ¯¥à¢®¥ ãá«®¢¨¥ �®è¨-�¨¬   ¨ ¬ ª-á¨¬ «ì® ã¯à®áâ¨¬ ¯®«ãç¨¢è¥¥áï à ¢¥áâ¢®.
∂u

∂x
= ∂

∂y

(

ex sin y − 2x) =⇒
∂u

∂x
= ex os y =⇒

u = ∫

ex os y dx = os y ∫

ex dx = os y · ex + C(y)(Ǒ® ®á®¢®¬ã á¢®©áâ¢ã ¯¥à¢®®¡à §®© C(y) { ¥ª®â®à®¥ á« £ ¥¬®¥, § ¢¨-áïé¥¥ ®â y, ® ¥ § ¢¨áïé¥¥ ®â ¯¥à¥¬¥®© ¨â¥£à¨à®¢ ¨ï.)3) Ǒ®¤áâ ¢¨¬ § ¤ ãî äãªæ¨î ¨ à¥§ã«ìâ â ¨§ ¯à¥¤ë¤ãé¥£® ¯ãªâ ¢® ¢â®à®¥ ãá«®¢¨¥ �®è¨ �¨¬   ¨ ¬ ªá¨¬ «ì® ã¯à®áâ¨¬ ¯®«ãç¨¢è¥¥áïà ¢¥áâ¢®.
∂

∂y

(

ex os y + C(y)) = −
∂

∂x

(

ex sin y − 2x) =⇒
−ex sin y + C ′(y) = −ex sin y + 2 =⇒

C ′(y) = 2 =⇒
C(y) = ∫ 2 dy = 2y + C4) � ¯¨è¥¬ äãªæ¨î f(z) ¯à¥®¡à §ã¥¬ ¯®«ãç¨¢è¥¥áï ¢ëà �¥¨¥:

f(z) = u+ iv = (ex os y + 2y + C) + i(ex sin y − 2x) == ex(os y + i sin y)− 2(ix − y) + C = exeiy − 2(ix+ i2y) + C == ex+iy − 2i(x+ iy) + C = ez − 2iz + C5) �á¯®«ì§ã¥¬ ãá«®¢¨¥ f(0) = 2 çâ®¡ë  ©â¨ C:
f(0) = 1 + C = 2 =⇒ C = 1�����: f(z) = ez − 2iz + 1.СА
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17� ¤ ç¨ ª §2. �®ááâ ®¢¨âì   «¨â¨ç¥áªãî äãªæ¨î, ¥á«¨ ¨§¢¥áâ®:2.1) v = x2 − y2 + 2xy, f(0) = 02.2) u = x2 − y2 + 2x, f(0) = 12.3) u = x3 + 6x2y − 3xy2 − 2y3, f(0) = 0�ª § ¨¥. ¢ § ¤ ç å 2.5 ¨ 2.6 á«¥¤ã¥â ¢®á¯®«ì§®¢ âìáï ãá«®¢¨ï¬¨ �®è¨-�¨¬   ¢ ¯®«ïàëå ª®®à¤¨ â å.2.4) v = r(ln r sinϕ+ ϕ osϕ), f(1) = 02.5) u = (r + 1
r ) osϕ, f(1) = 2�ª § ¨¥. ¢ § ¤ ç å 2.6 ¨ 2.7 ¢ëç¨á«¥¨ï ¡ã¤ãâ ¯à®é¥, ¥á«¨ á¤¥« âì § ¬¥ã  ¯®«ïàë¥ ¯¥à¥¬¥ë¥: x = r osϕ, y = r sinϕ.2.6) v = y
x2+y2 , f(2) = 02.7) u = x
x2+y2 − 2y, f(1) = 0�ª § ¨¥. � § ¤ ç å 2.8 { 2.12 á«¥¤ã¥â á ç «   ©â¨ ¢á¯®¬®£ â¥«ìãîäãªæ¨î g(z) = ln f(z), ¤«ï ª®â®à®©

u = Re g(z) = ln |f(z)|,
v = Im g(z) = arg f(z),  ¯®â®¬ ¢ëà §¨âì f(z) = eg(z)2.8) |f | = (x2 + y2)ex, f(1) = e2.9) |f | = r2√2, f(0) = 02.10) arg f = xy, f(0) = 12.11) |f | = er2 os 2ϕ, f(0) = 12.12) arg f = ϕ+ r sinϕ, f(1) = e
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18
§3. �������� �� ����������Ǒ�������� Ǒ����������Ǒ®ïâ¨¥ ¨â¥£à « . Ǒãáâì � { ¥ª®â®à ï ªà¨¢ ï   ª®¬¯«¥ªá®© ¯«®á-ª®áâ¨. � §®¡ì¥¬ íâã ªà¨¢ãî   ç áâ¨ ¯®á«¥¤®¢ â¥«ì® à á¯®«®�¥ë¬¨â®çª ¬¨ â®çª ¬¨ z0, z1, z2, ..., zn, ¯à¨ç¥¬ z0 á®¢¯ ¤ ¥â á  ç «®¬,   zná ª®æ®¬ ªà¨¢®©. �  ª �¤®© k-®© ç áâ¨ ¢ë¡¥à¥¬ â®çªã ξk ¨ á®áâ ¢¨¬¨â¥£à «ìãî áã¬¬ã:

Sn = n
∑

k=0 f(ξk)(zk+1 − zk).�á«¨ áãé¥áâ¢ã¥â ª®¥çë© limmax
k

|zk+1−zk|→0Sn,ª®â®àë© ¥ § ¢¨á¨â ¨ ®â á¯®á®¡  à §¡¨¥¨ï ªà¨¢®©, ¨ ®â ¢ë¡®à  â®ç¥ª
ξk, â® ®  §ë¢ ¥âáï ¨â¥£à «®¬ ®â äãªæ¨¨ f ¯® ªà¨¢®© � ¨ ®¡®§ ç ¥âáï

∫� f(z) dz�¢¥¤¥¨¥ ª ªà¨¢®«¨¥©®¬ã ¨â¥£à «ã. � ®¯à¥¤¥«¥¨¨ ¨â¥£à «  ®¡®-§ ç¨¬
zk+1 − zk =△xk + i △yk

f(ξk) = uk + ivk�®£¤ 
Sn = n

∑

k=0 f(ξk)(zk+1 − zk) = n
∑

k=0(uk + ivk)(△xk + i △yk) == n
∑

k=0(uk △xk − vk △yk) + i
n

∑

k=0(uk △yk + vk △xk),¨ ¯® ®¯à¥¤¥«¥¨î ªà¨¢®«¨¥©®£® ¨â¥£à «  ¢â®à®£® â¨¯  ¯®«ãç ¥¬
∫� f(z) dz = ∫� u dx − v dy + i

∫� u dy + v dx.�«¥¤®¢ â¥«ì®, á¢®©áâ¢  ¨â¥£à «  ®â äãªæ¨¨ ª®¬¯«¥ªá®£® ¯¥à¥¬¥®£®  «®£¨çë á¢®©áâ¢ ¬ ªà¨¢®«¨¥©®£® ¨â¥£à «  ¢â®à®£® â¨¯ . � ç áâ®-áâ¨, ¯à¨ ¨§¬¥¥¨¨  ¯à ¢«¥¨ï ªà¨¢®© ¨â¥£à « ¬¥ï¥â § ª.СА
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19�¥®à¥¬  �®è¨ ¤«ï ®¤®á¢ï§®© ®¡« áâ¨. �á«¨ f   «¨â¨ç¥áª ï ¢ ®¤®-á¢ï§®© ®¡« áâ¨ D, â® ¤«ï «î¡®© § ¬ªãâ®© á¯àï¬«ï¥¬®© ªà¨¢®© � ∈ D

∫� f(z) dz = 0��������������. �®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à�¤¥¨ï ¤®áâ â®ç®âàã¤®¥¬ª® (á¬.,  ¯à¨¬¥à [3℄.) �® ¥á«¨  «®�¨âì ¤®¯®«¨â¥«ì®¥ ãá«®¢¨¥,çâ® f ′(z) ¥ â®«ìª® áãé¥áâ¢ã¥â, ® ¨ ¥¯à¥àë¢ , ¤®ª § â¥«ìáâ¢® áâ ®¢¨â-áï í«¥¬¥â àë¬. �®ª �¥¬ â¥®à¥¬ã á íâ¨¬ ¤®¯®«¨â¥«ìë¬ ãá«®¢¨¥¬.�®á¯®«ì§ã¥¬áï ¯à¥¤áâ ¢«¥¨¥¬ ¨â¥£à «  ª®¬¯«¥ªá®© äãªæ¨¨ ç¥à¥§ªà¨¢®«¨¥©ë¥ ¨â¥£à «ë ¢â®à®£® â¨¯ :
∫� f(z) dz = ∫� u dx − v dy + i

∫� u dy + v dxǑãáâì ~p { ¢¥ªâ®à ï äãªæ¨ï á ª®®à¤¨ â ¬¨ (u;−v),rot~p = ∣

∣

∣

∣

∣

∣

~i ~j ~k
∂
∂x

∂
∂y

∂
∂z

u −v 0 ∣

∣

∣

∣

∣

∣

=~i
∂v

∂z
+~j

∂u

∂z
+ ~k

(

−
∂v

∂x
−

∂u

∂y

) = 0(Ǒ¥à¢ë¥ ¤¢  á« £ ¥¬ëå à ¢ë ã«î, â ª ª ª äãªæ¨¨ u ¨ v § ¢¨áïâ ®â âà¥-âì¥© ª®®à¤¨ âë z, âà¥âì¥ á« £ ¥¬®¥ à ¢® ã«î â ª ª ª f   «¨â¨ç¥áª ï,  § ç¨â ¢ë¯®«¥ë ãá«®¢¨ï �®è¨-�¨¬  .)� «®£¨ç®, ¯ãáâì ~q { ¢¥ªâ®à ï äãªæ¨ï á ª®®à¤¨ â ¬¨ (v;u). �®£¤ rot~q = ∣

∣

∣

∣

∣

∣

~i ~j ~k
∂
∂x

∂
∂y

∂
∂z

v u 0 ∣

∣

∣

∣

∣

∣

= −~i
∂u

∂z
+~j

∂v

∂z
+ ~k

(

∂u

∂x
−

∂v

∂y

) = 0�â® ®§ ç ¥â, çâ® äãªæ¨¨ ~p ¨ ~g § ¤ îâ ¯®â¥æ¨ «ìë¥ ¯®«ï. � ¢¯®â¥æ¨ «ì®¬ ¯®«¥ ¨â¥£à « ¯® «î¡®¬ã § ¬ªãâ®¬ã ª®âãàã à ¢¥ ã«î.�«¥¤®¢ â¥«ì® ¨ ¨áå®¤ë© ¨â¥£à « â ª �¥ à ¢¥ ã«î.
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20 �«¥¤áâ¢¨¥ ¨§ â¥®à¥¬ë �®è¨. �â¥£à « ®â   «¨â¨ç¥áª®© äãªæ¨¨ ¥§ ¢¨á¨â ®â ¯ãâ¨ ¨â¥£à¨à®¢ ¨ï,   § ¢¨á¨â «¨èì ®â ¥£®  ç «  ¨ ª®æ .��������������. Ǒãáâì â®çª¨ A ¨ B á®¥¤¨¥ë ªà¨¢ë¬¨ �1 ¨ �2,«¥� é¨¬¨ ¢ ®¡« áâ¨   «¨â¨ç®áâ¨ äãªæ¨¨ f . � áá¬®âà¨¬ § ¬ªãâë©ª®âãà: ®â A ª B ¯® �1, § â¥¬ ®â B ª A ¯® �2. �®£¤ 
∫�1(��)+�2(��) f(z) dz = 0 =⇒

∫�1(��) f(z) dz + ∫�2(��) f(z) dz = 0 =⇒
∫�1(��) f(z) dz = −

∫�2(��) f(z) dz = ∫�2(AB) f(z) dz�¥®à¥¬  �®è¨ ¤«ï ¬®£®á¢ï§®© ®¡« áâ¨. �á«¨ äãªæ¨ï f   «¨â¨ç ¢ ®¡« áâ¨ D, ¥¯à¥àë¢  ¢ D, â® ¥¥ ¨â¥£à « ¯® £à ¨æ¥ ®¡« áâ¨, ¯à®å®-¤¨¬®© â ª, çâ®¡ë ®¡« áâì ¢á¥ ¢à¥¬ï ®áâ ¢ « áì á«¥¢ , à ¢¥ ã«î.��������������. Ǒãáâì £à ¨æ  D á®áâ®¨â ¨§ ®¤®á¢ï§ëå ªãáª®¢�1, �2, ... �n. Ǒà®¢¥¤¥¬ à §à¥§ë γ1, γ2, ... , γn−1, ®¡à é îé¨¥ ®¡-« áâì D ¢ ®¤®á¢ï§ãî ®¡« áâì D∗ á £à ¨-æ¥© � = �1 ∪ ...∪�n ∪ γ1 ∪ ...∪ γn−1, ¯à¨ç¥¬
γ1, γ2, ... , γn−1 ¯à®å®¤ïâáï ¤¢ �¤ë ¢ ¯à®-â¨¢®¯®«®�ëå  ¯à ¢«¥¨ïå,   § ç¨â ¨-â¥£à «ë ¯® íâ¨¬ à §à¥§ ¬ ¢§ ¨¬® ã¨çâ®-� îâáï. �® ¥áâì ¢ ¨â¥£à «¥ ¯® ªà¨¢®© �®áâ ¥âáï â®«ìª® ¨â¥£à « ¯® £à ¨æ¥ ®¡« -áâ¨ D ¨ ¯® â¥®à¥¬¥ �®è¨ ¤«ï ®¤®á¢ï§®©®¡« áâ¨ (  � { £à ¨æ  ®¤®á¢ï§®© ®¡« áâ¨
D∗) ® à ¢¥ ã«î.�®à¬ã«  �®è¨. �á«¨ äãªæ¨ï f   «¨â¨ç  ¢ ®¡« áâ¨ D, ¥¯à¥àë¢ ¢ D, â® ¢ ª �¤®© â®çª¥ ®¡« áâ¨ D áãé¥áâ¢ãîâ ¯à®¨§¢®¤ë¥ f , ¯à¨ç¥¬¨¬¥¥â ¬¥áâ® ä®à¬ã« :

f (n)(z) = n!2πi

∫

C

f(t)
t − z

dt�®ª-¢® á¬.,  ¯à¨¬¥à ¢ [1℄Ǒ®¤ç¥àª¥¬, çâ® ¨§ â¥®à¥¬ë á«¥¤ã¥â, çâ® ¥á«¨ äãªæ¨ï ¨¬¥¥â ¯à®¨§-¢®¤ãî, â® ®  ¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬ .СА
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21�¥®à¥¬  �®à¥à . �á«¨ äãªæ¨ï f ¥¯à¥àë¢  ¢ ®¤®á¢ï§®© ®¡« áâ¨ D¨ ¨â¥£à « ¯® «î¡®¬ã § ¬ªãâ®¬ã ª®âãàã, «¥� é¥¬ã ¢ ®¡« áâ¨ D, à ¢¥ã«î, â® äãªæ¨ï f   «¨â¨ç  ¢ D.(�¥®à¥¬  �®à¥à  ï¢«ï¥âáï ®¡à â®© ª â¥®à¥¬¥ �®è¨.)��������������. � áá¬®âà¨¬
F (z) = z

∫

z0 f(t) dt(�§ ãá«®¢¨ï â¥®à¥¬ë á«¥¤ã¥â, çâ® ¨â¥£à « ¥ § ¢¨á¨â ®â ¯ãâ¨ ¨â¥£à¨à®-¢ ¨ï,   â®«ìª® ®â  ç «ì®© ¨ ª®¥ç®© â®çª¨, â® ¥áâì ¯à¨ ä¨ªá¨à®¢ -®¬ z0 ¤¥©áâ¢¨â¥«ì® ®¯à¥¤¥«ï¥â äãªæ¨î ®â z.)
F (z+ △z)− F (z)

△z
= 1

△z

[

z+△z
∫

z0 f(t) dt −

z
∫

z0 f(t) dt

] = 1
△z

z+△z
∫

z

f(t) dt == 1
△z

z+△z
∫

z

f(t)− f(z) dt + 1
△z

z+△z
∫

z

f(z) dt == 1
△z

z+△z
∫

z

f(t)− f(z) dt + f(z)
△z

z+△z
∫

z

dt = 1
△z

z+△z
∫

z

f(t)− f(z) dt + f(z)� ª ª ª
∣

∣

∣

1
△z

z+△z
∫

z

f(t)− f(z) dt
∣

∣

∣ ≤
max |f(t)− f(z)|

| △z|

∣

∣

∣

z+△z
∫

z

dt
∣

∣

∣ == max |f(t)− f(z)| → 0 ¯à¨ t → z¯®«ãç ¥¬, çâ® lim
△z→0 F (z+ △z)− F (z)

△z
= F ′(z) = f(z)� ª¨¬ ®¡à §®¬, F (z) {   «¨â¨ç¥áª ï äãªæ¨ï, f(z) { ¯à®¨§¢®¤ ï   -«¨â¨ç¥áª®© äãªæ¨¨,   â ª ª ª   «¨â¨ç¥áª ï äãªæ¨ï ¡¥áª®¥ç® ¤¨ä-ä¥à¥æ¨àã¥¬ , áãé¥áâ¢ã¥â ¨ f ′(z), â® ¥áâì f   «¨â¨ç¥áª ï äãªæ¨ï.СА

РА
ТО
ВС
КИ
Й ГО

СУ
ДА
РС
ТВ
ЕН
НЫ
Й УН

ИВ
ЕР
СИ
ТЕ
Т И
МЕ
НИ

 Н
. Г

. Ч
ЕР
НЫ
ШЕ
ВС
КО
ГО



22
§4. ���������� �����������Ǒ®ïâ¨¥ ª®ä®à¬®£® ®â®¡à �¥¨ï.

• �ãªæ¨î ª®¬¯«¥ªá®£® ¯¥à¥¬¥®£® w = f(z) ¬®�® à áá¬ âà¨¢ âìª ª ®â®¡à �¥¨¥ ¯«®áª®áâ¨ z = x+iy   ¯«®áª®áâì w = u+iv. �.¥. ª �¤ ïäãªæ¨ï § ¤ ¥â ¥ª®â®à®¥ ®â®¡à �¥¨¥.
• Ǒãáâì �1 ¨ �2 { «î¡ë¥ ªà¨¢ë¥, ¯à®å®¤ïé¨¥ ç¥à¥§ â®çªã z0,   C1 ¨ C2 {®¡à §ë íâ¨å ªà¨¢ëå ¯à¨ à áá¬ âà¨¢ ¥¬®¬ ®â®¡à �¥¨¨, ª®â®àë¥ ¯à®å®¤ïâç¥à¥§ â®çªã w0 = f(z0). �á«¨ ã£®« ¬¥�¤ã �1 ¨ �2 ¢ â®çª¥ z0 ¨ ¯® ¢¥«¨ç¨¥,¨ ¯®  ¯à ¢«¥¨î à ¢¥ ã£«ã ¬¥�¤ã C1 ¨ C2 ¢ â®çª¥ w0 = f(z0), â® £®¢®àïâ,çâ® ¢ â®çª¥ z0 ®â®¡à �¥¨¥ w = f(z) ®¡« ¤ ¥â á¢®©áâ¢®¬ ª®á¥à¢ â¨§¬ ã£«®¢.�® ¥áâì ®â®¡à �¥¨¥ w = f(z) ®¡« ¤ ¥â ¢ â®çª¥ z0 á¢®©áâ¢®¬ ª®á¥à-¢ â¨§¬  ã£«®¢, ¥á«¨ ã£®« ¬¥�¤ã «î¡ë¬¨ ¤¢ã¬ï ªà¨¢ë¬¨, ¯à®å®¤ïé¨¬¨ç¥à¥§ â®çªã z0, à ¢¥ ¨ ¯® ¢¥«¨ç¨¥, ¨ ¯®  ¯à ¢«¥¨î ã£«ã ¬¥�¤ã ¨å®¡à § ¬¨.
• �¡®§ ç¨¬ w0 = f(z0), w0+△w = f(z0+△z). �®£¤  |△z| { à ááâ®ï¨¥¬¥�¤ã â®çª ¬¨ z0 ¨ z0+ △ z,   |△w| { à ááâ®ï¨¥ ¬¥�¤ã ¨å ®¡à § ¬¨.�â®è¥¨¥ íâ¨å à ááâ®ï¨© |△w|

|△z| å à ªâ¥à¨§ã¥â ª®íää¨æ¨¥â à áâï�¥¨ï¨«¨ á� â¨ï ¢ ®ªà¥áâ®áâ¨ â®çª¨ z0 ¯à¨ ¤ ®¬ ®â®¡à �¥¨¨.�®¢®àïâ, çâ® ¢ â®çª¥ z0 ®â®¡à �¥¨¥ w = f(z) ®¡« ¤ ¥â á¢®©áâ¢®¬ ¯®áâ®-ïáâ¢  à áâï�¥¨©, ¥á«¨ ¢ ¤®áâ â®ç® ¬ «®© ®ªà¥áâ®áâ¨ z0 ª®íää¨æ¨¥â
|△w|
|△z| à ¢¥ ®¤®¬ã ¨ â®¬ã �¥ ç¨á«ã, â.¥. ¥ § ¢¨á¨â ®â  ¯à ¢«¥¨ï △z.
• �§ ¨¬®-®¤®§ ç®¥ (¨«¨ ®¤®«¨áâ®¥) ®â®¡à �¥¨¥ w = f(z), ®¡« -¤ îé¥¥ á¢®©áâ¢®¬ ª®á¥à¢ â¨§¬  ã£«®¢ ¨ ¯®áâ®ïáâ¢®¬ à áâï�¥¨©  §ë-¢ ¥âáï ª®ä®à¬ë¬.� ¬¥ç ¨¥. �§ ®¯à¥¤¥«¥¨ï á«¥¤ã¥â, çâ® ¯à¨ ª®ä®à¬®¬ ®â®¡à �¥¨¨®¡« áâì ®â®¡à � ¥âáï   ®¡« áâì, £à ¨æ  ®¡« áâ¨ {   £à ¨æã ®¡à § ,¯à¨ç¥¬  ¯à ¢«¥¨¥ ®¡å®¤  £à ¨æë á®åà ï¥âáï, â.¥. ¥á«¨ ¯à¨ ¤¢¨�¥¨¨

z ¯® £à ¨æ¥ ®¡« áâ¨ ®¡« áâì ®áâ ¢ « áì á«¥¢ , â® ¨ ¯à¨ ¤¢¨�¥¨¨ w = f(z)¯® £à ¨æ¥ ®¡à §  ®¡« áâì ¡ã¤¥â ®áâ ¢ âìáï á«¥¢ .�¢ï§ì ª®ä®à¬®áâ¨ á   «¨â¨ç®áâìî.�������. �â®¡à �¥¨¥ w = f(z) ï¢«ï¥âáï ª®ä®à¬ë¬ â®£¤  ¨ â®«ì-ª® â®£¤ , ª®£¤  äãªæ¨ï f ï¢«ï¥âáï ®¤®§ ç®©   «¨â¨ç¥áª®© äãªæ¨¥©¨ f ′(z) 6= 0.��������������.(1) �®áâ â®ç®áâì. �â®¡à �¥¨¥ ¯® ãá«®¢¨î ¢§ ¨¬® ®¤®§ ç®.Ǒãáâì äãªæ¨ï f   «¨â¨ç¥áª ï. Ǒ®áª®«ìªã
f ′(z) = lim

△z→0 △w

△z
= lim

△z→0∣∣△w

△z

∣

∣ ei arg △w
△z = lim

△z→0∣∣△w

△z

∣

∣ ei(arg△w−arg△z)СА
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23â® ¨§ áãé¥áâ¢®¢ ¨ï ¯à®¨§¢®¤®© á«¥¤ã¥â ) áãé¥áâ¢®¢ ¨¥ lim
△z→0∣∣△w

△z

∣

∣,   § ç¨â ¢ë¯®«¥ ¯à¨æ¨¯ ¯®áâ®ïáâ¢  à á-âï�¥¨©;¡) áãé¥áâ¢®¢ ¨¥ lim
△z→0(arg △w−arg △z),   § ç¨â ¢ë¯®«¥¨¥ ¯à¨æ¨¯ ª®á¥à¢ â¨§¬  ã£«®¢.(2) �¥®¡å®¤¨¬®áâì. Ǒãáâì ®â®¡à �¥¨¥ ª®ä®à¬®.�â®¡ë ¢ë¯®«ï«®áì á¢®©áâ¢® ª®á¥à¢ â¨§¬  ã£«®¢, ¥®¡å®¤¨¬®, çâ®¡ë¯à¨ ®â®¡à �¥¨¨ w = f(z) ¢á¥ ªà¨¢ë¥ ¯®¢®à ç¨¢ «¨áì   ®¤¨ ¨ â®â �¥ã£®«, â® ¥áâì lim
△z→0 arg △w − lim

△z→0 arg △z = onst  § ç¨â áãé¥áâ¢ã¥â lim
△z→0 arg △w

△z�â®¡ë ¢ë¯®«ï«®áì á¢®©áâ¢® ¯®áâ®ïáâ¢  à áâï�¥¨©, ¥®¡å®¤¨¬®, çâ®-¡ë áãé¥áâ¢®¢ « lim
△z→0∣∣△w

△z

∣

∣.� ç¨â ¤®«�¥ áãé¥áâ¢®¢ âì lim
△z→0∣∣△w

△z

∣

∣ ei arg △w
△z = f ′(z).�â®¡ë ®â®¡à �¥¨¥ {

u = u(x; y)
v = v(x; y) ¡ë«® ¢§ ¨¬®-®¤®§ çë¬, ¥®¡å®-¤¨¬®, çâ®¡ë

D(u; v)
D(x; y) 6= 0 =⇒ ∣

∣

∣

∣

∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y

∣

∣

∣

∣

6= 0 =⇒ ∂u

∂x

∂v

∂y
−

∂u

∂y

∂v

∂x
6= 0á ãç¥â®¬ ãá«®¢¨© �®è¨-�¨¬  =⇒ (

∂u

∂x

)2 +(

∂u

∂y

)2
6= 0  â ª ª ª f ′(z) = ∂u

∂x
+ i

∂u

∂y
=⇒ f ′(z) 6= 0.�á®¢ ï § ¤ ç  ª®ä®à¬®£® ®â®¡à �¥¨ï: § ¤ ë ¤¢¥ ¯«®áª¨¥ ®¡« -áâ¨. �à¥¡ã¥âáï  ©â¨ ª®ä®à¬®¥ ®â®¡à �¥¨¥, ®â®¡à � îé¥¥ ¯¥à¢ãî®¡« áâì   ¢â®àãî.�¤¨¬ ¨§ ¯à¨¬¥à®¢ ¥®¡å®¤¨¬®áâ¨ ¯à¨¬¥¥¨ï íâ®© § ¤ ç¨ ¬®�¥â ¡ëâìá«¥¤ãîé ï á¨âã æ¨ï. Ǒà¥¤¯®«®�¨¬, çâ® ¨§ãç ¥âáï ¥ª®â®àë© ¯à®æ¥áá,¯à®â¥ª îé¨© ¢ ¯«®áª®© ¯« áâ¨¥ D ( ¯à¨¬¥à,  £à¥¢ ¨¥). �á«¨ ¯« -áâ¨  ¨¬¥¥â á«®�ãî ª®ä¨£ãà æ¨î, â® ¢®§¨ª îâ â¥å¨ç¥áª¨¥ á«®�®-áâ¨ ¤«ï ¯®áâà®¥¨ï ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨, ®¯¨áë¢ îé¥© íâ®â ¯à®æ¥áá¨ ¥¥ à¥è¥¨¥. Ǒà®¢¥¤¥¬ § ¬¥ã ¯¥à¥¬¥®© â ª, çâ®¡ë ¢ ®¢ëå ¯¥à¥¬¥-ëå ®¡à § ®¡« áâ¨ D ¨¬¥« ¯à®áâãî ª®ä¨£ãà æ¨î ( ¯à¨¬¥à, ¥¤¨¨ç ïСА
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24®ªàã�®áâì). �¥è¨¢ § ¤ çã ¤«ï íâ®© ¯à®áâ®© ®¡« áâ¨ ¨ ¢ë¯®«¨¢ ®¡à â-ãî § ¬¥ã, ¯®«ãç¨¬ à¥è¥¨¥ ¨ ¤«ï ¨áå®¤®© ®¡« áâ¨ D.�â®¡ë ¯à¥¤«®�¥ë© ¬¥â®¤ ¡ë« ª®àà¥ªâë¬, ¥®¡å®¤¨¬®, ¢®-¯¥à¢ëå,çâ®¡ ®â®¡à �¥¨¥ ¡ë«® ¢§ ¨¬®-®¤®§ çë¬, ¢®-¢â®àëå, çâ®¡ë ¢ ®ªà¥áâ-®áâ¨ ª �¤®© â®çª¨ ¥ ¡ë«® "£«®¡ «ìëå" ¨§¬¥¥¨©, â® ¥áâì "ª¢ ¤à â¨ª"®â®¡à � «áï   "¯®çâ¨ ª¢ ¤à â¨ª". �® ¥áâì ®â®¡à �¥¨¥ ¤®«�® ®¡« ¤ âìá¢®©áâ¢ ¬¨ ª®á¥à¢ â¨§¬  ã£«®¢ ¨ ¯®áâ®ïáâ¢  à áâï�¥¨©. �«¥¤®¢ â¥«ì-®, ¥®¡å®¤¨¬® ª®ä®à¬®¥ ®â®¡à �¥¨¥.�®, çâ® íâ  § ¤ ç  ¨¬¥¥â à¥è¥¨¥, ¤®ª § « �.�¨¬  (1851 £.):������� ������. � ª®¢ë ¡ë ¨ ¡ë«¨ ®¤®á¢ï§ë¥ ®¡« áâ¨D ¨ D∗,£à ¨æë ª®â®àëå á®¤¥à� â ¡®«¥¥ ¤¢ãå â®ç¥ª, ¤«ï «î¡ëå z0 ∈ D, w0 ∈ D∗,
α ∈ R áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ ª®ä®à¬®¥ ®â®¡à �¥¨¥ w = f(z) ®¡« áâ¨
D   D∗ â ª®¥, çâ® f(z0) = w0 ¨ f ′(z0) = α. (�¥§ ¤®ª-¢ )4.1. �à®¡®-«¨¥© ï äãªæ¨ï. w = az + b

cz + d
(ad − bc 6= 0).(�á«¨ ad − bc = 0, â® w = onst.)� «¨â¨ç®áâì ¨ ª®ä®à¬®áâì.

• Ǒ®áª®«ìªã ¯à¨ à §ëå § ç¥¨ïå ¯¥à¥¬¥®© z ¯®«ãç¨¬ à §ë¥ § ç¥-¨ï äãªæ¨¨ w, ¤à®¡®-«¨¥© ï äãªæ¨ï ®¤®«¨áâ  ¢® ¢á¥© ª®¬¯«¥ªá-®© ¯«®áª®áâ¨.
•�¥âàã¤® á®áç¨â âì w′(z) = ad − bc(cz + d)2 { áãé¥áâ¢ã¥â ¢áî¤ã, ªà®¬¥ â®çª¨

z = −d/c (â®çª  z = −d/c ®â®¡à � ¥âáï ¢ ∞).
•�®�® ¤®ª § âì, çâ® ¤à®¡®-«¨¥© ï äãªæ¨ï { ¥¤¨áâ¢¥ ï äãª-æ¨ï, ª®â®à ï ®áãé¥áâ¢«ï¥â ª®ä®à¬®¥ ®â®¡à �¥¨¥ ¢á¥© ª®¬¯«¥ªá®©¯«®áª®áâ¨   ¢áî ª®¬¯«¥ªáãî ¯«®áª®áâì.
• �¡à â®© ª ¤à®¡®-«¨¥©®© äãªæ¨¨ ï¢«ï¥âáï â ª �¥ ¤à®¡®-«¨¥©- ï äãªæ¨ï (¤«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç® ¢ëà §¨âì z ç¥à¥§ w).Ǒà¥¤áâ ¢«¥¨¥ ª®¬¯®§¨æ¨¥© ®â®¡à �¥¨©. �ë¯®«¨¢ ¤¥«¥¨¥ "ã£®«-ª®¬", ¬®�® ¯®«ãç¨âì ¯à¥¤áâ ¢«¥¨¥

w = a∗ + b∗

cz + d� ç¨â, ¤à®¡®-«¨¥© ï äãªæ¨ï ï¢«ï¥âáï ª®¬¡¨ æ¨¥© ¡®«¥¥ ¯à®áâëå®â®¡à �¥¨©:1) «¨¥©®© äãªæ¨¨ w1 = cz + d;2) ®â®¡à �¥¨ï w2 = 1
w1 ;3) «¨¥©®© äãªæ¨¨ w3 = a∗ + b∗w2.СА
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25�¨¥© ï äãªæ¨ï. �ãªæ¨ï w = az + b ¬®�¥â à áá¬ âà¨¢ âìáï ª ªª®¬¡¨ æ¨ï ¤¢ãå ®â®¡à �¥¨©:
• w = z + b { ¯ à ««¥«ìë© ¯¥à¥®á ¯«®áª®áâ¨   ¢¥ªâ®à, á®®â¢¥âáâ¢ã-îé¨© ç¨á«ã b.
• w = az. Ǒ®áª®«ìªã w = |a|ei arg a|z|ei arg z = |a||z|ei(arg a+arg z), ¯®«ãç -¥¬ ã¢¥«¨ç¥¨¥/ã¬¥ìè¥¨¥ ¬®¤ã«ï (â.¥. à áâï�¥¨¥/á� â¨¥ ®â®á¨â¥«ì®ã«ï) ¢ |a| à § ¨ ã¢¥«¨ç¥¨¥/ã¬¥ìè¥¨¥  à£ã¬¥â  (â.¥. ¯®¢®à®â ®â®á¨-â¥«ì®  ç «  ª®®à¤¨ â)   ã£®« arg a.� ç áâ®áâ¨ w = iz { ¯®¢®à®â   90o ¯à®â¨¢ ç á®¢®© áâà¥«ª¨;

w = −iz { ¯®¢®à®â   90o ¯® ç á®¢®© áâà¥«ª¥;
w = −z { ¯®¢®à®â   180o.�ãªæ¨ï w = 1/z.

• �¥©áâ¢¨â¥«ì ï ¨ ¬¨¬ ï ç áâ¨ ®â®¡à �¥¨ï. Ǒãáâì, ª ª ®¡ëç®,
z = x+ iy, w = u+ iv. �®£¤ 

w = 1
x+ iy

= x − iy

x2 + y2 =⇒
{

u = x
x2+y2

v = − y
x2+y2 , ¯à¨ç¥¬ u2 + v2 = 1

x2+y2 .
• �«£®à¨â¬  å®�¤¥¨ï ®¡à §  ®¡« áâ¨ ¯à¨ ®â®¡à �¥¨¨ w = 1/z1) � ç¥àâ¨âì ¨áå®¤ãî ®¡« áâì ¨ § ¯¨á âì ãà ¢¥¨¥ £à ¨æë (¨«¨ ç -áâ¥© £à ¨æë, ¥á«¨ £à ¨æ  á®áâ®¨â ¨§ ¥áª®«ìª¨å ªà¨¢ëå) ç¥à¥§ x ¨ y.2) Ǒ®¤¥«¨âì ¯®«ãç¥®¥ ãà ¢¥¨¥   x2 + y2.3) �á¯®«ì§ãï ¯à¨¢¥¤¥ë¥ ¢ëè¥ ä®à¬ã«ë, ¯¥à¥©â¨ ª ¯¥à¥¬¥ë¬ u ¨

v { íâ® ãà ¢¥¨¥ £à ¨æë ®¡à §  ®¡« áâ¨.4) � ç¥àâ¨âì ¯®«ãç¥ãî £à ¨æã ¨ ®¯à¥¤¥«¨âì á ª ª®© áâ®à®ë ®â ¥¥ å®¤¨âáï ®¡à § ®¡« áâ¨. � ª ª ª ¯à¨ ¤ ®¬ ®â®¡à �¥¨¨ 0 → ∞,  
∞ → 0. �«¥¤®¢ â¥«ì®, ¥á«¨ ¨áå®¤ ï ®¡« áâì á®¤¥à� «  0, â® ¥¥ ®¡à §¤®«�¥ á®¤¥à� âì ∞,   ¥á«¨ ¨áå®¤ ï ®¡« áâì á®¤¥à� «  ∞, â® ¥¥ ®¡à §¤®«�¥ á®¤¥à� âì 0. �«¨ ¥á«¨ ¯à¨  ¯à ¢«¥¨¨ ¤¢¨�¥¨ï ®â £à ¨ç®©â®çª¨ A ª B ®¡« áâì  å®¤¨« áì á«¥¢ , â® ¨ ¯à¨ ¤¢¨�¥¨¨ ®â ®¡à §  A ª®¡à §ã B ®¡« áâì ¤®«�  ®áâ ¢ âìáï á¯à ¢ .Ǒ�����. � ©â¨ ®¡à § ®¡« áâ¨ D : {|z + 1 + i| < 2, −1 < Im z < 0} ¯à¨®â®¡à �¥¨¨ w = 1

z
.�������. �§®¡à §¨¬ ®¡« áâì D, ®¡®§ -ç¨¬ A, B, C, D "ã£«®¢ë¥" â®çª¨ £à ¨æë ®¡-« áâ¨ ¨ à áá¬®âà¨¬ ®â¤¥«ì® ç áâ¨ £à ¨æë.

• AB { ç áâì ¯àï¬®© y = 0 ∣

∣ : (x2 + y2)
y

x2 + y2 = 0 =⇒ v = 0 (®áì  ¡áæ¨áá).СА
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26
• CD { ç áâì ¯àï¬®© y = −1 ∣

∣ : (x2 + y2)
y

x2 + y2 = −
1

x2 + y2 =⇒ v = u2 + v2 =⇒ u2 + (v − 12 )2 = 14 −ãà ¢¥¨¥ ®ªàã�®áâ¨ á æ¥âà®¬ (0; 12 ) à ¤¨ãá  12 (®ªà.1).
• AD ¨ BC { ç áâì ®ªàã�®áâ¨ (x+ 1)2 + (y + 1)2 = 4 =⇒

x2 + y2 + 2x+ 2y = 2 ∣

∣ : (x2 + y2)1 + 2x
x2 + y2 + 2y

x2 + y2 = 2
x2 + y2 =⇒ 1 + 2u − 2v = 2(u2 + v2) =⇒12 = u2 − u+ v2 + v =⇒ (u − 12 )2 + (v + 12 )2 = 1 −ãà ¢¥¨¥ ®ªàã�®áâ¨ á æ¥âà®¬ ( 12 ;− 12 ) à ¤¨ãá  1 (®ªà.2).

• �§®¡à §¨¬ ¢á¥ ¯®«ãç¥ë¥ «¨¨¨ (¯àï¬ ï v = 0, ®ªà.1 ¨ ®ªà.2) ¨à ááâ ¢¨¬ "ã£«®¢ë¥" â®çª¨:
A,B = (®ªàã�®áâì)

↓®ªà.2 ∩ (¯àï¬ ï y = 0)
↓

v = 0=⇒ ®¡à §ë A,B = (®ªà.2) ∩ (¯àï¬ ï v = 0),¯à¨ç¥¬ A { ¤¥©áâ¢¨â¥«ì®¥ ®âà¨æ â¥«ì®¥ç¨á«® ¯¥à¥å®¤¨â ¢ ®âà¨æ â¥«ì®¥ ç¨á«®,  
B { ¤¥©áâ¢¨â¥«ì®¥ ¯®«®�¨â¥«ì®¥ ç¨á«®®â®¡à � ¥âáï   ¯®«®�¨â¥«ì®¥ ç¨á«®.

C,D = (®ªàã�®áâì)
↓®ªà.2 ∩ (¯àï¬ ï y = −1)

↓®ªà.1=⇒ ®¡à §ë C,D = (®ªà.2) ∩ (®ªà.1),
D "á® áâ®à®ë" A,   � "á® áâ®à®ë" B.

• �¯à¥¤¥«¨¬áï á® èâà¨å®¢ª®©. �  ¨áå®¤®© ®¡« áâ¨ ¯à¨ ¤¢¨�¥¨¨ ®â
B ª � ®¡« áâì ®áâ ¢ « áì á¯à ¢ , § ç¨â ¨ ¤«ï ®¢®© ®¡« áâ¨ ¯à¨ ¤¢¨�¥-¨¨ ®â B ª � ®¡« áâì ¤®«�  ¡ëâì á¯à ¢  ("à áªà è¨¢ ¥¬ ¢á¥, ¯®ª  "¥ã¯à¥¬áï" ¢ £à ¨æë).СА
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27�àã£®¢®¥ á¢®©áâ¢® ¤à®¡®-«¨¥©®£® ®â®¡à �¥¨ï.�������. Ǒà¨ ¤à®¡®-«¨¥©®¬ ®â®¡à �¥¨¨ ®ªàã�®áâì ¨«¨ ¯àï-¬ ï ®â®¡à � ¥âáï   ®ªàã�®áâì ¨«¨ ¯àï¬ãî.��������������. �à®¡®-«¨¥© ï äãªæ¨ï ï¢«ï¥âáï ª®¬¡¨ æ¨-¥© «¨¥©®© äãªæ¨¨ ¨ äãªæ¨¨ w = 1/z. �ç¥¢¨¤®, çâ® «¨¥©®¥ ®â®¡à -�¥¨¥, á¢®¤ïé¥¥áï ª ¯®¢®à®âã ¨ à áâï�¥¨î/á� â¨î ª®¬¯«¥ªá®© ¯«®á-ª®áâ¨ ®ªàã�®áâì ¯¥à¥¢®¤¨â ¢ ®ªàã�®áâì ¨ ¯àï¬ãî ¢ ¯àï¬ãî.�§ãç¨¬ ®â®¡à �¥¨¥ w = 1/z. � áá¬®âà¨¬ ãà ¢¥¨¥
a(x2 + y2) + bx+ cy + d = 0(a, b, c, d ∈ R).�á«¨ a 6= 0, â® íâ® ãà ¢¥¨¥ ®ªàã�®áâ¨, ¥á«¨ a = 0, â® ãà ¢¥¨¥ ¯àï¬®©.Ǒ®¤¥«¨¢ ¢á¥ ãà ¢¥¨¥   x2+y2, ¨ ¯¥à¥©¤ï ª ¯¥à¥¬¥ë¬ u ¨ v, ¯®«ãç¨¬ãà ¢¥¨¥

a+ bu − cv + d(u2 + v2) = 0.�â® â ª �¥ ãà ¢¥¨¥ ®ªàã�®áâ¨ (¥á«¨ d 6= 0) ¨«¨ ¯àï¬®© (¥á«¨ d = 0).�®åà ¥¨¥ á¨¬¬¥âà¨ç®áâ¨. �¢¥ â®çª¨, á¨¬¬¥âà¨çë¥ ®â®á¨â¥«ì-® ¯àï¬®©1 ¨«¨ ®ªàã�®áâ¨2 ¯à¨ ¤à®¡®-«¨¥©®¬ ®â®¡à �¥¨¨ ®â®¡à -� îâáï   â®çª¨, á¨¬¬¥âà¨çë¥ ®â®á¨â¥«ì® ®¡à §  íâ®© ¯àï¬®© ¨«¨®ªàã�®áâ¨.��������������. � ª ¨§¢¥áâ® ¨§ £¥®¬¥âà¨¨, ¥á«¨ â®çª¨ á¨¬¬¥â-à¨çë ®â®á¨â¥«ì® C (C { ¯àï¬ ï ¨«¨ ®ªàã�®áâì). �® «î¡ ï ®ªàã�-®áâì, ¯à®å®¤ïé ï ç¥à¥§ íâ¨ â®çª¨ ®àâ®£® «ì  C. � ¯®áª®«ìªã ª®-ä®à¬®¥ ®â®¡à �¥¨¥ á®åà ï¥â ã£«ë ¬¥�¤ã ªà¨¢ë¬¨, â® ¨ ®¡à §ë ®ªàã�-®áâ¥©, ¯à®å®¤ïé¨¥ ç¥à¥§ ®¡à §ë â®ç¥ª, ¡ã¤ãâ ®àâ®£® «ìë ®¡à §ã C. �§ ç¨â á¨¬¬¥âà¨çë¥ ®â®á¨â¥«ì® C â®çª¨ ®â®¡à � îâáï   â®çª¨, á¨¬-¬¥âà¨çë¥ ®â®á¨â¥«ì® ®¡à §  C.�¢®©áâ¢® âà¥å â®ç¥ª. Ǒãáâì § ¤ ë âà¨ â®çª¨ ¨ ¨å ®¡à §ë ¯à¨ ¥ª®-â®à®¬ ®â®¡à �¥¨¨: w1 = w(z1), w2 = w(z2), w3 = w(z3). �ãé¥áâ¢ã¥â¥¤¨áâ¢¥ ï ¤à®¡®-«¨¥© ï äãªæ¨ï, ®áãé¥áâ¢«ïîé ï ¤ ®¥ ®â®¡à -�¥¨¥.1�®çª¨ A ¨ B  §ë¢ îâáï á¨¬¬¥âà¨çë¬¨ ®â®á¨â¥«ì® ¯àï¬®©, ¥á«¨ íâ  ¯àï¬ ïï¢«ï¥âáï á¥à¥¤¨ë¬ ¯¥à¯¥¤¨ªã«ïà®¬ ª ®âà¥§ªã AB.2�®çª¨ A ¨ B  §ë¢ îâáï á¨¬¬¥âà¨çë¬¨ ®â®á¨â¥«ì® ®ªàã�®áâ¨ á æ¥âà®¬ ¢ Oà ¤¨ãá  R, ¥á«¨ ®¨ «¥� â   ®¤®¬ «ãç¥ á  ç «®¬ ¢ O ¨ OA · OB = R2
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28 ��������������. Ǒ®¤áâ ¢¨¢ § ¤ ë¥ ãá«®¢¨ï ¢ ¢ëà �¥¨¥ ¤«ïäãªæ¨¨ w = az+b
cz+d , ¯®á«¥ ¥á«®�ëå ¯à¥®¡à §®¢ ¨© ¯®«ãç¨¬ á¨áâ¥¬ã«¨¥©ëå ãà ¢¥¨©:











az1 + b − cz1w1 − dw1 = 0
az2 + b − cz2w2 − dw2 = 0
az3 + b − cz3w3 − dw3 = 0� âà¨æ  íâ®© á¨áâ¥¬ë

A = 



z1 1 −z1w1 −w1
z2 1 −z2w2 −w2
z3 1 −z3w3 −w3 

¨¬¥¥â à £ 3,   § ç¨â á¨áâ¥¬  ¨¬¥¥â ®¤®¯ à ¬¥âà¨ç¥áª®¥ à¥è¥¨¥:
a = a0t, b = b0t, c = c0t, d = d0t¨ ¯®á«¥ ¯®¤áâ ®¢ª¨, ¯®«ãç ¥¬ ¥¤¨áâ¢¥® ¢®§¬®�ãî ¤à®¡®-«¨¥©ãîäãªæ¨î w = a0z+b0

c0z+d0 , ®áãé¥áâ¢«ïîéãî § ¤ ®¥ ®â®¡à �¥¨¥.� å®�¤¥¨¥ ®¡à §  ®¡« áâ¨ ¯à¨ ¤à®¡®-«¨¥©®¬ ®â®¡à �¥¨¨.1) Ǒà¥¤áâ ¢¨¬ äãªæ¨î w = az+b
cz+d ¢ ¢¨¤¥ w = a∗ + b∗

cz+d .2) � ¯¨è¥¬ ¯®á«¥¤®¢ â¥«ìãî ª®¬¡¨ æ¨î ®â®¡à �¥¨©:
w1 = cz,
w2 = w1 + d,
w3 = 1/w2,
w4 = b∗w3,
w5 = w4 + a∗.3) Ǒà¨¬¥¨¬ ª ¨áå®¤®© ®¡« áâ¨ ®â®¡à �¥¨¥ w1, ª ¯®«ãç¥®© ¢ à¥§ã«ì-â â¥ íâ®£® ®â®¡à �¥¨ï ®¡« áâ¨ { ®â®¡à �¥¨¥ w2 ¨ â.¤.Ǒ�����. � ©â¨ ®¡à § ®¡« áâ¨ D : {|z + 1| < 2, 0 < Im z < 1} ¯à¨®â®¡à �¥¨¨ w = z − 4i

z − i
.�������. Ǒà¥¤áâ ¢¨¬ äãªæ¨î ¢ ¢¨¤¥ ª®¬¯®§¨æ¨¨ ¯à®áâëå ®â®¡à -�¥¨©. Ǒ®áª®«ìªã

z − 4i ∣

∣

∣ z − i

z − i 1
− 3i =⇒ w = 1− 3i

z − i
,

w1 = z − i { á¤¢¨£   1 ¢¨§;
w2 = 1/w1;СА
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29
w3 = −3iw2 { à áâï�¥¨¥ ¢ 3 à §  ¨ ¯®¢®à®â   90o ¯® ç á®¢®© áâà¥«ª¥;
w4 = w3 + 1 { á¤¢¨£   1 ¢¯à ¢®.�â®¡à �¥¨ï w1, w3, w4 í«¥¬¥â àë¥,   w2 { â® �¥ á ¬®¥ ®â®¡à �¥¨¥,ª®â®à®¥ ¡ë«® à áá¬®âà¥® ¢ ¯à¥¤ë¤ãé¥¬ ¯à¨¬¥à¥.�§®¡à §¨¬ ¯®á«¥¤®¢ â¥«ì® ¢á¥ ®â®¡à �¥¨ï:
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30 � ¤ ç¨ ª ¯. 4.1 � ©â¨ ®¡à § ®¡« áâ¨ D ¯à¨ ®â®¡à �¥¨¨ äãªæ¨¥©
w = f(z): 4.1.1. D : {|z − 1| < 2, Re z > 0}, w = z+1

z−24.1.2. D : {|z + 1| > 2, Im y < 0}, w = z−12z−64.1.3. D : {−1 < Re z < 1}, w = z
z−24.1.4. D : {−1 < Im z < 1}, w = 4z
z+14.1.5. D : {|z| < 1, Im z > 0}, w = 1−z1+z4.1.6. D : {|z − 1| < 2, |z + 1| < 2}, w = z+21−z4.2. �â¥¯¥ ï äãªæ¨ï w = zp.� «¨â¨ç®áâì ¨ ª®ä®à¬®áâì. �ãªæ¨ï, ®ç¥¢¨¤®,   «¨â¨ç¥áª ï.� áá¬®âà¨¬ ãá«®¢¨¥ ®¤®«¨áâ®áâ¨: w1 6= w2 ¯à¨ z1 6= z2.�á«¨ z1 = r1eiϕ1 ¨ z2 = r2eiϕ2 , â® ãá«®¢¨¥ ®¤®«¨áâ®áâ¨ ®§ ç ¥â

rp1eiϕ1p 6= rp2eiϕ2p =⇒ ϕ1p 6= ϕ2p + 2πk =⇒ ϕ1 − ϕ2 6= 2πk
p . �«¥¤®¢ -â¥«ì®, ®¡« áâìî ®¤®«¨áâ®áâ¨ ¬®�¥â á«ã�¨âì ã£®« á ¢¥àè¨®© ¢ ã«¥¢¥«¨ç¨®© 2πk

p .�ãªæ¨ï w = zn, n ∈ N. Ǒãáâì z = reiϕ. �®£¤  zn = rneinϕ, á«¥¤®¢ -â¥«ì®, ¯à¨ ®â®¡à �¥¨¨ w = zn

• ®ªàã�®áâì |z| = a ®â®¡à � ¥âáï   ®ªàã�®áâì |w| = an;
• «ãç arg z = α ®â®¡à � ¥âáï   «ãç argw = nα.�ãªæ¨ï w = z1/n, n ∈ N. �ãªæ¨ï w = n

√
z ï¢«ï¥âáï ®¡à â®© ª äãª-æ¨¨ w = zn, á«¥¤®¢ â¥«ì®, ®áãé¥áâ¢«ï¥â ®¡à âë¥ ®â®¡à �¥¨ï:

• ®ªàã�®áâì |z| = a ®â®¡à � ¥âáï   ®ªàã�®áâì |w| = n
√

a;
• «ãç arg z = α+2πk ®â®¡à � ¥âáï   «ãç argw = α+2πk

n , k = 0, 1, ...n−1(Ǒà¨ ¨§¢«¥ç¥¨¨ ª®àï ¯¥à¨®¤  ¤® ãç¨âë¢ âì ®¡ï§ â¥«ì®, w = n
√

z { n-§ ç ï äãªæ¨ï, â.¥. ¯®«ãç ¥âáï n ®¡à §®¢).�ãªæ¨ï w = z2. (� áâë© á«ãç © äãªæ¨¨ w = zn.)Ǒãáâì z = x+ iy. �®£¤  w = x2 +2ixy − y2, â® ¥áâì u = x2 − y2, v = 2xy.�«¥¤®¢ â¥«ì®, ¯à¨ íâ®¬ ®â®¡à �¥¨¨
• £¨¯¥à¡®«  x2 − y2 = a ®â®¡à � ¥âáï   ¢¥àâ¨ª «ìãî ¯àï¬ãî u = a;
• £¨¯¥à¡®«  y = a

x ®â®¡à � ¥âáï   £®à¨§®â «ìãî ¯àï¬ãî v = 2a;
• ¯àï¬ ï x = a ®â®¡à � ¥âáï   ¯ à ¡®«ã á ¢¥â¢ï¬¨ ¢«¥¢® u = a2− v24a2 ;
• ¯àï¬ ï y = a ®â®¡à � ¥âáï   ¯ à ¡®«ã á ¢¥â¢ï¬¨ ¢¯à ¢® u = v24a2 −a2;¨, ª ª ¨ ¤«ï ®¡é¥£® á«ãç ï,
• ®ªàã�®áâì |z| = a ®â®¡à � ¥âáï   ®ªàã�®áâì |w| = a2;
• «ãç arg z = α ®â®¡à � ¥âáï   «ãç argw = 2α.СА
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31� å®�¤¥¨¥ ®¡à §  ®¡« áâ¨.Ǒ�����. � ©â¨ ®¡à § ®¡« áâ¨ D : {|z| < 8, Re z < 0, Im z > 0} ¯à¨®â®¡à �¥¨¨ äãªæ¨¥© w = 3√z.�������. �§®¡à §¨¬ ®¡« áâì D. � ©¤¥¬®¡à §ë ç áâ¥© £à ¨æë ®¡« áâ¨:
AB { «ãç ϕ = π2 + 2πk, ®â®¡à � ¥âáï   «ãç¨

φ = ϕ3 = π/2+2πk3 = π+4πk6 ;
AC { «ãç ϕ = π + 2πk, ®â®¡à � ¥âáï   «ãç¨

φ = ϕ3 = π+2πk3 ;
BC { ®ªàã�®áâì à ¤¨ãá  8, ®â®¡à � ¥âáï   ®ªàã�®áâì à ¤¨ãá  3√8 = 2.Ǒ®áâà®¨¬ ®¡à §ë ¢á¥å £à ¨æ:¤«ï k = 0 «ãç¨ ¯®¤ ã£« ¬¨ π/6 ¨ π/3,¤«ï k = 1 «ãç¨ ¯®¤ ã£« ¬¨ 5π/6 ¨ π,¤«ï k = 2 «ãç¨ ¯®¤ ã£« ¬¨ 3π/2 ¨ 5π/3,(¡¥à¥¬ âà¨ § ç¥¨ï, â ª ª ª ª®à¥ì âà¥âì¥© áâ¥¯¥¨).

� ¤ ç¨ ª ¯. 4.2 � ©â¨ ®¡à § ®¡« áâ¨ D ¯à¨ ®â®¡à �¥¨¨ äãªæ¨¥©
w = f(z):4.2.1. D :{|z| < 2, 0 < arg z < π4 }, w = z34.2.2. D :{|z| > 12 , Re z > 0}, w = z24.2.3. D :{|z| < 4, −π2 < arg z < π2 }, w = √

z, w(−1) = −i4.2.4. D :{|z| > 8, 0 < arg z < π}, w = 3√z
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32 4.3. Ǒ®ª § â¥«ì ï äãªæ¨ï w = ez.�¥©áâ¢¨â¥«ì ï ¨ ¬¨¬ ï ç áâ¨. Ǒãáâì z = x+ iy, w = u+ iv, â®£¤ 
u = ex os y, v = ex sin y.� ç áâ®áâ¨, ®âáî¤  á«¥¤ã¥â, çâ® w = ez { ¯¥à¨®¤¨ç¥áª ï äãªæ¨ï á¯¥à¨®¤®¬ 2πki.� «¨â¨ç®áâì ¨ ª®ä®à¬®áâì. �¥£ª® ¯à®¢¥à¨âì, çâ® ¤«ï äãªæ¨©
u = ex os y ¨ v = ex sin y ¢ë¯®«ïîâáï ãá«®¢¨ï �®è¨-�¨¬  ,   § ç¨â�ãªæ¨ï w = ez   «¨â¨ç¥áª ï.� áá¬®âà¨¬ ãá«®¢¨¥ ®¤®«¨áâ®áâ¨. Ǒ®áª®«ìªã ez = ex(os y + i sin y),
w1 6= w2 ¯à¨ z1 6= z2 ¥á«¨ z1 6= z2 + 2πk. �® ¥áâì äãªæ¨ï ®¤®«¨áâ  ¢£®à¨§®â «ì®© ¯®«®á¥ è¨à¨®© 2π.�á®¢ë¥ ®â®¡à �¥¨ï.

• �®à¨§®â «ì ï ¯àï¬ ï y = a ®â®¡à � ¥âáï   «ãç.�¥©áâ¢¨â¥«ì®. � áá¬®âà¨¬ £®à¨§®â «ìãî ¯àï¬ãî: y = a. �®£¤ 
{

u = ex osa
v = ex sin a

=⇒ v

u
= tg a =⇒ v = u tg a { ãà ¢¥¨¥ ¯àï¬®©,¯à¨ç¥¬ u ¨ v á®¢¯ ¤ îâ ¯® § ªã á osa ¨ sin a á®®â¢¥âáâ¢¥®, â® ¥áâì¯®«ãç¨¬ ¥ ¢áî ¯àï¬ãî,   â®«ìª® «ãç, ¢ëå®¤ïé¨© ¨§  ç «  ª®®à¤¨ â.

• �¥àâ¨ª «ì ï ¯àï¬ ï x = a ®â®¡à � ¥âáï   ®ªàã�®áâì u2+v2 = e2a.�¥©áâ¢¨â¥«ì®. � áá¬®âà¨¬ ¢¥àâ¨ª «ìãî ¯àï¬ãî x = a. �®£¤ 
{

u = ea os y
v = ea sin y

=⇒ u2+v2 = e2a { ®ªàã�®áâì á æ¥âà®¬ (0;0), à ¤¨ãá  ea� å®�¤¥¨¥ ®¡à §  ®¡« áâ¨.�«ï  å®�¤¥¨ï ®¡à §  ®¡« áâ¨, £à ¨æ  ª®â®à®© á®áâ®¨â ¨§ £®à¨§®-â «ìëå ¨ ¢¥àâ¨ª «ìëå ®âà¥§ª®¢, á«¥¤ã¥â ¤«ï ª �¤®© ç áâ¨ £à ¨æë § -¯¨á âì § ç¥¨ï ¯¥à¥¬¥ëå x ¨ y,   § â¥¬ ¯®¤áâ ¢¨âì íâ¨ § ç¥¨ï ¢¢ëà �¥¨ï ¤«ï u ¨ v.Ǒ�����. � ©â¨ ®¡à § ®¡« áâ¨ D : {0 < Re z < 2, 0 < Im z < π/4} ¯à¨®â®¡à �¥¨¨ äãªæ¨¥© w = ez.�������. �§®¡à §¨¬ ®¡« áâì D. � ©¤¥¬®¡à §ë ç áâ¥© £à ¨æë ®¡« áâ¨:
AD:

{

x ∈ (0; 2)
y = 0 −→

{

u = ea os 0 = ea ∈ (1; e2)
v = ea sin 0 = 0{ ®âà¥§®ª ¤¥©áâ¢¨â¥«ì®© ®á¨.СА
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33
BC:

{

x ∈ (0; 2)
y = π/4 −→

{

u = ea os π4 = ea
√22 > 0

v = ea sin π4 = ea
√22 > 0 , v = u{ «ãç, «¥� é¨© ¢ ¯¥à¢®© ç¥â¢¥àâ¨

AB:
{

x = 0
y ∈ (0;π/4) −→

{

u = os y
v = sin y

, u2 + v2 = 1{ ¥¤¨¨ç ï ®ªàã�®áâì.
DC:

{

x = 2
y ∈ (0;π/4) −→

{

u = e2 os y
v = e2 sin y

, u2 + v2 = e4{ ®ªàã�®áâì à ¤¨ãá  e2.Ǒ®«ãç¨«¨ ®¡« áâì:

� ¤ ç¨ ª ¯. 4.3. � ©â¨ ®¡à § ®¡« áâ¨ D ¯à¨ ®â®¡à �¥¨¨ äãªæ¨¥©
w = f(z): 4.3.1. D : {−1 < Re z < 2, 0 < Im z < π2 , }, w = ez4.3.2. D : {Re z > 0, 0 < Im z < π2 , }, w = e2z4.3.3 D : {0 < Re z < π, Im z > 0}, w = eiz4.4. �®£ à¨ä¬¨ç¥áª ï äãªæ¨ï w = ln z.�¥©áâ¢¨â¥«ì ï ¨ ¬¨¬ ï ç áâ¨. Ǒãáâì z = reiϕ (0 ≤ ϕ < 2π).�®£¤  u = ln r, v = ϕ+ 2kπ, k ∈ Z.�«¥¤®¢ â¥«ì®, w = ln z { ¬®£®§ ç ï äãªæ¨ï, ¨¬¥¥â ¡¥áª®¥ç®¬®£® ¢¥â¢¥©, ¯®«ãç ¥¬ëå ¯à¨ k = 0,±1,±2, ....�®£ à¨ä¬¨ç¥áª ï äãªæ¨ï ï¢«ï¥âáï ®¡à â®© ª ¯®ª § â¥«ì®© (á«¥¤®-¢ â¥«ì®, ¢ë¯®«ï¥â ®¡à âë¥ ®â®¡à �¥¨ï).СА
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34 �á®¢ë¥ ®â®¡à �¥¨ï.
• �â®¡à �¥¨¥ ®ªàã�®áâ¨ |z| = a.� íâ®¬ á«ãç ¥, â.ª.

{

r = a

ϕ ∈ [0; 2π℄ , ¯®«ãç ¥¬ {

u = ln a

v ∈ [0 + 2kπ; 2π + 2kπ){ ¯à¨ ª �¤®¬ æ¥«®¬ k (â® ¥áâì ®¤®¬ ®¡®à®â¥ ®ªàã�®áâ¨) íâ® ¢¥àâ¨ª «ì-ë© ®âà¥§®ª ¤«¨®© 2π (®ªàã�®áâì, ¯à®©¤¥ ï ¡¥áª®¥ç®¥ ª®«¨ç¥áâ¢®à §, ¤ ¥â ¢áî ¢¥àâ¨ª «ìãî ¯àï¬ãî u = ln a).
• �â®¡à �¥¨¥ «ãç  arg z = a.� íâ®¬ á«ãç ¥, â.ª.

{

ϕ = a

r ∈ [0;∞) , ¯®«ãç ¥¬ {

u ∈ (−∞; +∞)
v = a+ 2kπ{ ¯à¨ ª �¤®¬ k íâ® £®à¨§®â «ì ï ¯àï¬ ï.� ¤ ç¨ ª ¯. 4.4. � ©â¨ ®¡à § ®¡« áâ¨ D ¯à¨ ®â®¡à �¥¨¨ äãªæ¨¥©

w = f(z). Ǒà¨ ¯®¬®é¨ ãª § ®£® ãá«®¢¨ï ¨§ ¡¥áª®¥ç®£® ¬®�¥áâ¢ ®¡à §®¢ ¢ë¡à âì ã�ë©.4.4.1. D : {Im > 0}, w = ln z, w(i) = πi24.4.2. D : {z /∈ [0;+∞℄}, w = ln z, w(−1) = −πi4.4.3. D : {z /∈ [−∞; 0℄, z /∈ [1;+∞℄}, w = ln z, w(i) = πi24.4.4 D : {|z| < 1, Im z > 0}, w = ln z, w(i − i0) = − 3πi24.5. �ãªæ¨ï �ãª®¢áª®£® w = 12(

z + 1
z

).�¥©áâ¢¨â¥«ì ï ¨ ¬¨¬ ï ç áâ¨. Ǒãáâì z = reiϕ, w = u+ iv. �®£¤ 
w = 12(

reiϕ + 1
r

e−iϕ
) = 12(

r(osϕ+ i sinϕ) + 1
r
(os(−ϕ) + i sin(−ϕ))) == 12 (

(

r + 1
r

) osϕ+ i
(

r −
1
r

) sinϕ)) =⇒
u = 12(

r + 1
r

) osϕ, v = 12(

r −
1
r

) sinϕ.� «¨â¨ç®áâì ¨ ª®ä®à¬®áâì. �¥£ª® ¯à®¢¥à¨âì, çâ® ¤«ï äãªæ¨©
u = 12(r+ 1

r

) osϕ ¨ v = 12(r− 1
r

) sinϕ ¢ë¯®«ïîâáï ãá«®¢¨ï �®è¨-�¨¬  СА
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35¢ ¯®«ïàëå ª®®à¤¨ â å,   § ç¨â äãªæ¨ï w = 12(z + 1
z

)   «¨â¨ç¥áª ï¢áî¤ã, ªà®¬¥ z = 0.� áá¬®âà¨¬ ãá«®¢¨¥ ®¤®«¨áâ®áâ¨: w1 6= w2 ¯à¨ z1 6= z2, â® ¥áâì12(

z1 + 1
z1)

6= 12(

z2 + 1
z2) =⇒ (z1 − z2) + ( 1

z1 −
1
z2)

6= 0 =⇒(z1 − z2)(1− 1
z1z2)

6= 0 =⇒ [

z1 = z2
z1z2 = 1� ª¨¬ ®¡à §®¬, äãªæ¨ï �ãª®¢áª®£® ®¤®«¨áâ  ¢ ®¡« áâ¨, ¤«ï ª®â®à®©

z1 : z2 6= 1 ¨ z1 ·z2 6= 1. Ǒà¨¬¥à®¬ â ª®© ®¡« áâ¨ ¬®�¥â á«ã�¨âì ¢¥è®áâì¨«¨ ¢ãâà¥®áâì ¥¤¨¨ç®© ®ªàã�®áâ¨ á à §à¥§®¬ ¯® «ãçã, ¢ëå®¤ïé¥¬ã¨§  ç «  ª®®à¤¨ â (çâ®¡ë  à£ã¬¥â z ®¯à¥¤¥«ï«áï ®¤®§ ç®,   ¥ áâ®ç®áâìî ¤® ¯¥à¨®¤ ).�â®¡à �¥¨¥ ®ªàã�®áâ¨ |z| = 1. �¤¨¨ç ï ®ªàã�®áâì ®â®¡à � -¥âáï   ®âà¥§®ª [−1; 1℄.�¥©áâ¢¨â¥«ì®, ¢ íâ®¬ á«ãç ¥¯®áª®«ìªã {

r = 1
ϕ ∈ [0; 2π℄ , ¯®«ãç ¥¬ {

u = osϕ
v = 0 { ®âà¥§®ª [−1; 1℄�ãâà¥®áâì ¨ ¢¥è®áâì ®ªàã�®áâ¨ ®â®¡à � ¥âáï   ¯«®áª®áâì á à §-à¥§®¬ ¯® ®âà¥§ªã [−1; 1℄.�â®¡à �¥¨¥ ®ªàã�®áâ¨ |z| = a (a 6= 1). �ªàã�®áâì á æ¥âà®¬ ¢ ç «¥ ª®®à¤¨ â, à ¤¨ãá  ¡®«ìè¥ ¨«¨ ¬¥ìè¥ ¥¤¨¨æë ®â®¡à � ¥âáï  í««¨¯á.�¥©áâ¢¨â¥«ì®, ¢ íâ®¬ á«ãç ¥¯®áª®«ìªã {

r = a

ϕ ∈ [0; 2π℄ ¯®«ãç ¥¬ {

u = 12 (a+ 1
a ) osϕ

v = 12 (a − 1
a ) sinϕ

=⇒
u2

( 12 (a+ 1
a ))2 + v2

( 12 (a − 1
a ))2 = 1 { íâ® ãà ¢¥¨¥ í««¨¯á .�á«¨ a > 1, â® ¤«ï ϕ = −−−→0;π/2 ¯®«ãç ¥¬, çâ® v > 0 ¨ ã¢¥«¨ç¨¢ ¥âáï. �®¥áâì, ®ªàã�®áâì à ¤¨ãá  ¡®«ìè¥ 1, ¯à®å®¤¨¬ ï ¯à®â¨¢ ç á®¢®© áâà¥«ª¨,®â®¡à � ¥âáï   í««¨¯á, ¯à®å®¤¨¬ë© ¯à®â¨¢ ç á®¢®© áâà¥«ª¨. �¥è®áâì®ªàã�®áâ¨ ®â®¡à � ¥âáï   ¢¥è®áâì í««¨¯á , ¢ãâà¥®áâì ®ªàã�®-áâ¨   ¢ãâà¥®áâì í««¨¯á .�á«¨ a < 1, â® ¤«ï ϕ = −−−→0;π/2 ¯®«ãç ¥¬, çâ® v < 0 ¨ ã¬¥ìè ¥âáï. �®¥áâì, ®ªàã�®áâì ®ªàã�®áâì à ¤¨ãá  ¬¥ìè¥ 1, ¯à®å®¤¨¬ ï ¯à®â¨¢ ç -á®¢®© áâà¥«ª¨, ®â®¡à � ¥âáï   í««¨¯á, ¯à®å®¤¨¬ë© ¯® ç á®¢®© áâà¥«ª¨.�¥è®áâì ®ªàã�®áâ¨ ®â®¡à � ¥âáï   ¢ãâà¥®áâì í««¨¯á , ¢ãâà¥-®áâì ®ªàã�®áâ¨   ¢¥è®áâì í««¨¯á .СА
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36 �â®¡à �¥¨¥ «ãç¥© arg z = a (a 6= kπ2 ). �ãç¨, ¢ëå®¤ïé¨¥ ¨§  ç « ª®®à¤¨ â (ªà®¬¥ ª®®à¤¨ âëå ¯®«ã®á¥©) ®â®¡à � îâáï   ¢¥â¢ì £¨¯¥à-¡®«ë.�¥©áâ¢¨â¥«ì®, ¢ íâ®¬ á«ãç ¥,¯®áª®«ìªã ϕ = a, ¯®«ãç ¥¬ {

u = 12 (r + 1
r ) os a

v = 12 (r − 1
r ) sin a

=⇒
u2os2 a

−
v2sin2 a

= 1 { íâ® ãà ¢¥¨¥ £¨¯¥à¡®«ë,Ǒà¨ç¥¬,¥á«¨ a ∈ I ç¥â¢¥àâ¨, â® u > 0, v ¢®§à áâ ¥â á à®áâ®¬ r, â.¥. ¯®«ãç ¥¬¯à ¢ãî ¢¥â¢ì £¨¯¥à¡®«ë, ¯à®å®¤¨¬ãî á¨§ã ¢¢¥àå;¥á«¨ a ∈ II ç¥â¢¥àâ¨, â® u < 0, v ¢®§à áâ ¥â á à®áâ®¬ r, â.¥. ¯®«ãç ¥¬«¥¢ãî ¢¥â¢ì £¨¯¥à¡®«ë, ¯à®å®¤¨¬ãî á¨§ã ¢¢¥àå;¥á«¨ a ∈ III ç¥â¢¥àâ¨, â® u < 0, v ã¡ë¢ ¥â á à®áâ®¬ r, â.¥. ¯®«ãç ¥¬«¥¢ãî ¢¥â¢ì £¨¯¥à¡®«ë, ¯à®å®¤¨¬ãî á¢¥àåã ¢¨§;¥á«¨ a ∈ IV ç¥â¢¥àâ¨, â® u > 0, v ã¡ë¢ ¥â á à®áâ®¬ r, â.¥. ¯®«ãç ¥¬¯à ¢ãî ¢¥â¢ì £¨¯¥à¡®«ë, ¯à®å®¤¨¬ãî á¢¥àåã ¢¨§.� ª ª ª ¥¤¨¨ç ï ®ªàã�®áâì ®â®¡à � ¥âáï   [−1; 1℄, â® â®çª¨ ¯¥à¥á¥-ç¥¨ï «ãç  á ¥¤¨¨ç®© ®ªàã�®áâìî ®â®¡à � îâáï   â®çª¨ ¯¥à¥á¥ç¥¨ï£¨¯¥à¡®«ë ¨ ¤¥©áâ¢¨â¥«ì®© ®á¨.�â®¡à �¥¨¥ ª®®à¤¨ âëå ¯®«ã®á¥©. �ë¯¨è¥¬ § ç¥¨ï, ¯à¨¨¬ ¥-¬ë¥ r ¨ ϕ   ª �¤®© ¨å ª®®à¤¨ âëå ®á¥©. Ǒ®áª®«ìªã ¥¤¨¨ç ï ®ªàã�-®áâì à §¡¨¢ ¥â ª®¬¯«¥ªáãî ¯«®áª®áâì   ¤¢¥ ®¡« áâ¨ ®¤®«¨áâ®áâ¨,á«¥¤ã¥â ¢ë¤¥«ïâì â®çª¨ ¯¥à¥á¥ç¥¨ï íâ®© ®ªàã�®áâ¨ á ª®®à¤¨ âë¬¨®áï¬¨ (â®çª¨ ±1 ¨ ±i).Ǒ®«ã®áì OX+:
{

ϕ = 0
r ∈ (0; 1℄ ∪ [1;∞) →

{

u = 12 (r + 1
r ) ∈ (∞; 1℄ ∪ [1;∞)

v = 0®â®¡à � ¥âáï   «ãç [1;+∞), ª®â®àë© ¯à®å®¤¨âáï ¤¢  à § , ¯à¨ íâ®¬ â®ç-ª¨ z = 0 ¨ z = +∞ ¯¥à¥å®¤ïâ ¢ ∞, â®çª  z = 1 ¯¥à¥å®¤¨â á ¬  ¢ á¥¡ï.Ǒ®«ã®áì OX−:
{

ϕ = π

r ∈ (0; 1℄ ∪ [1;∞) →

{

u = − 12 (r + 1
r )∈(−∞;−1℄ ∪ [−1;−∞)

v = 0®â®¡à � ¥âáï   «ãç [−1;−∞), ª®â®àë© ¯à®å®¤¨âáï ¤¢  à § , ¯à¨ íâ®¬â®çª¨ z = 0 ¨ z = −∞ ¯¥à¥å®¤ïâ ¢ ∞, â®çª  z = −1 ¯¥à¥å®¤¨â á ¬  ¢ á¥¡ï.СА
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37Ǒ®«ã®áì OY+:
{

ϕ = π/2
r ∈ (0; 1℄ ∪ [1;∞) →

{

u = 0
v = 12 (r − 1

r ) ∈ (−∞; 0℄ ∪ [0;+∞)®â®¡à � ¥âáï   ¬¨¬ãî ®áì, ª®â®à ï ¯à®å®¤¨âáï á¨§ã ¢¢¥àå, ¯à¨ íâ®¬â®çª¨ 0 ¨ +∞i ¯¥à¥å®¤ïâ ¢ w = ∞, â®çª  z = i ¯¥à¥å®¤¨â ¢ w = 0.Ǒ®«ã®áì OY−:
{

ϕ = −π/2
r ∈ (0; 1℄ ∪ [1;∞) →

{

u = 0
v = − 12 (r − 1

r ) ∈ (+∞; 0℄ ∪ [0;−∞)®â®¡à � ¥âáï   ¬¨¬ãî ®áì, ª®â®à ï ¯à®å®¤¨âáï á¢¥àåã ¢¨§, ¯à¨ íâ®¬â®çª¨ 0 ¨ −∞i ¯¥à¥å®¤ïâ ¢ w = ∞, â®çª  z = −i ¯¥à¥å®¤¨â ¢ w = 0.� å®�¤¥¨¥ ®¡à §  ®¡« áâ¨.�«ï  å®�¤¥¨ï ®¡à §  ®¡« áâ¨ á«¥¤ã¥â ¤«ï ª �¤®© ç áâ¨ £à ¨æë § -¯¨á âì § ç¥¨ï ¯¥à¥¬¥ëå r ¨ ϕ,   § â¥¬ ¯®¤áâ ¢¨âì íâ¨ § ç¥¨ï ¢ ¢ë-à �¥¨ï ¤«ï u ¨ v. � "ã£«®¢ë¥" â®çª¨ £à ¨æë á«¥¤ã¥â â ª �¥ ¢ª«îç âìâ®çª¨, £¤¥ íâ  £à ¨æ  ¯¥à¥á¥ª ¥â ¥¤¨¨çãî ®ªàã�®áâì.Ǒ�����. � ©â¨ ®¡à § ®¡« áâ¨ D : {|z| < 2, ⊂ Im z > 0} ¯à¨ ®â®¡à �¥-¨¨ äãªæ¨¥© �ãª®¢áª®£®.�������. �§®¡à §¨¬ ®¡« áâì D. �¡®§ ç¨¬ "ã£«®¢ë¥" â®çª¨ £à ¨-æë (â ª ª ª ±1 ∈ £à ¨æ¥ ®¡« áâ¨, áç¨â ¥¬ ¨å â®�¥ "ã£«®¢ë¬¨").� ©¤¥¬ ®¡à §ë ç áâ¥© £à ¨æë ®¡« áâ¨:
AED { ç áâì ®ªàã�®áâ¨ à ¤¨ãá  2. Ǒ®¤®ª § ®¬ã ¢ëè¥ ®â®¡à � ¥âáï   í««¨¯á

u2
( 12 (2 + 12 ))2 + v2

( 12 (2− 12 ))2 = 1¨«¨
u225 + v29 = 116 ,¯à¨ç¥¬ E, â® ¥áâì z = 2i, ®â®¡à � ¥âáï   w = 12(2i+ 12i) = 3i4 .

AB:
{

ϕ = π

r ∈ [2; 1℄ →

{

u = 12 (r + 1
r ) osπ = − 12 (r + 1

r ) ∈ [− 54 ;−1℄
v = 12 (r − 1

r ) sinπ = 0
BO:

{

ϕ = π

r ∈ [1; 0℄ →

{

u = 12 (r + 1
r ) osπ = − 12 (r + 1

r ) ∈ [−1;−∞℄
v = 12 (r − 1

r ) sinπ = 0СА
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38
OC:

{

ϕ = 0
r ∈ [0; 1℄ →

{

u = 12 (r + 1
r ) os 0 = 12 (r + 1

r ) ∈ [+∞; 1℄
v = 12 (r − 1

r ) sin 0 = 0
CD:

{

ϕ = 0
r ∈ [1; 2℄ →

{

u = 12 (r + 1
r ) os 0 = 12 (r + 1

r ) ∈ [1; 54 ℄
v = 12 (r − 1

r ) sin 0 = 0�§®¡à §¨¬ ¢á¥ ¯®«ãç¥ë¥ ªãáª¨ ®-¢®© £à ¨æë, à ááâ ¢¨¬ á®®â¢¥âáâ¢¥®â®çª¨ ¨ § èâà¨åã¥¬ ®¡« áâì â ª, çâ®¡ëª ª ¨   ¨áå®¤®© ®¡« áâ¨, ¯à¨ ¤¢¨�¥-¨¨ AED... ®¡« áâì ®áâ ¢ « áì á¯à ¢ :� ¤ ç¨ ª ¯. 4.5. � ©â¨ ®¡à § ®¡« áâ¨ D ¯à¨ ®â®¡à �¥¨¨ äãªæ¨¥©�ãª®¢áª®£®: 4.5.1.D : {π4 <arg z< 3π4 , z /∈ [0; i℄}4.5.2.D : {|z| < 1, z /∈ [0; 1℄}4.5.3.D : {|z|>1, z /∈ [−2;−1℄, z /∈ [1;+∞℄}4.5.4.D : {|z| < 1, Im z < 0, z /∈ [−i;− i2 ℄}4.6. �ãªæ¨ï, ®¡à â ï ª äãªæ¨¨ �ãª®¢áª®£® w = z±
√

z2 − 1.�ë¤¥«¥¨¥ à¥£ã«ïàëå ¢¥â¢¥©. �ëà §¨¬ z ¨§ à ¢¥áâ¢  w = 12(z + 1
z

):2wz = z2 + 1 =⇒ z2 − 2wz + 1 = 0 =⇒ z = w ±
√

w2 − 1� ç¨â ®¡à â®© ª äãªæ¨¨ �ãª®¢áª®£® ï¢«ï¥âáï ¤¢ã§ ç ï äãªæ¨ï
w = z ±

√
z2 − 1.�¡®§ ç¨¬ z − 1 = r1eiϕ1 ¨ z + 1 = r2eiϕ2 .�®£¤  √

z2 − 1 = √
r1r2 ei

ϕ1+ϕ22 .� áá¬®âà¨ ª®âãà ¢¨¤  (1) (á¬.à¨á.), ª®-â®àë© ®å¢ âë¢ ¥â â®çªã 1, ® ¥ ®å¢ âë¢ -¥â -1. Ǒà¨ ¯à®å®�¤¥¨¨ ¯® íâ®¬ã ª®âãàã
ϕ1 ¨§¬¥ï¥âáï   2π,   ϕ2 ¥ ¬¥ï¥âáï, á«¥-¤®¢ â¥«ì® ϕ1+ϕ22 ¨§¬¥ï¥âáï   π,   â ªª ª eiπ = −1, § ç¨â √

z2 − 1 ¬¥ï¥â § ª.� «®£¨ç® ¤«ï ª®âãà  ¢¨¤  (2), ª®â®àë©®å¢ âë¢ ¥â â®çªã -1, ® ¥ ®å¢ âë¢ ¥â 1.СА
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39� ª¨¬ ®¡à §®¬, ¥á«¨ ¢ ®¡« áâ¨ ¬®�® ®¡®©â¨ ®¤ã ¨§ â®ç¥ª ±1, ¥ ®¡-å®¤ï ¯à¨ íâ®¬ ¤àã£ãî, â® ¢ íâ®© ®¡« áâ¨ ¢¥â¢¨ äãªæ¨¨ ¥«ì§ï ®â¤¥«¨âì¤àã£ ®â ¤àã£ .� áá¬®âà¨¬ ª®âãà, ª®â®àë© ®å¢ âë¢ ¥â ®¡¥ â®çª¨ ±1 ¨«¨ ¥ ®å¢ âë-¢ ¥â ¨ ®¤ã ¨§ ¨å. Ǒà¨ ®¡å®¤¥ ¯® â ª®¬ã ª®âãàã ª �¤ë© ¨§ ã£«®¢«¨¡® ã¢¥«¨ç¨¢ ¥âáï   2π (®¡å®¤ ¢®ªàã£ ±1 ¯à®â¨¢ ç á®¢®© áâà¥«ª¨), «¨¡®ã¬¥ìè ¥âáï   2π (®¡å®¤ ¢®ªàã£ ±1 ¯® ç á®¢®© áâà¥«ª¥), «¨¡® ¥ ¬¥ï-¥âáï. �«¥¤®¢ â¥«ì® ϕ1+ϕ22 ¨«¨ ¥ ¬¥ï¥âáï, ¨«¨ ¨§¬¥ï¥âáï   2π,   â ªª ª ei2π = 1, § ç¨â √
z2 − 1 ¥ ¬¥ï¥â § ª.� ª¨¬ ®¡à §®¬, ¥á«¨ ¢ ®¡« áâ¨ ¥«ì§ï ®¡®©â¨ ®¤ã ¨§ â®ç¥ª ±1, ¥ ®¡å®-¤ï ¯à¨ íâ®¬ ¤àã£ãî, â® ¢ íâ®© ®¡« áâ¨ ¬®�® ¢ë¤¥«¨âì ¤¢¥ ¢¥â¢¨ äãªæ¨¨,®¡à â®© ª äãªæ¨¨ �ãª®¢áª®£®�á®¢ë¥ ®â®¡à �¥¨ï. (�â®¡à �¥¨ï, ®¡à âë¥ ®â®¡à �¥¨ï¬ ¢ë-¯®«ï¥¬ë¬ äãªæ¨¨ �ãª®¢áª®£®.)

• �««¨¯á x2
a2 + y2

a2−1 = 1 (a > 1) ®â®¡à � ¥âáï   ®ªàã�®áâì |w| = R.�«ï ®¤®© ¢¥â¢¨ R = a+√
a2 − 1 > 1, ¤«ï ¢â®à®© ¢¥â¢¨ R = a−

√
a2 − 1 < 1.

• �¨¯¥à¡®«  x2
a2 − y21−a2 = 1 (0 < a < 1) ®â®¡à � ¥âáï   «ãç¨ argw = φ,£¤¥ a2 = os2 φ =⇒ osφ = ±a.�«ï ®¤®© ¢¥â¢¨

[

φ = arosa (I ç¥â¢¥àâì, ¯®«ãç ¥âáï ¨§ ¯à ¢®© ç áâ¨ £¨¯¥à¡®«ë),
φ = π − arosa (II ç¥â¢¥àâì, ¯®«ãç ¥âáï ¨§ «¥¢®© ç áâ¨ £¨¯¥à¡®«ë).�«ï ¢â®à®© ¢¥â¢¨

[

φ = π + arosa (III ç¥â¢¥àâì, ¯®«ãç ¥âáï ¨§ «¥¢®© ç áâ¨ £¨¯¥à¡®«ë),
φ = 2π − arosa (IV ç¥â¢¥àâì, ¯®«ãç ¥âáï ¨§ ¯à ¢®© ç áâ¨ £¨¯¥à¡®«ë).� ¤ ç¨ ª ¯. 4.6. � ©â¨ ®¡à § ®¡« áâ¨ D ¯à¨ ®â®¡à �¥¨¨ ¢¥â¢ìî®¡à â®© äãªæ¨¥© �ãª®¢áª®£®, ¢ë¤¥«ï¥¬®© ¥¥ § ç¥¨¥¬ ¢ ãª § ®©â®çª¥: 4.6.1.D : {x24 + y23 > 1}, w(∞) = 04.6.2.D : {z /∈ [−∞;−1℄, z /∈ [1;+∞℄}, w(0) = i4.6.3.D : {z /∈ [−1; 1℄}, w(∞) = ∞4.6.4.D : {Im z > 0}, w(+i∞) = 04.7. �¨¯¥à¡®«¨ç¥áª¨¥ ¨ âà¨£®®¬¥âà¨ç¥áª¨¥ äãªæ¨¨.Ǒà¥¤áâ ¢«¥¨¥ ª®¬¯®§¨æ¨¥© ®â®¡à �¥¨©.
• �ãªæ¨ï w = h z ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ w = ez+e−z2 = 12 (ez + 1

ez ), â.¥.ï¢«ï¥âáï ª®¬¯®§¨æ¨¥© ®â®¡à �¥¨©:СА
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40
w1 = ez { ¯®ª § â¥«ì ï äãªæ¨ï;
w2 = 12 (w1 + 1

w1 ) { äãªæ¨ï �ãª®¢áª®£®.
• �ãªæ¨ï w = sh z ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ w = ez−e−z2 = − i2 (iez + 1

iez ), â.¥.ï¢«ï¥âáï ª®¬¯®§¨æ¨¥© ®â®¡à �¥¨©:
w1 = ez { ¯®ª § â¥«ì ï äãªæ¨ï;
w2 = iw1 { ¯®¢®à®â   π/2;
w3 = 12 (w2 + 1

w2 ) { äãªæ¨ï �ãª®¢áª®£®;
w4 = −iw3 { ¯®¢®à®â   −π/2.
• �ãªæ¨ï w = os z ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ w = eiz+e−iz2 = 12 (eiz + 1

eiz ), â.¥.ï¢«ï¥âáï ª®¬¯®§¨æ¨¥© ®â®¡à �¥¨©:
w1 = iz { ¯®¢®à®â   π/2;
w2 = ew1 { ¯®ª § â¥«ì ï äãªæ¨ï;
w3 = 12 (w2 + 1

w2 ) { äãªæ¨ï �ãª®¢áª®£®.
• �ãªæ¨ï w = sin z ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ w = eiz−e−iz2i = 12 (−ieiz + 1

−ieiz ),â.¥. ï¢«ï¥âáï ª®¬¯®§¨æ¨¥© ®â®¡à �¥¨©:
w1 = iz { ¯®¢®à®â   π/2;
w2 = ew1 { ¯®ª § â¥«ì ï äãªæ¨ï;
w3 = −iw2 { ¯®¢®à®â   −π/2;
w4 = 12 (w3 + 1

w3 ) { äãªæ¨ï �ãª®¢áª®£®.
• �ãªæ¨ï w = tg z ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ w = eiz−e−iz2i : eiz+e−iz2 = e2iz−1

ie2iz+i ,â.¥. ï¢«ï¥âáï ª®¬¯®§¨æ¨¥© ®â®¡à �¥¨©:
w1 = iz { ¯®¢®à®â   π/2;
w2 = 2w1 { à áâï�¥¨¥ ¢ 2 à § ;
w3 = ew2 { ¯®ª § â¥«ì ï äãªæ¨ï;
w4 = w3−1

iw3+i { ¤à®¡®-«¨¥© ï äãªæ¨ï.�®®â¢¥âáâ¢¥®, äãªæ¨¨ arsin z, aros z, artgz, artgz   â ª �¥ ®¡-à âë¥ £¨¯¥à¡®«¨ç¥áª¨¥ äãªæ¨¨ ï¢«ïîâáï ª®¬¯®§¨æ¨¥© ¯®¢®à®â®¢, á� -â¨©, «®£ à¨ä¬¨ç¥áª®© äãªæ¨¨, ¤à®¡®-«¨¥©®© äãªæ¨¨ ¨ äãªæ¨¨,®¡à â®© ª äãªæ¨¨ �ãª®¢áª®£®.� ¤ ç¨ ª ¯. 4.7. � ©â¨ ®¡à § ®¡« áâ¨ D ¯à¨ ãª § ®¬ ®â®¡à �¥¨¨
w = f(z): 4.7.1. D : {0 < Re z < π}, w = tg z4.7.2. D : {0 < Im z < π }, w = h z4.7.3. D : {| Im z| < π, Re z > 0}, w = sh z4.7.4. D : {0 < Re z < 2π, Im z > 0}, w = sin z4.7.5. D : {Re z>0, −1 < Im z < 0}, w = hπz4.7.6. D : {Re z>0, 0 < Im z < 1, z /∈ [ i2 ; 1+i2 ℄}, w = hπz
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§5. ��� ������Ǒ®ïâ¨ï àï¤  �®à  . �ï¤®¬ �®à   ¯® áâ¥¯¥ï¬ (z − z0)  §ë¢ ¥âáïàï¤ ¢¨¤ 

∞
∑

k=0 ck(z − z0)k + ∞
∑

k=1 c−k(z − z0)k ¨«¨ ∞
∑

k=−∞
ck(z − z0)kǑ¥à¢ ï áã¬¬  àï¤   §ë¢ ¥âáï ¯à ¢¨«ì®© ç áâìî (9 ∞ ¯à¨ z → z0),¢â®à ï áã¬¬  { £« ¢®© ç áâìî (®  → ∞ ¯à¨ z → z0).�¡« áâì ¨ å à ªâ¥à áå®¤¨¬®áâ¨ àï¤  �®à  . �¡« áâì áå®¤¨¬®áâ¨ àï-¤  �®à   (¥á«¨ ® ¢®®¡é¥ £¤¥-â® áå®¤¨âáï) ¥áâì ª®«ìæ® r < |z − z0| < R,¯à¨ç¥¬ ¢ «î¡®© § ¬ªãâ®© ®¡« áâ¨, æ¥«¨ª®¬ «¥� é¥© ¢ãâà¨ ª®«ìæ , àï¤�®à   áå®¤¨âáï à ¢®¬¥à®.��������������. Ǒãáâì àï¤ �®à   áå®¤¨âáï ¢ â®çª¥ z1. �®£¤ ¤«ï ¢á¥å z, â ª¨å çâ® |z − z0| < |z1 − z0| ¨¬¥¥¬:

|ck(z − z0)|k = |ck(z1 − z0)|k ·
∣

∣

z − z0
z1 − z0 ∣

∣

k
< |ck(z1 − z0)|k¨ ¯® â¥®à¥¬¥ �¥©¥àèâà áá  àï¤ ∞

∑

k=0 ck(z−z0)k â ª�¥ áå®¤¨âáï ¢ãâà¨ ªàã£ 
|z − z0| < |z1 − z0|, ¯à¨ç¥¬ ¢ «î¡®© § ¬ªãâ®© ®¡« áâ¨, «¥� é¥© ¢ãâà¨íâ®£® ªàã£ , ¯à ¢¨«ì ï ç áâì àï¤  �®à   áå®¤¨âáï à ¢®¬¥à®.Ǒãáâì àï¤ �®à   áå®¤¨âáï ¢ â®çª¥ z2. �®£¤  ¤«ï ¢á¥å z, â ª¨å çâ®
|z − z0| > |z2 − z0| ¨¬¥¥¬:

|c−k(z − z0)|−k = |c−k(z2 − z0)|−k ·
∣

∣

z2 − z0
z − z0 ∣

∣

k
< |c−k(z2 − z0)|−k¨ ¯® â¥®à¥¬¥ �¥©¥àèâà áá  àï¤ ∞

∑

k=1 c−k(z − z0)−k â ª�¥ áå®¤¨âáï   ¬®-�¥áâ¢¥ |z − z0| > |z2 − z0| ¯à¨ç¥¬ ¢ «î¡®© § ¬ªãâ®© ®¡« áâ¨, «¥� é¥© ¢íâ®¬ ¬®�¥áâ¢¥, £« ¢ ï ç áâì àï¤  �®à   áå®¤¨âáï à ¢®¬¥à®.�«¥¤®¢ â¥«ì®, ¢¥áì àï¤ �®à   áå®¤¨âáï   ¯¥à¥á¥ç¥¨¨ ¯®«ãç¥ëå®¡« áâ¥© |z− z0| > |z2− z0| ¨ |z− z0| > |z2− z0|, ¯à¨ç¥¬ ¢ «î¡®© § ¬ªãâ®©®¡« áâ¨, «¥� é¥© ¢ íâ®¬ ¬®�¥áâ¢¥, àï¤ �®à   áå®¤¨âáï à ¢®¬¥à®.СА
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42 � «¨â¨ç®áâì àï¤  �®à  . �ã¬¬  àï¤  �®à   ¥áâì   «¨â¨ç¥áª ïäãªæ¨ï (¢ ®¡« áâ¨ áå®¤¨¬®áâ¨ àï¤ ).��������������. Ǒãáâì ¢ ª®«ìæ¥ D : {r < |z − z0| < R} àï¤�®à   áå®¤¨âáï ª äãªæ¨¨ f(z), D∗ { «î¡ ï § ¬ªãâ ï ®¡« áâì, æ¥«¨ª®¬«¥� é ï ¢ D, C { £à ¨æ  íâ®© ®¡« áâ¨. �®£¤ 
∫

C

f(z) dz = ∫

C

∞
∑

k=−∞
ck(z − z0)k dz = ∞

∑

k=−∞
ck

∫

C

(z − z0)kdz = 0â ª ª ª (z − z0)k   «¨â¨ç¥áª ï äãªæ¨ï,   ¯® â¥®à¥¬¥ �®è¨ ¨â¥£à « ¯®§ ¬ªãâ®¬ã ª®âãàã ®â   «¨â¨ç¥áª®© äãªæ¨¨ à ¢¥ ã«î. �® â®£¤  ¯®â¥®à¥¬¥ �®à¥à  ¨ f(z)   «¨â¨ç¥áª ï äãªæ¨ï.�®à¬ã«  ¤«ï ª®íää¨æ¨¥â®¢ àï¤  �®à  .Ǒãáâì ∞
∑

k=−∞
ck(z − z0)k = f(z) ¢ ª®«ìæ¥ D : {r < |z − z0| < R}. �®£¤ 

ck = 12πi

∫

|z−z0|=ρ

f(z)(z − z0)k+1 dz, r < ρ < R.��������������. Ǒ® ãá«®¢¨î, ¤«ï «î¡®£® m ∈ N

f(z)(z − z0)m+1 = ∞
∑

k=−∞
ck(z − z0)k−m−1Ǒà®¨â¥£à¨àã¥¬ íâ® à ¢¥áâ¢® ¯® ª®âãàã � : |z − z0| = ρ:

∫

C

f(z)(z − z0)m+1 dz = ∞
∑

k=−∞
ck

∫

C

(z − z0)k−m−1dz�ë¯®«¨¬ § ¬¥ã z = z0 + ρeiϕ. �®£¤ 
∫

C

(z − z0)k−m−1dz = 2π
∫0 (

ρeiϕ
)n−m−1

ρieiϕdϕ = iρn−m

2π
∫0 eiϕ(n−m)dϕǑà¨ n − m 6= 0 2π

∫0 eiϕ(n−m)dϕ = eiϕ(n−m)
i(n − m) ∣∣∣∣2π0 = 0.СА
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43Ǒà¨ n − m = 0
iρn−m

2π
∫0 eiϕ(n−m)dϕ = i

2π
∫0 dϕ = 2πi.�«¥¤®¢ â¥«ì®,

∫

C

f(z)(z − z0)m+1 dz = 2πicm =⇒ cm = 12πi

∫

C

f(z)(z − z0)k+1 dz.Ǒà¥¤áâ ¢«¥¨¥   «¨â¨ç¥áª®© äãªæ¨¨ àï¤®¬ �®à  . �á«¨ äãªæ¨ï
f(z) ï¢«ï¥âáï   «¨â¨ç¥áª®© ¢ ª®«ìæ¥ D : {r < |z − z0| < R}, â® ¢ íâ®¬ª®«ìæ¥ ®  ¬®�¥â ¡ëâì ¯à¥¤áâ ¢«¥  àï¤®¬ �®à   ¯® áâ¥¯¥ï¬ (z − z0).��������������. �¡®§ ç¨¬ C1 : |z − z0| = R, C2 : |z − z0| = r.�®£¤  £à ¨æ  ®¡« áâ¨ D á®áâ®¨â ¨§ ®ªàã�®áâ¨ C1, ¯à®å®¤¨¬®© ¯à®â¨¢ç á®¢®© áâà¥«ª¨ ¨ C2, ¯à®å®¤¨¬®© ¯® ç á®¢®© áâà¥«ª¥ (®¡« áâì ¤®«� ®áâ ¢ âìáï á«¥¢ ), â® ¥áâì (C1 ª) + (C2 ©). Ǒ® ä®à¬ã«¥ �®è¨

f(z) = 12πi

∫(C1ª)+(C2©) f(t)
t − z

dt,®âªã¤ 
f(z) = 12πi

∫(C1ª) f(t)
t − z

dt+ 12πi

∫(C2©) f(t)
t − z

dt = 12πi

∫

C1 f(t)
t − z

dt−
12πi

∫

C2 f(t)
t − z

dt,£¤¥ ®¡  ª®âãà  ¯à®å®¤ïâáï ¯à®â¨¢ ç á®¢®© áâà¥«ª¨.12πi

∫

C1 f(t)
t − z

dt = 12πi

∫

C1 f(t)
t − z0 + z0 − z

dt = 12πi

∫

C1 f(t)
t − z0 dt1− z−z0

t−z0 =� ª ª ª ¤«ï |q| < 1 11− q
= ∞

∑

n=0 qn (áã¬¬  £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨),  ¯à¨ t ∈ C1 ∣

∣

∣

∣

z − z0
t − z0 ∣

∣

∣

∣

< 1= 12πi

∫

C1 f(t)
t − z0 ∞

∑

n=0(z − z0
t − z0 )n

dt = 12πi

∞
∑

n=0(∫

C1 f(t)(t − z0)n+1 dt

)(z−z0)n == ∞
∑

n=0 cn(z − z0)n, £¤¥ cn−ª®íää¨æ¨¥âë �®à  .СА
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44 � «®£¨ç®12πi

∫

C2 f(t)
t − z

dt = 12πi

∫

C2 f(t)
t − z0 + z0 − z

dt = 12πi

∫

C2 f(t)
z0 − z

dt1− t−z0
z−z0 =� ª ª ª ¯à¨ t ∈ C2 ∣

∣

∣

∣

t − z0
z − z0 ∣

∣

∣

∣

< 1= 12πi

∫

C2 f(t)
z0 − z

∞
∑

n=0( t − z0
z − z0)n

dt == −
12πi

∞
∑

n=0(∫

C2 f(t)(t − z0)n dt

) 1(z − z0)n+1 == −
12πi

∞
∑

n=1(∫

C2 f(t)(t − z0)n−1 dt

) 1(z − z0)n = −

∞
∑

n=1 c−n(z − z0)−n,£¤¥ c−n { ª®íää¨æ¨¥âë �®à  .�ª« ¤ë¢ ï ¨â¥£à «ë, ¯®«ãç ¥¬ f(z) = ∞
∑

n=−∞
cn(z − z0)n.� §«®�¥¨¥ ¤à®¡®-à æ¨® «ì®© äãªæ¨¨ ¢ àï¤ �®à  . � ª ¨§¢¥áâ-®, ¤à®¡®-à æ¨® «ì ï äãªæ¨ï ¬®�¥â ¡ëâì ¯à¥¤áâ ¢«¥  áã¬¬®© í«¥-¬¥â àëå ¤à®¡¥© ¢¨¤  A(z − a)n .� áá¬®âà¨¬ à §«®�¥¨¥ ¤à®¡¨ 1

z − a
:¤«ï |z| < a

1
z − a

= −
1

a(1− z
a ) = −

1
a

∞
∑

n=0(z

a

)n = −
∞
∑

n=0 zn

an+1 ,¤«ï |z| > a
1

z − a
= 1

z(1− a
z ) = 1

z

∞
∑

n=0(a

z

)n = ∞
∑

n=0 an

zn+1 = ∞
∑

n=1 an−1
zn

.� §«®�¥¨¥ ¤à®¡¨ 1(z − a)2 = (

−
1

z − a

)′ ¬®�¥â ¡ëâì ¯®«ãç¥® ª ª ¯à®-¨§¢®¤ ï á®®â¢¥âáâ¢ãîé¥£® àï¤ , ¨ â.¤.�«ï ¯®«ãç¥¨ï à §«®�¥¨ï ¤à®¡®-à æ¨® «ì®© äãªæ¨¨ á«¥¤ã¥â à §-«®�¨âì ¥¥   í«¥¬¥â àë¥ ¤à®¡¨, ¢ë¯¨á âì à §«®�¥¨¥ ¢ àï¤ ¤«ï ª �¤®-£® á« £ ¥¬®£® ¢ à áá¬ âà¨¢ ¥¬®© ®¡« áâ¨ ¨ á«®�¨âì ¯®«ãç¨¢è¨¥áï àï¤ë.СА
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45Ǒ�����. � ©â¨ à §«®�¥¨¥ ¢ àï¤ ¯® áâ¥¯¥ï¬ (z − 1) ¢® ¢á¥å ¢®§¬®�-ëå ®¡« áâïå äãªæ¨¨
f(z) = 1

z2 − 7z + 12 .�������. � ª ª ª z0 = 1( 6= 0), ¢ë¯®«¨¬ á ç «  § ¬¥ã z − 1 = t:
f(z) = 1(t+ 1)2 − 7(t+ 1) + 12 = 1

t2 − 5t+ 6 = g(t).Ǒà¨¬¥ïï ¬¥â®¤ ¥®¯à¥¤¥«¥ëå ª®íää¨æ¨¥â®¢, � §«®�¨¬ g(t)   í«¥-¬¥â àë¥ ¤à®¡¨:
g(t) = 1(t − 3)(t − 2) = A

t − 3 + B

t − 2 = A(t − 2) +B(t − 3)(t − 3)(t − 2) == t(A+B)− 2A − 3B(t − 3)(t − 2)=⇒ {

A+B = 0
−2A − 3B = 1 =⇒ {

A = 1
B = −1 =⇒ g(t) = 1

t − 3 −
1

t − 2� áá¬®âà¨¬ à §«®�¥¨¥ ¤à®¡¨ 1
t − 3 :¤«ï |t| < 3 1

t − 3 = −
13(1− t3 ) = −

13 ∞
∑

n=0( t3)n = −

∞
∑

n=0 tn3n+1 ,¤«ï |t| > 3 1
t − 3 = 1

t(1− 3
t ) = 1

t

∞
∑

n=0(3
t

)n = ∞
∑

n=0 3n

tn+1 = ∞
∑

n=1 3n−1
tn

.� áá¬®âà¨¬ à §«®�¥¨¥ ¤à®¡¨ 1
t − 2 :¤«ï |t| < 2 1

t − 2 = −
12(1− t2 ) = −

12 ∞
∑

n=0( t2)n = −

∞
∑

n=0 tn2n+1 ,¤«ï |t| > 2 1
t − 2 = 1

t(1− 2
t ) = 1

t

∞
∑

n=0(2
t

)n = ∞
∑

n=0 2n

tn+1 = ∞
∑

n=1 2n−1
tn

.
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46 �ë¯¨è¥¬ à §«®�¥¨ï ¤«ï g(t):¤«ï |t| < 2 g(t) = −
∞
∑

n=0 tn3n+1 + ∞
∑

n=0 tn2n+1 = ∞
∑

n=0( 12n+1 −
13n+1)

tn¤«ï 2 < |t| < 3 g(t) = −

∞
∑

n=0 tn3n+1 −

∞
∑

n=1 2n−1
tn¤«ï |t| > 3 g(t) = ∞

∑

n=1 3n−1
tn

−

∞
∑

n=1 2n−1
tn

= ∞
∑

n=1(3n−1 − 2n−1) 1
tn�ë¯®«¨¢ ®¡à âãî § ¬¥ã, ¢¯¨è¥¬ à §«®�¥¨ï ¤«ï f(z):¤«ï |z − 1| < 2 f(z) = ∞

∑

n=0( 12n+1 −
13n+1)(z − 1)n¤«ï 2 < |z − 1| < 3 f(z) = −

∞
∑

n=0 (z − 1)n3n+1 −

∞
∑

n=1 2n−1(z − 1)n¤«ï |z − 1| > 3 f(z) = ∞
∑

n=1(3n−1 − 2n−1) 1(z − 1)n�ï¤ �¥©«®à  ª ª ç áâë© á«ãç © àï¤  �®à  . Ǒãáâì äãªæ¨ï f   -«¨â¨ç  ¢ ®¡« áâ¨ |z − z0| < R(ªàã£). � áá¬®âà¨¬ ¥¥ à §«®�¥¨¥ ¢ àï¤�®à  :
f(z) = ∞

∑

k=0 ck(z − z0)k + ∞
∑

k=1 c−k(z − z0)kǑãáâì r < ρ < R.
ck = 12πi

∫

|z−z0|=ρ

f(z)(z − z0)k+1 dz = 1
n!f (n)(z0) (¯® ä®à¬ã«¥ �®è¨),

c−k = 12πi

∫

|z−z0|=ρ

f(z)(z − z0)k−1dz = 0 (¯® â¥®à¥¬¥ �®è¨)� ª¨¬ ®¡à §®¬, £« ¢ ï ç áâì àï¤  �®à   à ¢  ã«î, ¨ àï¤ �®à  ¯à¥¢à é ¥âáï ¢ àï¤ �¥©«®à .СА
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47Ǒà¨¬¥àë áâ¥¯¥ëå àï¤®¢. � ª ¨ ¢ ¤¥©áâ¢¨â¥«ì®¬   «¨§¥, ¨¬¥îâ¬¥áâ® à §«®�¥¨ï:
ez = ∞

∑

k=0 zk

k! , |z| < ∞sin z = ∞
∑

k=0 (−1)kz2k+1(2k + 1)! , |z| < ∞os z = ∞
∑

k=0 (−1)kz2k(2k)! , |z| < ∞sh z = ∞
∑

k=0 z2k+1(2k + 1)! , |z| < ∞h z = ∞
∑

k=0 z2k(2k)! , |z| < ∞ln(1 + z) = ∞
∑

k=0 (−1)k+1zk

k
, |z| < 111− z

= ∞
∑

k=0 zk, |z| < 1(1 + z)a = ∞
∑

k=0 a(a − 1)...(a − n+ 1)
n! zk, |z| < 1�ï¤ �®à   ¢ ®ªà¥áâ®áâ¨ ¡¥áª®¥ç®áâ¨. Ǒãáâì äãªæ¨ï f   «¨-â¨ç  ¢ ®¡« áâ¨ R < |z| < ∞ (¢¥è®áâì ªàã£ ). �®£¤  g(z) = f( 1z ),ï¢«ï¥âáï   «¨â¨ç¥áª®© ¢ ª®«ìæ¥ 0 < |z| < R ¨ ¢ íâ®¬ ª®«ìæ¥ ¥¥ ¬®�®à §«®�¨âì ¢ àï¤ �®à  :

g(z) = ∞
∑

k=0 ckzk + ∞
∑

k=1 c−kz−k =⇒ f(z) = g( 1z ) = ∞
∑

k=0 ck

zk
+ ∞

∑

k=1 c−kzkǑà¨ z → ∞ ¯¥à¢ ï áã¬¬  9 ∞, â® ¥áâì ï¢«ï¥âáï ¯à ¢¨«ì®© ç áâìîàï¤  �®à  ,   ¢â®à ï áã¬¬  → ∞, â® ¥áâì ï¢«ï¥âáï £« ¢®© ç áâìî àï¤ �®à  .СА
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48 � ¤ ç¨ ª §5.�ë¯¨á âì ¢á¥ à §«®�¥¨ï ¢ àï¤ �®à   ¯® áâ¥¯¥ï¬ z−z0 ¤«ï äãªæ¨¨5.1. f(z) = 1
z2 − 3z + 2 , z0 = 05.2. f(z) = 1
z2 − 3z + 2 , z0 = 15.3. f(z) = z(z2 + 1)(z + 2) , z0 = 05.4. f(z) = 16 + 5z + z2 , z0 = 15.5. f(z) = z(1 + z)(2− z) , z0 = −25.6. f(z) = 3(z − 3)2 , z0 = 05.7. f(z) = z(z + 3)2 , z0 = −1� §«®�¨âì ¢ àï¤ �¥©«®à  äãªæ¨î f(z) ¯® áâ¥¯¥ï¬ z − z05.8. f(z) = os z, z0 = π4 5.9. f(z) = os(z −

π4 ), z0 = 05.10. f(z) = sin2 z, z0 = 0 5.11. f(z) = h z, z0 = 15.12. f(z) = ln 2− z1 + z
, z0 = 0 5.13. f(z) = ln(2− z)(3− z), z0 = 05.14. f(z) = sin(π3 + z2), z0 = 0 5.15. f(z) = ez+3, z0 = −15.16. f(z) = os2 z, z0 = π4 5.17. f(z) = sh2 z, z0 = 05.18. f(z) = z sh z, z0 = 0 5.19. f(z) = h2 z, z0 = 05.20. f(z) = z h z, z0 = 0 5.21. f(z) = (z + 1)ez−1, z0 = 05.22. f(z) = z3e 1

z , z0 = 0 5.23. f(z) = 1− e−z

z3 , z0 = 0
СА
РА
ТО
ВС
КИ
Й ГО

СУ
ДА
РС
ТВ
ЕН
НЫ
Й УН

ИВ
ЕР
СИ
ТЕ
Т И
МЕ
НИ

 Н
. Г

. Ч
ЕР
НЫ
ШЕ
ВС
КО
ГО



49
§6. ���� � ������ ����� ��������®«ì ¯®àï¤ª  m. �®çª  z0  §ë¢ ¥âáï ã«¥¬ ¯®àï¤ª  m   «¨â¨ç¥áª®©äãªæ¨¨ f(z) ¥á«¨ f(z0) = 0, f ′(z0) = 0, f ′′(z0) = 0, ... , f (m−1)(z0) = 0,  

f (m)(z0) 6= 0.� íâ®¬ á«ãç ¥ ª®íää¨æ¨¥âë �®à   c0 = c1 = c2 = ... = cm−1 = 0,  
cm 6= 0 ¨ àï¤ ¯® áâ¥¯¥ï¬ (z − z0) äãªæ¨¨ f ¨¬¥¥â ¢¨¤:

f(z) = ∞
∑

k=m

ck(z − z0)k�â¬¥â¨¬ ®ç¥¢¨¤ë¥ á«¥¤áâ¢¨ï:
• �á«¨ z0 ®«ì ¯®àï¤ª  m   «¨â¨ç¥áª®© äãªæ¨¨ f(z), â®

f(z) = (z−z0)m ∞
∑

k=m

ck(z−z0)k−m = (z−z0)m ∞
∑

k=0 c∗k(z−z0)k = (z−z0)mg(z),£¤¥ g(z)   «¨â¨ç¥áª ï äãªæ¨ï, ¯à¨ç¥¬ g(z0) 6= 0.
• �á«¨ z0 ®«ì   «¨â¨ç¥áª®© äãªæ¨¨ f(z), â® áãé¥áâ¢ã¥â ®ªà¥áâ®áâì

z0, ¢ ª®â®à®© ¥â ¤àã£¨å ã«¥©, ¥á«¨ â®«ìª® f(z) 6≡ 0.
• �á«¨ ¤¢¥   «¨â¨ç¥áª¨¥ äãªæ¨¨ á®¢¯ ¤ îâ   ¥ª®â®à®© ç áâ¨ ®¡« -áâ¨, â® ®¨ á®¢¯ ¤ îâ   ¢á¥© ®¡« áâ¨ (â ª ª ª ¯® ¯à¥¤ë¤ãé¥¬ã á¢®©áâ¢ãäãªæ¨ï f1(z)− f2(z) ≡ 0).�áâà ¨¬ ï ®á®¡ ï â®çª .�®çª  z0  §ë¢ ¥âáï ãáâà ¨¬®© ®á®¡®© â®ç-ª®© äãªæ¨¨ f(z) ¥á«¨ äãªæ¨ï ¥ ®¯à¥¤¥«¥ , ¨«¨ ¥ ï¢«ï¥âáï   «¨â¨-ç¥áª®© ¢ íâ®© â®çª¥, ® ¢ ®¡« áâ¨ 0 < |z − z0| < R ¯à¥¤áâ ¢«ï¥âáï àï¤®¬�®à   ¢¨¤ 

f(z) = ∞
∑

k=0 ck(z − z0)k,â® ¥áâì ã àï¤  �®à   ®âáãâáâ¢ã¥â £« ¢ ï ç áâì.�ç¥¢¨¤®, çâ® ¢ íâ®¬ á«ãç ¥ áãé¥áâ¢ã¥â ª®¥çë© lim
z→0 f(z).� ¯à¨¬¥à, ¤«ï f(z) = sin z

z
â®çª  z = 0 ï¢«ï¥âáï ãáâà ¨¬®© ®á®¡®©â®çª®©.
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50 Ǒ®«îá ¯®àï¤ª  m.�®çª  z0  §ë¢ ¥âáï ¯®«îá®¬ ¯®àï¤ª  m   «¨â¨ç¥-áª®© äãªæ¨¨ f(z) ¥á«¨ ¢ ®¡« áâ¨ 0 < |z−z0| < R äãªæ¨ï ¯à¥¤áâ ¢«ï¥âáïàï¤®¬ �®à   ¢¨¤ 
f(z) = ∞

∑

k=−m

ck(z − z0)k,¯à¨ç¥¬ c−m 6= 0. �® ¥áâì £« ¢ ï ç áâì àï¤  �®à   á®¤¥à�¨â ª®¥ç®¥ç¨á«® á« £ ¥¬ëå.�ç¥¢¨¤®, çâ® ¢ íâ®¬ á«ãç ¥ lim
z→0 f(z) = ∞.�á«¨ z0 ¯®«îá ¯®àï¤ª  m äãªæ¨¨ f(z), â®

f(z)(z− z0)m = ∞
∑

k=−m

ck(z− z0)k+m = ∞
∑

k=0 c∗k(z− z0)k =⇒ f(z) = g(z)(z − z0)m ,£¤¥ g(z)   «¨â¨ç¥áª ï äãªæ¨ï.�ãé¥áâ¢¥® ®á®¡ ï â®çª . �®çª  z0  §ë¢ ¥âáï áãé¥áâ¢¥® ®á®¡®©â®çª®© äãªæ¨¨ f(z) ¥á«¨ ¢ ®¡« áâ¨ 0 < |z − z0| < R äãªæ¨ï ¯à¥¤áâ ¢«ï-¥âáï àï¤®¬ �®à   ¢¨¤ 
f(z) = ∞

∑

k=−∞
ck(z − z0)k,â® ¥áâì £« ¢ ï ç áâì àï¤  �®à   á®¤¥à�¨â ¡¥áª®¥ç®¥ ç¨á«® á« £ ¥¬ëå.�ç¥¢¨¤®, çâ® ¢ íâ®¬ á«ãç ¥ lim

z→0 f(z) ¥ áãé¥áâ¢ã¥â (â ª ª ª ¨ ç¥ ¯®-«ãç¨«¨ ¡ë ãáâà ¨¬ãî ®á®¡ãî â®çªã ¨«¨ ¯®«îá).�¥®à¥¬  �®å®æª®£®. �á«¨ z0 áãé¥áâ¢¥® ®á®¡ ï â®çª  äãªæ¨¨ f(z),â® ¤«ï «î¡®£® ç¨á«  a  ©¤¥âáï ¯®á«¥¤®¢ â¥«ì®áâì â®ç¥ª zk, áå®¤ïé ïáïª z0 â ª ï, çâ® ¯®á«¥¤®¢ â¥«ì®áâì f(zk) áå®¤¨âáï ª a.��������������. Ǒãáâì a = ∞. �®£¤  ®¡ï§ â¥«ì® áãé¥áâ¢ã¥â¯®á«¥¤®¢ â¥«ì®áâì zk → z0 â ª ï, çâ® f(zk) → ∞, â ª ª ª ¨ ç¥ f(z)®£à ¨ç¥  ¢ ®ªà¥áâ®áâ¨ z0, â® ¥áâì z0 ¡ë«  ¡ë ãáâà ¨¬®© ®á®¡®© â®çª®©.Ǒãáâì a 6= ∞. �®§¬®�ë ¤¢  á«ãç ï:1) � «î¡®© ®ªà¥áâ®áâ¨ z0 áãé¥áâ¢ã¥â â®çª  z â ª ï, çâ® f(z) = a, ®â®£¤  ¨§ â ª¨å â®ç¥ª ¬®�® ¯®áâà®¨âì ¨áª®¬ãî ¯®á«¥¤®¢ â¥«ì®áâì.2) � ¥ª®â®à®© ®ªà¥áâ®áâ¨ z0 f(z) 6= a. � áá¬®âà¨¬ g(z) 1
f(z) − a

. � ªª ª lim
z→0 f(z) ¥ áãé¥áâ¢ã¥â, â® ¨ lim

z→0 g(z) ¥ áãé¥áâ¢ã¥â, ® â®£¤  ¯® ¤®ª -§ ®¬ã áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì®áâì zk → z0 â ª ï, çâ® g(zk) → ∞,  § ç¨â f(zk)− a → 0 ¨«¨ f(zk) → a.СА
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§7. ������ � �� Ǒ���������� ���������� �����������¯à¥¤¥«¥¨¥ ¢ëç¥â  ¨ ®á®¢®¥ á¢®©áâ¢®. Ǒãáâì z0 ª®¥ç ï ¨§®«¨à®-¢  ï ®á®¡ ï â®çª  äãªæ¨¨ f . �ëç¥â®¬ äãªæ¨¨ f ¢ â®çª¥ z0  §ë¢ -¥âáï res

z=z0f(z) = 12πi

∫

|z−z0|=r

f(z) dz,£¤¥ |z − z0| = r { ®ªàã�®áâì, ¢ãâà¨ ª®â®à®© ¥â ¤àã£¨å ®á®¡ëå â®ç¥ª,ªà®¬¥ z0, ¯à®å®¤¨¬ ï ¯à®â¨¢ ç á®¢®© áâà¥«ª¨.�ëç¥â®¬ äãªæ¨¨ f ¢ ¡¥áª®¥ç® ã¤ «¥®© â®çª¥  §ë¢ ¥âáïres
z=∞

f(z) = −
12πi

∫

|z|=r

f(z) dz,£¤¥ |z| = r { ®ªàã�®áâì, ¢¥ ª®â®à®© ¥â ¤àã£¨å ®á®¡ëå â®ç¥ª, ªà®¬¥
z = ∞, ¯à®å®¤¨¬ ï ¯à®â¨¢ ç á®¢®© áâà¥«ª¨.�à ¢¨¢ ®¯à¥¤¥«¥¨¥ ¢ëç¥â  á ä®à¬ã«®© ¤«ï ª®íää¨æ¨¥â®¢ àï¤  �®-à  , «¥£ª® ¢¨¤¥âì, çâ® res

z=z0f(z) = c−1res
z=∞

f(z) = −c−1�á®¢ë¥ ä®à¬ã«ë ¤«ï  å®�¤¥¨ï ¢ëç¥â .
• Ǒãáâì z0 { ª®¥ç ï ãáâà ¨¬ ï ®á®¡ ï â®çª , â®£¤  res

z=z0f(z) = 0.
• Ǒãáâì z = ∞ { ãáâà ¨¬ ï ®á®¡ ï â®çª , â®£¤ res

z=∞
f(z) = lim

z→∞

(

z
[ lim
z→∞

f(z)− f(z)]).

• Ǒãáâì z0 { ª®¥çë© ¯®«îá ¯®àï¤ª  n ¤«ï f , â®£¤ res
z=z0f(z) = 1(n − 1) lim

z→z0[(z − z0)nf(z)](n−1)
.

• Ǒãáâì z = ∞ { ¯®«îá ¯®àï¤ª  n, â®£¤ res
z=∞

f(z) = (−1)n(n+1)! lim
z→∞

[

zn+2f (n+1)(z)].� ¬¥ç ¨¥. �á«¨ f(z) ç¥â ï äãªæ¨ï, â® res
z=0f(z) = 0 ¨ res

z=∞
f(z) = 0.� ¬¥ç ¨¥. �á«¨ f(z) ç¥â ï äãªæ¨ï, â® res

z=z0f(z) = − res
z=−z0f(z).� ¬¥ç ¨¥. �á«¨ f(z) ¥ç¥â ï äãªæ¨ï, â® res

z=z0f(z) = res
z=−z0f(z).СА
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52 �ëç¨á«¥¨¥ ¨â¥£à «®¢ ¯® § ¬ªãâ®¬ã ª®âãàã. �¥¯®áà¥¤áâ¢¥® ¨§®¯à¥¤¥«¥¨ï ¢ëç¥â  ¨ â¥®à¥¬ë �®è¨ á«¥¤ã¥â ®á®¢ ï â¥®à¥¬  ® ¢ëç¥â å:Ǒãáâì f   «¨â¨ç  ¢ ®¡« áâ¨ D ¨ ¥¯à¥àë¢  ¢¯«®âì ¤® ¥¥ £à ¨æë
∂D ªà®¬¥ ª®¥ç®£® ç¨á«  â®ç¥ª z1, ..., zn. �®£¤ 

∫

∂D

f(z) dz = 





2πi
∑n

k=1 res
z=zk

f(z), ¥á«¨ ∞ /∈ D,2πi
∑n

k=1 res
z=zk

f(z) + 2πi res
z=∞

f(z), ¥á«¨ ∞ ∈ D.� ª¨¬ ®¡à §®¬, ¤«ï ¢ëç¨á«¥¨ï ¨â¥£à «  ¯® £à ¨æ¥ ®¡« áâ¨ D  ¤®:1)  ©â¨ ®á®¡ë¥ â®çª¨ äãªæ¨¨, «¥� é¨¥ ¢ ®¡« áâ¨;2)  ©â¨ ¢ëç¥âë ¢ íâ¨å ®á®¡ëå â®çª å,   ¥á«¨ ∞ ∈ D â® ¨ ¢ëç¥â ¢ z = ∞;3) á«®�¨âì ¢á¥  ©¤¥ë¥ ¢ëç¥âë ¨ ã¬®�¨âì à¥§ã«ìâ â   2πi.� ¬¥ç ¨¥. � áâë© á«ãç © íâ®© ä®à¬ã«ë ¬®�¥â ¡ëâì ¯®«ãç¥ ¨§ ä®à-¬ã«ë �®è¨:Ǒãáâì f   «¨â¨ç  ¢ ®¡« áâ¨ D ¨ ¥¯à¥àë¢  ¢¯«®âì ¤® ¥¥ £à ¨æë
∂D. �®£¤ 

∫

∂D

f(z)(z − z0)n+1 dz = { 2πi

n! f (n)(z0), ¥á«¨ z0 ∈ D;0, ¥á«¨ z0 /∈ D + ∂D�ëç¨á«¥¨¥ ¥á®¡áâ¢¥ëå ¨â¥£à «®¢. Ǒà¨¬¥ïï ®á®¢ãî â¥®à¥¬ã® ¢ëç¥â å, ¬®�® ¢ë¢¥áâ¨ ä®à¬ã«ë ¤«ï ¢ëç¨á«¥¨ï ¥á®¡áâ¢¥ëå ¨â¥-£à «®¢. Ǒà¨¢¥¤¥¬ ¥ª®â®àë¥ ¨§ ¨å.
• Ǒãáâì ¢ ¢¥àå¥© ¯®«ã¯«®áª®áâ¨ äãªæ¨ï f(z)   «¨â¨ç  ¨ ¥¯à¥àë¢-  ¢¯«®âì ¤® £à ¨æë §  ¨áª«îç¥¨¥¬ ¯®«îá®¢ z1, ..., zn ¨ lim

z→∞
zf(z) = 0.�®£¤ 

∞
∫

−∞

f(x) dx = 2πi

n
∑

k=1 res
z=zk

f(z).� ª¨¬ ®¡à §®¬, ¤«ï ¢ëç¨á«¥¨ï ¨â¥£à «  ¯® ¤¥©áâ¢¨â¥«ì®© ®á¨  ¤®:1) Ǒà®¢¥à¨âì ¢ë¯®«¥¨¥ ãá«®¢¨ï lim
z→∞

zf(z) = 02)  ©â¨ ®á®¡ë¥ â®çª¨ äãªæ¨¨, «¥� é¨¥ ¢ ¢¥àå¥© ¯®«ã¯«®áª®áâ¨;3)  ©â¨ ¢ëç¥âë ¢ íâ¨å ®á®¡ëå â®çª å;4) á«®�¨âì ¢á¥  ©¤¥ë¥ ¢ëç¥âë ¨ ã¬®�¨âì à¥§ã«ìâ â   2πi.� ¬¥ç ¨¥. �á«¨ ¢á¥ ®á®¡ë¥ â®çª¨ «¥� â ¢ ¨�¥© ¯®«ã¯«®áª®áâ¨, â® ¤® á ç «  á¤¥« âì § ¬¥ã z = −t.СА
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53
• Ǒãáâì äãªæ¨ï f(z)   «¨â¨ç  ¨ ¥¯à¥àë¢  ¢¯«®âì ¤® £à ¨æë§  ¨áª«îç¥¨¥¬ ¯®«îá®¢ z1, ..., zn, «¥� é¨å ¢ ¢¥àå¥© ¯®«ã¯«®áª®áâ¨ ¨lim

z→∞
f(z) = 0. �®£¤ 

∞
∫

−∞

f(x)eiλx dx = 2πi
n

∑

k=1 res
z=zk

f(z)eiλz (λ > 0)� ¬¥ç ¨¥. �á«¨ λ < 0, á«¥¤ã¥â á¤¥« âì § ¬¥ã x = −t.
• Ǒãáâì äãªæ¨ï f(z)   «¨â¨ç  ¨ ¥¯à¥àë¢  ¢¯«®âì ¤® £à ¨æë§  ¨áª«îç¥¨¥¬ ¯®«îá®¢ z1, ..., zn, «¥� é¨å ¢ ¢¥àå¥© ¯®«ã¯«®áª®áâ¨, ¯à¨¤¥©áâ¢¨â¥«ìëå § ç¥¨ïå  à£ã¬¥â  äãªæ¨ï ¯à¨¨¬ ¥â ¤¥©áâ¢¨â¥«ìë¥§ ç¥¨ï ¨ lim

z→∞
f(z) = 0. �®£¤ 

∞
∫

−∞

f(x) osλx dx = Re[2πi

n
∑

k=1 res
z=zk

f(z)eiλz

] (λ > 0)
∞
∫

−∞

f(x) sinλx dx = Im[2πi
n

∑

k=1 res
z=zk

f(z)eiλz

] (λ > 0)� ¬¥ç ¨¥. �á«¨ λ < 0, á«¥¤ã¥â á¤¥« âì § ¬¥ã x = −t.� ¤ ç¨ ª §7.� ¯®¬®éìî ¨â¥£à «ì®© ä®à¬ã«ë �®è¨ ¢ëç¨á«¨âì ¨â¥£à «ë (¢á¥®ªàã�®áâ¨ ®¡å®¤ïâáï ¯à®â¨¢ ç á®¢®© áâà¥«ª¨):7.1. ∫

|z+i|=3 sin z
dz

z + i7.2. ∫

|z|=2 ez

z2 − 1 dz7.3. ∫

|z|=4 os z
z2 − π2 dz7.4. ∫

|z+1|=1 dz(1 + z)(z − 1)3
7.5. ∫

|z|=2 dz(z − 1)2(z − 3)7.6. ∫

|z|=1/2 ez

z(1− z)3 dz7.7. ∫

|z|=3/2 ez

z(1− z)3 dz7.8. ∫

|z−1|=1/2 ez

z(1− z)3 dz
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54 Ǒà¨¬¥ïï â¥®à¨î ¢ëç¥â®¢, ¢ëç¨á«¨âì ¨â¥£à «ë ¯® § ¬ªãâ®¬ã ª®-âãàã:7.9. ∫

∂D

dz1 + z4 , D : |z − 1| < 17.10. ∫

∂D

dz(z2 − 1)2(z − 3)2 , D : 2 < |z| < 47.11. ∫

∂D

z

z + 3e
13z dz, D : |z| > 4

7.12. ∫

∂D

dz

z3(z10 − 2) , D : |z| < 27.13. ∫

∂D

sin z

z + 1 , D : |z| > 37.14. ∫

∂D

z sin z + 1
z − 1 , D : |z| < 2Ǒà¨¬¥ïï â¥®à¨î ¢ëç¥â®¢, ¢ëç¨á«¨âì ¥á®¡áâ¢¥ë¥ ¨â¥£à «ë:7.15. ∞∫

−∞

x2 dx(x2 + 1)(x2 + 9)7.16. ∞∫
−∞

x2 − x+ 2
x4 + 10x2 + 9dx7.17. ∞∫

−∞

dx

x2 − 2ix − 27.18. ∞∫
−∞

x2 + 1
x4 + 1dx7.19. ∞∫

−∞

x2 dx(x2 + 4ix − 5)27.20. ∞∫
−∞

x2 dx(x2 + 4)3

7.21. ∞∫
−∞

(x − 1)eix

x2 − 2x+ 2dx7.22. ∞∫
−∞

eix dx

x2 − 2ix − 27.23. ∞∫
−∞

eix dx(x2 + 4ix − 5)37.24. ∞∫
−∞

(x − 3)eix

x2 − 6x+ 109dx7.25. ∞∫
−∞

(x+ 1)e−3ix
x2 − 2x+ 5 dx7.26. ∞∫

−∞

e−ix dx

x4 + 8x2 + 16

7.27. ∞∫
−∞

(x+ 1) sin 2x
x2 + 2x+ 2 dx7.28. ∞∫

−∞

x3 sinx

x4 + 5x2 + 4dx7.29. ∞∫
−∞

(x − 1) os 2x
x2 − 4x+ 5 dx7.30.∞∫0 x sinx

x2 + 4dx7.31.∞∫0 x sin 3x
x2 + 1 dx7.32.∞∫0 os 2x(x2 + 9)2 dx�â¢¥âë: 7.1)2π sh 1 7.2)2πi sh 1 7.3)0 7.4)−πi/4 7.5)−πi/2 7.6)2πi 7.7)πi(2 − e)7.8)−πie 7.9)− πi

√2 7.10)−3πi64 7.11) 16πi3 7.12)0 7.13)2πi os 1 7.14)4πi(os 1 − sin 1)7.15)π4 7.16) 5π12 7.17) 0 7.18) π
√2 7.19) 0 7.20)π2 7.21) πiei−1 7.22)−2π

e
sin 17.23) 0 7.24) πie3i−10 7.25) π(1 − i)e−3i−6 7.26) 3π32e2 7.27)π os 2

e2 7.28)π(4 − e)3e27.29)π(os 4− sin 4)
e2 7.30) π2e2 7.31) π2e3 7.32) 7π108e6 .СА
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