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4
�������� Ǒ������

• �¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¯®àï¤ª  n ­ -§ë¢ ¥âáï ãà ¢­¥­¨¥ ¢¨¤ 
F (x; y(x); y′(x), ..., y(n)(x)) = 0,£¤¥ y(x) { ¨áª®¬ ï äã­ªæ¨ï.� ¯à¨¬¥à, sin y · y′(x) = 2 
osx · y(x) (1){ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® ¯®àï¤ª .Ǒ®áª®«ìªã y′(x) = dy

dx
, ãà ¢­¥­¨¥ (1) ¬®�­® â ª �¥ § ¯¨-á âì ¢ ¢¨¤¥ sin y · dy = 2 
osx · y · dx (2)� ¤àã£®© áâ®à®­ë, y(x) { íâ® § ¢¨á¨¬®áâì y ®â x. �® áâ ª¨¬ �¥ ¯à ¢®¬ ¬®�­® áç¨â âì, çâ® ­ ®¡®à®â, x § ¢¨á¨â ®â y, â®¥áâì ¨áª âì äã­ªæ¨î x(y), ¤«ï ª®â®à®© x′(y) = dx

dy
. �, ¯®¤¥«¨¢ãà ¢­¥­¨¥ (2) ­  dy, ¯®«ãç¨¬sin y = 2 
osx · y · x′(y) (3)(1), (2) ¨ (3) ¯® áãâ¨ ®¤­® ¨ â® �¥ ãà ¢­¥­¨¥, § ¯¨á ­­®¥¢ à §­ëå ¢¨¤ å.
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5
• �¥è¥­¨¥¬ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ­ §ë¢ ¥âáï «î¡ ïäã­ªæ¨ï, ®¡à é îé ï ãà ¢­¥­¨¥ ¢ ¢¥à­®¥ à ¢¥­áâ¢®.� ¯à¨¬¥à, y(x) = ex ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï

y′(x) = y(x) (4)
• �¡é¨¬ à¥è¥­¨¥¬ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¯®àï¤ª  n­ §ë¢ ¥âáï à¥è¥­¨¥, § ¢¨áïé¥¥ (¯®¬¨¬® ¯¥à¥¬¥­­®©) ®â n ¯à®¨§-¢®«ì­ëå ¯®áâ®ï­­ëå, ª®â®àë¥ ¯à¨­ïâ® ®¡®§­ ç âì C1, C2, ..., Cn.� ¯à¨¬¥à, y(x) = C · ex ï¢«ï¥âáï ®¡é¨¬ à¥è¥­¨¥¬ ãà ¢-­¥­¨ï (4).
• � áâ­ë¬ à¥è¥­¨¥¬ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ­ §ë¢ ¥â-áï à¥è¥­¨¥, ª®â®à®¥ ¯®«ãç ¥âáï ¨§ ®¡é¥£® ¯à¨ ª®­ªà¥â­ëå §­ -ç¥­¨ïå ¯®áâ®ï­­ëå Ck.� ¯à¨¬¥à, y(x) = 3 · ex ï¢«ï¥âáï ç áâ­ë¬ à¥è¥­¨¥¬ ãà ¢-­¥­¨ï (4).
• � ¤ ç  �®è¨.�  ¯à ªâ¨ª¥, ª ª ¯à ¢¨«®, ­ ¤® ­ ©â¨ ª ª®¥-â® ®¤­® à¥è¥-­¨¥, ®¯¨áë¢ îé¥¥ ¤ ­­ë© ¯à®æ¥áá, á«¥¤®¢ â¥«ì­® ­¥®¡å®¤¨¬ë¤®¯®«­¨â¥«ì­ë¥ ãá«®¢¨ï ¤«ï ®¯à¥¤¥«¥­¨ï ¯®áâ®ï­­ëå Ck.�¨áâ¥¬  { ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¯®àï¤ª  n

n ãá«®¢¨©, ¯®§¢®«ïîé¨å ­ ©â¨ �1, ..., Cn­ §ë¢ ¥âáï § ¤ ç¥© �®è¨.�«ï à¥è¥­¨ï § ¤ ç¨ �®è¨ á«¥¤ã¥â á­ ç «  ­ ©â¨ ®¡é¥¥à¥è¥­¨¥ ¨áå®¤­®£® ãà ¢­¥­¨ï. � â¥¬ ¯®¤áâ ¢¨¢ íâ® à¥è¥­¨ï ¢ãá«®¢¨ï, ­ ©â¨ ª®­ªà¥â­ë¥ §­ ç¥­¨ï ¯®áâ®ï­­ëå C1, ... Cn. Ǒ®-á«¥, ¯®¤áâ ¢¨¢ ¢ ®¡é¥¥ à¥è¥­¨¥ ­ ©¤¥­­ë¥ §­ ç¥­¨ï ¯®áâ®ï­­ëå,§ ¯¨á âì à¥è¥­¨¥. ª®â®à®¥ ¨ ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ �®è¨.� ¬¥ç ­¨¥. � ª« áá¨ç¥áª®© â¥®à¨¨ ¤®ª § ­® ¬­®£® â¥®-à¥¬, ¯®§¢®«ïîé¨å áã¤¨âì ® áãé¥áâ¢®¢ ­¨¨, ¥¤¨­áâ¢¥­­®áâ¨ ¨ãáâ®©ç¨¢®áâ¨ à¥è¥­¨ï, ­® ¢ à ¬ª å ªãàá  "�ëáè ï ¬ â¥¬ â¨-ª " íâ¨ ¢®¯à®áë ®¡áã�¤ âìáï ­¥ ¡ã¤ãâ.СА
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6
��������� Ǒ������ Ǒ����������������� ������������Ǒ����������� íâ®¬ à §¤¥«¥ ¡ã¤ãâ à áá¬ âà¨¢ âìáï ¤¨ää¥à¥­æ¨ «ì-­ë¥ ãà ¢­¥­¨ï ¯¥à¢®£® ¯®àï¤ª , ¢ ª®â®àëå ¬®�­® ¢ëà §¨âì ¯à®-¨§¢®¤­ãî, â® ¥áâì § ¯¨á âì ¨å ¢ ¢¨¤¥:

y′(x) = F (x; y) ¨«¨ x′(y) = F (x; y)Ǒà¨¢ëç­¥¥ ¢®á¯à¨­¨¬ âì, çâ® ¨¬¥­­® y ï¢«ï¥âáï äã­ª-æ¨¥©, § ¢¨áïé¥© ®â ¯¥à¥¬¥­­®© x, â® ¥áâì ãà ¢­¥­¨¥ ¢ ¯¥à¢®¬¢¨¤¥. �¤­ ª® ¡ë¢ îâ á¨âã æ¨¨, ª®£¤  ãà ¢­¥­¨¥, § ¯¨á ­­®¥ ¢¯¥à¢®¬ ¢¨¤¥ ­¥ ¢®§¬®�­® ®â­¥áâ¨ ­¨ ª ®¤­®¬ã ¨§ ¯à®áâ¥©è¨åâ¨¯®¢, ¨ ¢ë¡à âì ¤«ï ­¥£® ­ã�­ë©  «£®à¨â¬ à¥è¥­¨ï. �® ¥á«¨¥£® ¯à¥®¡à §®¢ âì ª® ¢â®à®¬ã ¢¨¤ã, â® ¥áâì, ¯® áãâ¨, ãç¥áâì, çâ®
y′(x) = 1

x′(y) , â® ®­® áâ ­®¢¨âáï ãà ¢­¥­¨¥¬ ¯à®áâ¥©è¥£® â¨¯ .�¨¯ë ãà ¢­¥­¨© ¨  «£®à¨â¬ë à¥è¥­¨© ¡ã¤ãâ ¯à¨¢®¤¨âáï¤«ï ¯¥à¢®£® ¢¨¤ . Ǒ®­ïâ­®, çâ® ¤«ï ¢â®à®£® ­ ¤® ¯à®áâ® ¯®¬¥-­ïâì ¬¥áâ ¬¨ ¯¥à¥¬¥­­ë¥.
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7��������� � ��������������Ǒ����������
• �à ¢­¥­¨ï á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨, íâ® ãà ¢­¥­¨ï, ª®-â®àë¥ ¬®£ãâ ¡ëâì § ¯¨á ­ë ¢ ¢¨¤¥:

y′(x) = f(x) · g(y)�® ¥áâì ¯à®¨§¢®¤­ ï à ¢­  ¯à®¨§¢¥¤¥­¨î ¬­®�¨â¥«¥©, ¨§ ª®â®-àëå ®¤¨­ § ¢¨á¨â â®«ìª® ®â x,   ¤àã£®© â®«ìª® ®â y.
• �«£®à¨â¬ à¥è¥­¨ï ãà ¢­¥­¨ï á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨�«ï à¥è¥­¨ï ãà ¢­¥­¨ï á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨á«¥¤ã¥â:1. � ¯¨á âì ¯à®¨§¢®¤­ãî ç¥à¥§ ¤¨ää¥à¥­æ¨ «ë:

y′(x) = dy

dx2. � §¤¥«¨âì ¯¥à¥¬¥­­ë¥, çâ®¡ á ®¤­®© áâ®à®­ë à ¢¥­áâ¢ ¡ë«¨ â®«ìª® ¢ëà �¥­¨ï á y,   á ¤àã£®© â®«ìª® á x. (Ǒà¨ íâ®¬
dy ¨ dx ¤®«�­ë ®ª § âìáï ¢ ç¨á«¨â¥«ïå, ­® ­¥ ¢ §­ ¬¥­ â¥«ïå):

dy

g(y) = f(x) dx3. Ǒà®¨­â¥£à¨à®¢ âì ¯®«ãç¨¢è¥¥áï à ¢¥­áâ¢®:
∫

dy

g(y) = ∫

f(x) dx.� ©â¨ ®¡¥ ¯¥à¢®®¡à §­ë¥, ­¥ § ¡ëâì ¢ ®¤­®© ¨§ ­¨å ­ ¯¨á âì"+C". Ǒ®«ãç¨¢è¥¥áï à ¢¥­áâ¢® ¤ ¥â § ¢¨á¨¬®áâì y ®â x ¨ á®¤¥à-�¨â ¯à®¨§¢®«ì­ãî ¯®áâ®ï­­ãî, á«¥¤®¢ â¥«ì­® ï¢«ï¥âáï ®¡é¨¬à¥è¥­¨¥¬ ¨áå®¤­®£® ãà ¢­¥­¨ï.4. Ǒà¨ ¤¥«¥­¨¨ ¬ë ¬®£«¨ ¯®â¥àïâì à¥è¥­¨ï. Ǒ®íâ®¬ã­¥®¡å®¤¨¬® ®¯à¥¤¥«¨âì, ¯à¨ ª ª¨å y ¨ x ®¡à é îâáï ¢ ­®«ì ¢ë-à �¥­¨ï, ­  ª®â®àë¥ ¤¥«¨«¨ ¨ ¯®¤áâ ­®¢ª®© ¯à®¢¥à¨âì, ­¥ ï¢«ï-îâáï «¨ ®­¨ à¥è¥­¨ï¬¨ ãà ¢­¥­¨ï. �â® â ª ­ §ë¢ ¥¬ë¥ ®á®¡ë¥à¥è¥­¨ï.5. � ¯¨á âì ¢ ®â¢¥â à¥è¥­¨ï, ¯®«ãç¥­­ë¥ ¢ ¯.3 ¨ 4.СА
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8Ǒà¨¬¥à�¥è¨âì ãà ¢­¥­¨¥ x2y2y′ + 1 = y.�¥è¥­¨¥. �ëà §¨¬ ¯à®¨§¢®¤­ãî:
y′ = y − 1

x2y2 = 1
x2 · y − 1

y2 .Ǒ¥à¢ë© ¬­®�¨â¥«ì § ¢¨á¨â â®«ìª® ®â x, ¢â®à®© â®«ìª® ®â y, §­ -ç¨â íâ® ãà ¢­¥­¨¥ á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨.Ǒà¨¬¥­¨¬  «£®à¨â¬ ­ å®�¤¥­¨ï ®¡é¥£® à¥è¥­¨ï:
dy

dx
= 1

x2 · y − 1
y2 =⇒

y2
y − 1 dy = dx

x2 =⇒=⇒ ∫

y2
y − 1 dy = ∫

dx

x2 =⇒
y22 + y + ln |y − 1| = − 1

x
+ C.Ǒà®¢¥à¨¬ ®á®¡ë¥ à¥è¥­¨ï. Ǒà¥®¡à §®¢ë¢ ï ãà ¢­¥­¨¥¬ë ¤¥«¨«¨ ­  y − 1 ¨ ­  x2.Ǒ®¤áâ ¢¨¬ ¢ ¨áå®¤­®¥ ãà ¢­¥­¨¥ y = 1 : x2 · 1 · 1′ + 1 = 1=⇒ 0 + 1 = 1 { ¢¥à­®¥ à ¢¥­áâ¢®, §­ ç¨â y = 1 { à¥è¥­¨¥.Ǒ®¤áâ ¢¨¬ ¢ ¨áå®¤­®¥ ãà ¢­¥­¨¥ x = 0 : 0 + 1 = y { ­¥¢¥à­®, §­ ç¨â x = 0 { ­¥ à¥è¥­¨¥.�â¢¥â: y22 + y + ln |y − 1| = − 1

x
+ C, y = 1.
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9���������� ���������
• �¤­®à®¤­ë¥ ãà ¢­¥­¨ï, íâ® ãà ¢­¥­¨ï, ª®â®àë¥ ¬®£ãâ ¡ëâì § -¯¨á ­ë ¢ ¢¨¤¥:

y′(x) = F
(y

x

)

.�® ¥áâì ¯à¨ x = y, ¢á¥ ¯¥à¥¬¥­­ë¥ ªà®¬¥ ¯à®¨§¢®¤­®© á®ªà âïâ-áï.
• �¥â®¤ à¥è¥­¨ï ®¤­®à®¤­®£® ãà ¢­¥­¨ï ¯¥à¢®£® ¯®àï¤ª .�������. � ¬¥­  y = t · x, £¤¥ t(x) { ­®¢ ï ­¥¨§¢¥áâ­ ïäã­ªæ¨ï, ¯à¥®¡à §®¢ë¢ ¥â ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ¢ ãà ¢­¥­¨¥ áà §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨.���-��. �ë¯®«­¨¬ ãª § ­­ãî § ¬¥­ã. Ǒ®«ãç¨¬ t′x +
t = F (t) ¨«¨ t′ = 1

x
·
(

F (t) − t
) { ãà ¢­¥­¨¥ á à §¤¥«ïîé¨¬¨áï¯¥à¥¬¥­­ë¬¨.

• �«£®à¨â¬ à¥è¥­¨ï ®¤­®à®¤­®£® ãà ¢­¥­¨ï�«ï à¥è¥­¨ï ®¤­®à®¤­®£® ãà ¢­¥­¨ï á«¥¤ã¥â:1. �ë¯®«­¨âì § ¬¥­ã y = t · x. Ǒà¨ íâ®¬ y′ = t′x+ t.2. � ¯¨á âì ¯à®¨§¢®¤­ãî ç¥à¥§ ¤¨ää¥à¥­æ¨ «ë: t′ = dt

dx¨ ã¬­®�¨âì ¢á¥ ãà ¢­¥­¨¥ ­  dx.(�á«¨ ¢ ¨áå®¤­®¬ ãà ¢­¥­¨¨ ¡ë«  ­¥ ¯à®¨§¢®¤­ ï,   dy ¨
dx, â® â ª �¥ ­ ¤® á¤¥« âì § ¬¥­ã y = t·x, â®£¤  dy = x·dt+t·dx.)3. Ǒ¥à¥­¥áâ¨ ¢á¥ á« £ ¥¬ë¥ á ¬­®�¨â¥«¥¬ dt ¢ ®¤­ã áâ®-à®­ã,   á ¬­®�¨â¥«¥¬ dx ¢ ¤àã£ãî.4. � ª �¤®© áâ®à®­ë ¢ë­¥áâ¨ ®¡é¨¥ ¬­®�¨â¥«¨ §  áª®¡-ª¨ ¨ á®ªà â¨âì. Ǒ®á«¥ íâ®£® ¤®«�­® ¯®«ãç¨âìáï ãà ¢­¥­¨¥ áà §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨.5. �á¯®«ì§ãî  «£®à¨â¬ à¥è¥­¨ï ãà ¢­¥­¨ï á à §¤¥«ïî-é¨¬¨áï ¯¥à¥¬¥­­ë¬¨, ­ ©â¨ § ¢¨á¨¬®áâì ¬¥�¤ã t ¨ x.6. �ë¯®«­¨âì ®¡à â­ãî § ¬¥­ã: t = y

x
, § ¯¨á âì ®â¢¥â.СА
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10Ǒà¨¬¥à 1�¥è¨âì ãà ¢­¥­¨¥: xy′ − y = x sin2 y

x
.�¥è¥­¨¥. �ëà §¨¬ ¯à®¨§¢®¤­ãî:

y′ = sin2 y

x
+ y

x
{ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥.�ë¯®«­¨¬ § ¬¥­ã y = t · x ¨ ã¯à®áâ¨¬ ¢ëà �¥­¨¥:

t′x+ t = sin2 t+ t =⇒
t′x = sin2 t { ãà ¢­¥­¨¥ á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨.�¥è¨¬ ¯®«ãç¨¢è¥¥áï ãà ¢­¥­¨¥:

dtsin2 t
= dx

x
=⇒

∫

dtsin2 t
= ∫

dx

x
=⇒

− 
tg t = ln |x|+ C.�ë¯®«­¨¢ ®¡à â­ãî § ¬¥­ã, § ¯¨è¥¬ ®â¢¥â.�â¢¥â: − 
tg y

x
= ln |x|+ C.
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11Ǒà¨¬¥à 2�¥è¨âì ãà ¢­¥­¨¥: (x2 − y2)dx + (xy + x2)dy = 0.�¥è¥­¨¥. �á«¨ ¯®«®�¨âì y = x, â® ¢á¥ ãà ¢­¥­¨¥ ¬®�­®¡ã¤¥â á®ªà â¨âì ­  x2 ¨ ¯®á«¥ íâ®£® ¯¥à¥¬¥­­ëå, ªà®¬¥ ¤¨ä-ä¥à¥­æ¨ «®¢ ­¥ ®áâ ­¥âáï. �­ ç¨â, íâ® ®¤­®à®¤­®¥ ãà ¢­¥­¨¥.�ë¯®«­¨¬ § ¬¥­ã y = t · x ¨ ã¯à®áâ¨¬ ¢ëà �¥­¨¥:(x2 − t2x2)dx + (x2t+ x2)(x dt + t dx) = 0(1− t2)dx + (t + 1)(x dt+ t dx) = 0
(1− t2 + (t + 1)t) dx+ (t + 1)x dt = 0(1 + t) dx + (t + 1)x dt = 0

dx+ x dt = 0¯®«ãç¨«¨ ãà ¢­¥­¨¥ á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨. �¥è ¥¬¥£®:
dx

x
= −dt =⇒

∫

dx

x
= −

∫

dt =⇒ln |x| = −t+ C�ë¯®«­¨¬ ®¡à â­ãî § ¬¥­ã: ln |x| = −y

x
+ C.�â¢¥â: y = x(C − ln |x|)
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12�������� ��������� Ǒ������ Ǒ������
• �¨­¥©­ë¥ ãà ¢­¥­¨ï ¯¥à¢®£® ¯®àï¤ª  íâ® ãà ¢­¥­¨ï, ª®â®àë¥¬®£ãâ ¡ëâì § ¯¨á ­ë ¢ ¢¨¤¥:

y′ = a(x)y + f(x)�á«¨ f(x) 6= 0, â® íâ® ­¥®¤­®à®¤­®¥ «¨­¥©­®¥ ãà ¢­¥­¨¥.�á«¨ f(x) = 0, â® íâ® ®¤­®à®¤­®¥ «¨­¥©­®¥ ãà ¢­¥­¨¥.
• �¨¤ ®¡é¥£® à¥è¥­¨ï ­¥®¤­®à®¤­®£® «¨­¥©­®£® ãà ¢­¥­¨ï�������. �¡é¥¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï ¥áâìáã¬¬  ®¡é¥£® à¥è¥­¨ï á®®â¢¥âáâ¢ãîé¥£® ®¤­®à®¤­®£® ãà ¢­¥-­¨ï ¨ ç áâ­®£® à¥è¥­¨ï ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï:�.�.�.�.=�.�.�.�.+�.�.�.�.���-��. Ǒãáâì y1 { ®¡é¥¥ à¥è¥­¨¥ «¨­¥©­®£® ®¤­®à®¤-­®£® ãà ¢­¥­¨ï, â® ¥áâì

y′1 = a(x)y1¨ y1 á®¤¥à�¨â ¯à®¨§¢®«ì­ãî ¯®áâ®ï­­ãî C.Ǒãáâì y2 { à¥è¥­¨¥ «¨­¥©­®£® ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï,â® ¥áâì
y′2 = a(x)y2 + f(x)Ǒ®¤áâ ¢¨¬ y = y1 + y2 ¢ ¨áå®¤­®¥ ãà ¢­¥­¨¥:(y1 + y2)′ = a(x)(y1 + y2) + f(x) ¨«¨

y′1 + y′2 = a(x)y1 + a(x)y2 + f(x)Ǒ®¤áâ ¢«ïï áî¤  y′1 ¨ y′2, ¯®«ãç ¥¬ â®�¤¥áâ¢®, §­ ç¨â y = y1+y2{ à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï,   â ª ª ª y1,   §­ ç¨â ¨
y á®¤¥à�¨â ¯à®¨§¢®«ì­ãî ¯®áâ®ï­­ãî C, y = y1 + y2 { ®¡é¥¥à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï.СА

РА
ТО
ВС
КИ
Й ГО

СУ
ДА
РС
ТВ
ЕН
НЫ
Й УН

ИВ
ЕР
СИ
ТЕ
Т И
МЕ
НИ

 Н
. Г

. Ч
ЕР
НЫ
ШЕ
ВС
КО
ГО



13
• � å®�¤¥­¨¥ ®¡é¥£® à¥è¥­¨ï ®¤­®à®¤­®£® «¨­¥©­®£® ãà ¢­¥­¨ï� áá¬®âà¨¬ «¨­¥©­®¥ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥

y′ = a(x)y�â® ãà ¢­¥­¨¥ á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨. � ©¤¥¬ ¥£® à¥-è¥­¨¥:
dy

y
= a(x) dx =⇒ln |y| = ∫

a(x) dx + 
onst =⇒
|y| = e

∫

a(x) dxe
onst =⇒
y = C · e

∫

a(x) dx,£¤¥ C { ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.�â¬¥â¨¬, çâ® ®á®¡®¥ à¥è¥­¨¥ y = 0 ï¢«ï¥âáï ç áâ­ë¬ á«ã-ç ¥¬ ®¡é¥£® à¥è¥­¨ï ¯à¨ C = 0, ¯®íâ®¬ã ®â¤¥«ì­® ¥£® ­¥ ¢ë¯¨-áë¢ îâ.
• � å®�¤¥­¨¥ ç áâ­®£® à¥è¥­¨ï ­¥®¤­®à®¤­®£® «¨­¥©­®£® ãà ¢-­¥­¨ï ¬¥â®¤®¬ ¢ à¨ æ¨¨ ¯à®¨§¢®«ì­®© ¯®áâ®ï­­®©� áá¬®âà¨¬ «¨­¥©­®¥ ­¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥

y′ = a(x)y + f(x)� ª ¡ë«® ¯®ª § ­® y = C · e
∫

a(x) dx { ®¡é¥¥ à¥è¥­¨¥ á®®â-¢¥âáâ¢ãîé¥£® ®¤­®à®¤­®£® ãà ¢­¥­¨ï. � ¬¥­¨¬ ¢ íâ®¬ à¥è¥­¨¨
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14ª®­áâ ­âã C ­  äã­ªæ¨î C(x) ¨ ¯®¤áâ ¢¨¬ ¯®«ãç¨¢è¥¥áï ¢ëà -�¥­¨¥ ¢ ¨áå®¤­®¥ ãà ¢­¥­¨¥:
(

C(x) · e∫

a(x) dx

)′ = a(x)(C(x) · e∫

a(x) dx

)+ f(x) =⇒
C ′(x) · e∫

a(x) dx + C(x) · (e
∫

a(x) dx
)′ == a(x)C(x) · e∫

a(x) dx + f(x) =⇒
C ′(x) · e∫

a(x) dx + C(x) · e∫

a(x) dxa(x) == a(x)C(x) · e∫

a(x) dx + f(x) =⇒
C ′(x) · e∫

a(x) dx = f(x)�§ ¯®á«¥¤­¥£® à ¢¥­áâ¢  ¬®�­® ¢ëà §¨âì C ′(x) ¨, ¯à®¨­â¥£à¨-à®¢ ¢, ­ ©â¨ C(x).�®£¤  ¯®«ãç¨¬ y = C(x) · e∫

a(x) dx { ç áâ­®¥ à¥è¥­¨¥ «¨-­¥©­®£® ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï.
• �«£®à¨â¬ à¥è¥­¨ï «¨­¥©­®£® ãà ¢­¥­¨ï ¯¥à¢®£® ¯®àï¤ª �«ï à¥è¥­¨ï «¨­¥©­®£® ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï

y′ = a(x)y + f(x)á«¥¤ã¥â:1. �ë¯¨á âì á®®â¢¥âáâ¢ãîé¥¥ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥:
y′ = a(x)y ¨ ­ ©â¨ ¥£® à¥è¥­¨¥ ¬¥â®¤®¬ à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå.2. Ǒà¨¢¥áâ¨ à¥è¥­¨¥ ª ¢¨¤ã y = C · g(x) { íâ® �.�.�.�.3. � ¬¥­¨âì ¢ �.�.�.�. ¯®áâ®ï­­ãî C ­  äã­ªæ¨î C(x)¨ ¯®¤áâ ¢¨âì ¯®«ãç¨¢è¨©áï y ¢ ¨áå®¤­®¥ (­¥®¤­®à®¤­®¥) ãà ¢­¥-­¨¥. 4. �¯à®áâ¨âì ¨ ¢ëà §¨âì C ′(x).СА
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155. � ©â¨ C(x): C(x) = ∫

C ′(x) dx6. Ǒ®¤áâ ¢¨âì ­ ©¤¥­­®¥ C(x): y = C(x) · g(x) { íâ®�.�.�.�.7. � ¯¨á âì ®â¢¥â: y =�.�.�.�.+�.�.�.�.Ǒà¨¬¥à�¥è¨âì ãà ¢­¥­¨¥: xy′ = y + x2.�¥è¥­¨¥. �ëà §¨¬ y′: y′ = y

x
+ x { íâ® «¨­¥©­®¥­¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥, §¤¥áì f(x) = x.� ¯¨è¥¬ á®®â¢¥âáâ¢ãîé¥¥ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ y′ = y

x¨ ­ ©¤¥¬ ¥£® à¥è¥­¨¥ ¬¥â®¤®¬ à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå:
dy

y
= dx

x
=⇒ln y = lnx+ c =⇒

y = elnxec =⇒
y = Cx { �.�.�.�.� ¬¥­¨¬ ¯®áâ®ï­­ãî ­  äã­ªæ¨î ¨ ¯®¤áâ ¢¨¬ y = C(x)x ¢ ¨á-å®¤­®¥ ãà ¢­¥­¨¥:

x
(

C(x)x)′ = C(x)x + x2�¯à®áâ¨¬ ¨ ¢ëà §¨¬ C ′(x):
x
(

C ′(x)x + C(x)) = C(x)x + x2
C ′(x)x2 + C(x)x = C(x)x + x2

C ′(x) = 1 =⇒ C(x) = x =⇒ y = x2 − �.�.�.�.�â¢¥â: y = Cx+ x2.СА
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16��������� ��������
• �à ¢­¥­¨ï �¥à­ã««¨ íâ® ãà ¢­¥­¨ï, ª®â®àë¥ ¬®£ãâ ¡ëâì § ¯¨-á ­ë ¢ ¢¨¤¥:

y′ = a(x)y + f(x)yn,¯à¨ç¥¬ n 6= 1, â ª ª ª ¯à¨ n = 1 ¯®«ãç ¥¬ «¨­¥©­®¥ ®¤­®à®¤­®¥ãà ¢­¥­¨¥ ¯¥à¢®£® ¯®àï¤ª .
• �¥â®¤ à¥è¥­¨ï ãà ¢­¥­¨ï �¥à­ã««¨.�������. Ǒà¨ § ¬¥­¥ y(x) = z(x) 11−n (£¤¥ z(x) ­®¢ ï­¥¨§¢¥áâ­ ï äã­ªæ¨ï) ãà ¢­¥­¨¥ �¥à­ã««¨ áâ ­®¢¨âáï «¨­¥©-­ë¬ ­¥®¤­®à®¤­ë¬ ãà ¢­¥­¨¥¬ ¯¥à¢®£® ¯®àï¤ª .���-��. �ë¯®«­¨¬ ãª § ­­ãî § ¬¥­ã ¨ ¯à¥®¡à §ã¥¬ ¨á-å®¤­®¥ ãà ¢­¥­¨¥:

(

z(x) 11−n

)′ = a(x)(z(x) 11−n

)+ f(x)(z(x) 11−n

)n1
n−1 · z(x) 11−n

−1 · z(x)′ = a(x)z(x) 11−n + f(x)z(x) n1−nǑ®¤¥«¨¬ ¢á¥ ãà ¢­¥­¨¥ ­  z(x) n1−n :1
n−1 · z(x)′ = a(x)z(x) + f(x)Ǒ®«ãç¨«¨ «¨­¥©­®¥ ãà ¢­¥­¨¥.

• �«£®à¨â¬ à¥è¥­¨ï ãà ¢­¥­¨ï �¥à­ã««¨�«ï à¥è¥­¨ï ãà ¢­¥­¨ï �¥à­ã««¨
y′ = a(x)y + f(x)yná«¥¤ã¥â:1. �ë¯®«­¨âì § ¬¥­ã y(x) = z(x) 11−n ¨ ã¯à®áâ¨âì ãà ¢­¥-­¨¥. 2. �¥è¨âì ¯®«ãç¨¢è¥¥áï «¨­¥©­®¥ ­¥®¤­®à®¤­®¥ ãà ¢­¥-­¨¥. 3. �ë¯®«­¨¢ ®¡à â­ãî § ¬¥­ã, § ¯¨á âì ®â¢¥â.СА
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17Ǒà¨¬¥à�¥è¨âì ãà ¢­¥­¨¥: y′ = y2x + x22y .�¥è¥­¨¥. �â® ãà ¢­¥­¨¥ �¥à­ã««¨, ¯à¨ç¥¬ n = −1.�¥®¡å®¤¨¬ ï § ¬¥­  y = z1/2. �®£¤ 
(

z1/2)′ = z1/22x + x22z1/212z−1/2 · z′ = z1/22x + x22z1/2 /

·2z1/2
z′ = z

x
+ x2 { «¨­¥©­®¥ ãà ¢­¥­¨¥� ©¤¥¬ ®¡é¥¥ à¥è¥­¨¥ ®¤­®à®¤­®£® ãà ¢­¥­¨ï z′ = z

x
:

dz

z
= dx

x
=⇒ln z = lnx+ 
onst =⇒ z = Cx { �.�.�.�.� ©¤¥¬ à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï ¬¥â®¤®¬ ¢ à¨- æ¨¨ ¯à®¨§¢®«ì­®© ¯®áâ®ï­­®©:

(

C(x) · x)′ = C(x) + x2 =⇒
C ′(x)x + C(x) = C(x) + x2 =⇒

C ′(x) = x =⇒ C(x) = 12x2 ¨ z = 12x3 −�.�.�.�.�«¥¤®¢ â¥«ì­®, à¥è¥­¨¥ «¨­¥©­®£® ãà ¢­¥­¨ï
z = Cx+ 12x3�ë¯®«­¨¢ ®¡à â­ãî § ¬¥­ã, § ¯¨è¥¬ ®â¢¥â.�â¢¥â: y = √

Cx+ 12x3.СА
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18��������� � Ǒ����� ��������������
• �à ¢­¥­¨¥¬ ¢ ¯®«­ëå ¤¨ää¥à¥­æ¨ « å ­ §ë¢ ¥âáï ãà ¢­¥­¨¥¢¨¤ 

M(x; y) dx +N(x; y) dy = 0, £¤¥ ∂M

∂y
= ∂N

∂x
.

• �¥â®¤ à¥è¥­¨ï ãà ¢­¥­¨ï ¢ ¯®«­ëå ¤¨ää¥à¥­æ¨ « å.�������. �á«¨ ∂M

∂y
= ∂N

∂x
, â® ­ ©¤¥âáï äã­ªæ¨ï u(x; y)â ª ï, çâ®

∂u

∂x
= M(x; y) ¨ ∂u

∂y
= N(x; y)(¡¥§ ¤®ª-¢ ).� ª¨¬ ®¡à §®¬ «¥¢ ï ç áâì ãà ¢­¥­¨ï ¬®�¥â ¡ëâì § ¯¨-á ­  ¢ ¢¨¤¥

∂u

∂x
dx+ ∂u

∂y
dy = 0 ¨«¨ du = 0� à¥è¥­¨¥ ãà ¢­¥­¨ï u(x; y) = C.���������. �á«¨ ∂M

∂y
6= ∂N

∂x
, â® â ª®© äã­ªæ¨¨ u(x; y)­¥ áãé¥áâ¢ã¥â, â ª ª ª á ®¤­®© áâ®à®­ë ¤®«�­® ¡ëâì

∂u

∂x
= M(x; y) =⇒ ∂2u

∂x∂y
= ∂M

∂y� ¤àã£®© áâ®à®­ë
∂u

∂y
= N(x; y) =⇒ ∂2u

∂y∂x
= ∂N

∂x� â ª ª ª ∂M

∂y
6= ∂N

∂x
, ¯®«ãç ¥¬, çâ® ∂2u

∂x∂y
6= ∂2u

∂y∂x
,   ¤«ï ¤¨ä-ä¥à¥­æ¨àã¥¬®© äã­ªæ¨¨ á¬¥è ­­ ï ¯à®¨§¢®¤­ ï ­¥ § ¢¨á¨â ®â¯®àï¤ª  ¤¨ää¥à¥­æ¨à®¢ ­¨ï, á«¥¤®¢ â¥«ì­®, ¢ íâ®¬ á«ãç ¥ ¤¨ä-ä¥à¥­æ¨àã¥¬®© äã­ªæ¨¨ u(x; y) ­¥ áãé¥áâ¢ã¥â.СА
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19
• �«£®à¨â¬ à¥è¥­¨ï ãà ¢­¥­¨ï ¢ ¯®«­ëå ¤¨ää¥à¥­æ¨ « å�«ï à¥è¥­¨ï ãà ¢­¥­¨ï ¢ ¯®«­ëå ¤¨ää¥à¥­æ¨ « å

M(x; y) dx +N(x; y) dy = 0,£¤¥ ∂M

∂y
= ∂N

∂x­ ¤® ­ ©â¨ äã­ªæ¨î u(x; y) â ªãî, çâ®
∂u

∂x
= M(x; y) ¨ ∂u

∂y
= N(x; y).�á¯®«ì§ãï íâ¨ à ¢¥­áâ¢ , ­ ©¤¥¬ äã­ªæ¨î u:1. Ǒ®áª®«ìªã

∂u

∂x
= M(x; y) =⇒

u(x; y) = ∫

M(x; y) dx + C(y),£¤¥ C(y) ­¥¨§¢¥áâ­ ï ¯®ª  äã­ªæ¨ï.2. � ©¤¥¬ ãª § ­­ë© ¢ ¯.1. ­¥®¯à¥¤¥«¥­­ë© ¨­â¥£à « ¨¯®¤áâ ¢¨¬ ¯®«ãç¨¢è¥¥áï ¢ëà �¥­¨¥ ¤«ï u(x; y) ¢ ãá«®¢¨¥
∂u

∂y
= N(x; y).3. Ǒà®¢¥¤¥¬ ¯à¥®¡à §®¢ ­¨ï ¨ ¢ëà §¨¬ C ′(y).4. � ©¤¥¬ C(y) = ∫

C ′(y) dy.5. Ǒ®¤áâ ¢¨¬ ­ ©¤¥­­®¥ ¢ëà �¥­¨¥ ¤«ï C(y) ¢ ¢ëà �¥­¨¥¤«ï u(x; y), ¯®«ãç¥­­®¥ ¢ ¯.1.6. Ǒ®¤áâ ¢¨¬ ¯®«ãç¥­­®¥ ¢ëà �¥­¨¥ ¤«ï u(x; y) ¢ ®â¢¥â:
u(x; y) = C.СА
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20Ǒà¨¬¥à�¥è¨âì ãà ¢­¥­¨¥: (x + y + 1)dx+ (x − y2 + 3)dy = 0.�¥è¥­¨¥. Ǒ®áª®«ìªã
∂(x + y + 1)

∂y
= 1 ¨ ∂(x − y2 + 3)

∂x
= 1íâ® ãà ¢­¥­¨¥ ¢ ¯®«­ëå ¤¨ää¥à¥­æ¨ « å. � ©¤¥¬ u.

∂u

∂x
= x+ y + 1 =⇒

u(x; y) = ∫ (x + y + 1) dx = 12x2 + (y + 1)x+ C(y).
∂u

∂y
= x − y2 + 3 =⇒

∂
( 12x2 + (y + 1)x+ C(y))

∂y
= x − y2 + 3 =⇒

x+ C ′(y) = x − y2 + 3 =⇒
C ′(y) = −y2 + 3 =⇒

C(y) = ∫ (−y2 + 3)dy = −13y3 + 3y�«¥¤®¢ â¥«ì­®, u(x; y) = 12x2 + (y + 1)x − 13y3 + 3y.�â¢¥â. 12x2 + (y + 1)x − 13y3 + 3y = �.
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21���������. Ǒãáâì ∂M

∂y
6= ∂N

∂x
.�®�­® ¤®ª § âì, çâ® ¥á«¨ M(x; y) ¨ N(x; y) ¤¨ää¥à¥­-æ¨àã¥¬ë¥ äã­ªæ¨¨, â® áãé¥áâ¢ã¥â ¡¥áª®­¥ç­® ¬­®£® äã­ªæ¨©

P (x; y) â ª¨å, çâ®
∂(M · P )

∂y
= ∂(N · P )

∂x
,â® ¥áâì, ¤®¬­®�¨¢ ¨áå®¤­®¥ ãà ¢­¥­¨¥ ­  P (x; y), ¯®«ãç¨¬ ãà ¢-­¥­¨¥ ¢ ¯®«­ëå ¤¨ää¥à¥­æ¨ « å. � ª¨¥ äã­ªæ¨¨ P (x; y) ­ §ë-¢ îâáï ¨­â¥£à¨àãîé¨¬¨ ¬­®�¨â¥«ï¬¨.�«¥¤®¢ â¥«ì­®, «î¡®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® ¯®àï¤ª , à §à¥-è¥­­®¥ ®â­®á¨â¥«ì­® ¯à®¨§¢®¤­®© ¬®�­® á¢¥áâ¨ ª ãà ¢­¥­¨î ¢¯®«­ëå ¤¨ää¥à¥­æ¨ « å. ®¤­ ª® ­  ¯à ªâ¨ª¥ íâ®â á¯®á®¡ à¥-è¥­¨ï ¬ «® ¯à¨¬¥­¨¬, â ª ª ª ­¥â ¯à®áâ®£® ¬¥â®¤  ­ å®�¤¥­¨ï¨­â¥£à¨àãîé¥£® ¬­®�¨â¥«ï.
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�������� ���������� Ǒ���������� ���������������������� Ǒ������

• �¨­¥©­®¥ ­¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥ { íâ® ãà ¢­¥­¨¥ ¢¨¤ :
any(n) + an−1y(n−1) + ...+ a1y′ + a0y = f(x), (1)£¤¥ f(x) 6= 0,

ak { ¨§¢¥áâ­ë¥ ª®íää¨æ¨¥­âë,
y(x) { ¨áª®¬ ï äã­ªæ¨ï.

• �¨­¥©­®¥ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ { íâ® ãà ¢­¥­¨¥ ¢¨¤ 
any(n) + an−1y(n−1) + ...+ a1y′ + a0y = 0 (2)£¤¥ ak { ¨§¢¥áâ­ë¥ ª®íää¨æ¨¥­âë,

y(x) { ¨áª®¬ ï äã­ªæ¨ï.
• Ǒ®­ïâ¨¥ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï.�á«¨ ¢ ãà ¢­¥­¨ïå (1) ¨«¨ (2) ª®íää¨æ¨¥­âë ak ç¨á« , ­®­¥ äã­ªæ¨¨ (¨¬¥­­® â ª¨¥ ¨ â®«ìª® â ª¨¥ ãà ¢­¥­¨ï ¡ã¤ãâ à á-á¬ âà¨¢ âìáï ¢ íâ®¬ ¯ à £à ä¥), â® á ãà ¢­¥­¨¥¬ (2) á¢ï§ë¢ îââ ª ­ §ë¢ ¥¬®¥ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥

antn + an−1tn−1 + ...+ a1t+ a0 = 0 (3)� ¯à¨¬¥à:
y′′ − 5y′ + 6y = ex { «¨­¥©­®¥ ­¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ¢â®à®£®¯®àï¤ª ,
y′′ − 5y′ + 6y = 0 { á®®â¢¥âáâ¢ãîé¥¥ ¥¬ã ®¤­®à®¤­®¥ ãà ¢­¥­¨¥,
t2 − 5t+ 6 = 0 { å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥.СА
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• �¨¤ ®¡é¥£® à¥è¥­¨ï ­¥®¤­®à®¤­®£® «¨­¥©­®£® ãà ¢­¥­¨ï�������. �¡é¥¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï ¥áâìáã¬¬  ®¡é¥£® à¥è¥­¨ï á®®â¢¥âáâ¢ãîé¥£® ®¤­®à®¤­®£® ãà ¢­¥-­¨ï ¨ ç áâ­®£® à¥è¥­¨ï ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï:�.�.�.�.=�.�.�.�.+�.�.�.�.���-��. (�­ «®£¨ç­®¥ ãâ¢¥à�¤¥­¨¥ ã�¥ ¡ë«® ¤®ª § ­®¤«ï «¨­¥©­ëå ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª . �«ï ãà ¢­¥­¨© n-£®¯®àï¤ª  ¤®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï ¯® â®© �¥ áå¥¬¥.)Ǒãáâì y1 { ®¡é¥¥ à¥è¥­¨¥ «¨­¥©­®£® ®¤­®à®¤­®£® ãà ¢­¥-­¨ï, â® ¥áâì

any
(n)1 + an−1y(n−1)1 + ...+ a1y′1 + a0y1 = 0¨ y1 á®¤¥à�¨â n ¯à®¨§¢®«ì­ëå ¯®áâ®ï­­ëå C1, C2, ..., Cn.Ǒãáâì y2 { à¥è¥­¨¥ «¨­¥©­®£® ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï,â® ¥áâì

any
(n)2 + an−1y(n−1)2 + ...+ a1y′2 + a0y2 = f(x)Ǒ®¤áâ ¢¨¬ y = y1 + y2 ¢ ¨áå®¤­®¥ ãà ¢­¥­¨¥:

an(y1+y2)(n)+an−1(y1+y2)(n−1)+...+a1(y1+y2)′+a0(y1+y2) == (

any
(n)1 + an−1y(n−1)1 + ...+ a1y′1 + a0y1)++ (

any
(n)2 + an−1y(n−1)2 + ...+ a1y′2 + a0y2) == 0 + f(x) = f(x),§­ ç¨â y = y1+y2 { à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï,   â ª ª ª

y1,   §­ ç¨â ¨ y á®¤¥à�¨â á®¤¥à�¨â n ¯à®¨§¢®«ì­ëå ¯®áâ®ï­­ëå,
y = y1 + y2 { ®¡é¥¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï.� ª¨¬ ®¡à §®¬, çâ®¡ë ­ ©â¨ ®¡é¥¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®-£® ãà ¢­¥­¨ï, ­ ¤® ­ ©â¨ ®¡é¥¥ à¥è¥­¨¥ á®®â¢¥âáâ¢ãîé¥£® ®¤­®-à®¤­®£® ãà ¢­¥­¨ï ¨ ç áâ­®¥ à¥è¥­¨¥ ¨áå®¤­®£® ­¥®¤­®à®¤­®£®ãà ¢­¥­¨ï.СА
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24���������� ������ ���������������� ����������� ���������
•�ã­ªæ¨¨, ï¢«ïîé¨¥áï à¥è¥­¨ï¬¨ «¨­¥©­®£® ®¤­®à®¤­®£® ãà ¢-­¥­¨ï (á«ãç © ¯à®áâ®£® ª®à­ï å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï).������� 1. �á«¨ t0 { ª®à¥­ì å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢-­¥­¨ï

antn + an−1tn−1 + ...+ a1t+ a0 = 0,â® y(x) = et0x { à¥è¥­¨¥ ®¤­®à®¤­®£® ãà ¢­¥­¨ï
any(n) + an−1y(n−1) + ...+ a1y′ + a0y = 0.���-��. Ǒ®¤áâ ¢¨¬ y(x) = et0x ¢ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥:

an

(

et0x
)(n) + an−1(et0x

)(n−1) + ...+ a1(et0x
)′ + a0(et0x

) = 0.�âªã¤ 
anet0xtn0 + an−1et0xtn−10 + ...+ a1et0xt0 + a0et0x = 0 =⇒

et0x
(

antn0 + an−1tn−10 + ...+ a1t0 + a0) = 0.�ëà �¥­¨¥ ¢ áª®¡ª å à ¢­® ­ã«î, â ª ª ª t0 ª®à¥­ì å à ªâ¥-à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï. �«¥¤®¢ â¥«ì­®, y(x) = et0x ®¡à é ¥â«¨­¥©­®¥ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ¢ ¨áâ¨­­®¥ à ¢¥­áâ¢®, â® ¥áâìï¢«ï¥âáï ¥£® à¥è¥­¨¥¬.� ª¨¬ ®¡à §®¬, §­ ï k ª®à­¥© å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢-­¥­¨ï, ¬®�­® ¢ë¯¨á âì k à¥è¥­¨© «¨­¥©­®£® ®¤­®à®¤­®£® ãà ¢-­¥­¨ï.
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•�ã­ªæ¨¨, ï¢«ïîé¨¥áï à¥è¥­¨ï¬¨ «¨­¥©­®£® ®¤­®à®¤­®£® ãà ¢-­¥­¨ï (á«ãç © ªà â­®£® ª®à­ï å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï).� ¯®¬­¨¬, ª®à¥­ì ¬­®£®ç«¥­  ­ §ë¢ ¥âáï ªà â­ë¬, ¥á«¨®­ ®¡à é ¥â ¢ ­®«ì ­¥ â®«ìª® ¬­®£®ç«¥­, ­® ¨ ¥£® ¯à®¨§¢®¤­ë¥,¤® m-£® ¯®àï¤ª  ¢ª«îç¨â¥«ì­®. � íâ®¬ á«ãç ¥ £®¢®àïâ, çâ® ª®-à¥­ì ¨¬¥¥â ªà â­®áâì m.������� 2. �á«¨ t0 { ª®à¥­ì ªà â­®áâ¨ m å à ªâ¥à¨-áâ¨ç¥áª®£® ãà ¢­¥­¨ï

antn + an−1tn−1 + ...+ a1t+ a0 = 0,â® y1(x) = et0x,

y2(x) = xet0x,

y3(x) = x2et0x,

...

ym(x) = xm−1et0x{ à¥è¥­¨ï ®¤­®à®¤­®£® ãà ¢­¥­¨ï
any(n) + an−1y(n−1) + ...+ a1y′ + a0y = 0.(�¥§ ¤®ª-¢ ).� ª¨¬ ®¡à §®¬, §­ ï ªà â­ë© ª®à¥­ì å à ªâ¥à¨áâ¨ç¥áª®-£® ãà ¢­¥­¨ï, ¬®�­® ¢ë¯¨á âì áâ®«ìª® à¥è¥­¨© «¨­¥©­®£® ®¤-­®à®¤­®£® ãà ¢­¥­¨ï, ª ª®¢  ªà â­®áâì ª®à­ï.�¥®à¥¬ë 1 ¨ 2 ãª §ë¢ îâ ¬¥â®¤ ­ å®�¤¥­¨ï ç áâ­ëå à¥-è¥­¨© ®¤­®à®¤­®£® ãà ¢­¥­¨ï. �«¥¤ãîé ï â¥®à¥¬  ¤ ¥â ¬¥â®¤­ å®�¤¥­¨ï ®¡é¥£® à¥è¥­¨ï.СА
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• �¨¤ ®¡é¥£® à¥è¥­¨ï «¨­¥©­®£® ®¤­®à®¤­®£® ãà ¢­¥­¨ï.������� 3. �á«¨ y1(x), y2(x), ..., yn(x) { à¥è¥­¨ï «¨-­¥©­®£® ®¤­®à®¤­®£® ãà ¢­¥­¨ï, â®

y(x) = C1y1(x) + C2y2(x) + ...+ Cnyn(x),£¤¥ C1, C2, ..., Cn { ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª �¥ à¥è¥­¨¥«¨­¥©­®£® ®¤­®à®¤­®£® ãà ¢­¥­¨ï.���-��. Ǒãáâì yk, k = 1, 2, ..., n { à¥è¥­¨¥ «¨­¥©­®£® ®¤-­®à®¤­®£® ãà ¢­¥­¨ï, â® ¥áâì
any

(n)
k + an−1y(n−1)

k + ...+ a1y′

k + a0yk = 0.Ǒ®¤áâ ¢¨¬ y = C1y1+C2y2+ ...+Cnyn ¢ ¨áå®¤­®¥ ãà ¢­¥-­¨¥:
an(C1y1 + C2y2 + ...+ Cnyn)(n)++ an−1(C1y1 + C2y2 + ...+ Cnyn)(n−1) + ...+ a1(C1y1 + C2y2 + ...+ Cnyn)′++ a0(C1y1 + C2y2 + ...+ Cnyn) == C1(any

(n)1 + an−1y(n−1)1 + ...+ a1y′1 + a0y1)++ C2(any
(n)2 + an−1y(n−1)2 + ...+ a1y′2 + a0y2)+ ...+ Cn

(

any(n)n + an−1y(n−1)
n + ...+ a1y′

n + a0yn

) = 0,â ª ª ª ª �¤ ï áª®¡ª  à ¢­  ­ã«î.�­ ç¨â y = C1y1 + C2y2 + ... + Cnyn { â ª �¥ à¥è¥­¨¥®¤­®à®¤­®£® ãà ¢­¥­¨ï,   â ª ª ª y á®¤¥à�¨â á®¤¥à�¨â n ¯à®¨§-¢®«ì­ëå ¯®áâ®ï­­ëå, â® íâ® ®¡é¥¥ à¥è¥­¨¥.СА
РА
ТО
ВС
КИ
Й ГО

СУ
ДА
РС
ТВ
ЕН
НЫ
Й УН

ИВ
ЕР
СИ
ТЕ
Т И
МЕ
НИ

 Н
. Г

. Ч
ЕР
НЫ
ШЕ
ВС
КО
ГО



27� ª¨¬ ®¡à §®¬, çâ®¡ë ­ ©â¨ ®¡é¥¥ à¥è¥­¨¥ «¨­¥©­®£® ®¤-­®à®¤­®£® ãà ¢­¥­¨ï n-£® ¯®àï¤ª , ¢ ª®â®à®¬ ¤®«�­® ¡ëâì n¯à®¨§¢®«ì­ëå ¯®áâ®ï­­ëå, ­ ¤® ­ ©â¨ n (á ãç¥â®¬ ªà â­®áâ¨)ª®à­¥© å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï, ¢ë¯¨á âì ¢ á®®â¢¥âáâ¢¨¨á â¥®à¥¬ ¬¨ 1 ¨ 2 á®®â¢¥âáâ¢ãîé¨¥ íâ¨¬ ª®à­ï¬ ç áâ­ë¥ à¥-è¥­¨ï (â ª ­ §ë¢ ¥¬ãî äã­¤ ¬¥­â «ì­ãî á¨áâ¥¬ã à¥è¥­¨©),  § â¥¬, ¯à¨¬¥­¨¢ â¥®à¥¬ã 3, § ¯¨á âì ®¡é¥¥ à¥è¥­¨¥.���������. Ǒãáâì ¢á¥ ª®íää¨æ¨¥­âë «¨­¥©­®£® ®¤­®-à®¤­®£® ãà ¢­¥­¨ï ¤¥©áâ¢¨â¥«ì­ë¥ ç¨á« . �®£¤  ª®­¨ å à ªâ¥-à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï ¡ã¤ãâ «¨¡® â ª �¥ ¤¥©áâ¢¨â¥«ì­ë¥ ç¨á-« , «¨¡® ¯ àë ª®¬¯«¥ªá­® á®¯àï�¥­­ëå ª®à­¥© a ± ib. �¬ á®®â-¢¥âáâ¢ãîâ à¥è¥­¨ï
y(x) = e(a±ib)x = eax(
os bx ± i sin bx).� §­ ç¨â, ç áâ­ë¬¨ à¥è¥­¨ï¬¨ ¡ã¤ãâ â ª �¥ äã­ªæ¨¨

y(x) = eax 
os bx ¨ y(x) = eax sin bx.�¬¥­­® ¢ â ª®¬ ¢¨¤¥ ¯à¨­ïâ® § ¯¨áë¢ âì à¥è¥­¨ï «¨­¥©­®£®®¤­®à®¤­®£® ãà ¢­¥­¨ï á ¤¥©áâ¢¨â¥«ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨.
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• �«£®à¨â¬ ­ å®�¤¥­¨ï ®¡é¥£® à¥è¥­¨ï «¨­¥©­®£® ®¤­®à®¤­®£®ãà ¢­¥­¨ï á ¤¥©áâ¢¨â¥«ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨.�«ï ­ å®�¤¥­¨ï ®¡é¥£® à¥è¥­¨ï «¨­¥©­®£® ®¤­®à®¤­®£®ãà ¢­¥­¨ï

any(n) + an−1y(n−1) + ...+ a1y′ + a0y = 0á«¥¤ã¥â:1. �ë¯¨á âì å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥
antn + an−1tn−1 + ...+ a1t+ a0 = 0¨ ­ ©â¨ ¥£® ª®à­¨.2. �ë¯¨á âì äã­¤ ¬¥­â «ì­ãî á¨áâ¥¬ã à¥è¥­¨© ¯® ¯à ¢¨«ã: ) ¤«ï ª �¤®£® ¤¥©áâ¢¨â¥«ì­®£® ª®à­ï tk = a ªà â­®áâ¨

m ­ ¤® ¢ë¯¨á âì m à¥è¥­¨©:
y1(x) = eax

y2(x) = xeax

y3(x) = x2eax

. . .

ym(x) = xm−1eax¡) ¤«ï ª �¤®© ¯ àë ª®¬¯«¥ªá­®-á®¯àï�¥­­ëå ª®à­¥© tk =
a ± ib ªà â­®áâ¨ m ­ ¤® ¢ë¯¨á âì 2m à¥è¥­¨©:

y1(x) = eax 
os bx
y3(x) = xeax 
os bx
y5(x) = x2eax 
os bx
. . .

y2m−1(x) = xm−1eax 
os bx
y2(x) = eax sin bx

y4(x) = xeax sin bx

y6(x) = x2eax sin bx

. . .

y2m(x) = xm−1eax sin bx3. �ë¯¨á âì ®¡é¥¥ à¥è¥­¨¥ ®¤­®à®¤­®£® ãà ¢­¥­¨ï (�.�.�.�.):
y(x) = C1y1(x) + ...+ Cnyn(x).СА
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29Ǒà¨¬¥à 1�¥è¨âì ãà ¢­¥­¨¥ y′′ − 5y′ + 6y = 0.�¥è¥­¨¥. �ë¯¨è¥¬ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ ¨ à¥-è¨¬ ¥£®:
t2 − 5t+ 6 = 0 =⇒ (t − 2)(t − 3) = 0 =⇒ [

t = 2,
t = 3.Ǒ®«ãç¨«¨ ¤¢  ¤¥©áâ¢¨â¥«ì­ëå ­¥ ªà â­ëå ª®à­ï.�ë¯¨è¥¬ äã­¤ ¬¥­â «ì­ãî á¨áâ¥¬ã à¥è¥­¨©:

y1(x) = e2x − ¤«ï ¯¥à¢®£® ª®à­ï,
y2(x) = e3x − ¤«ï ¢â®à®£® ª®à­ï.�ë¯¨è¥¬ ®¡é¥¥ à¥è¥­¨¥: y(x) = C1e2x + C2e3x.�â¢¥â. y(x) = C1e2x + C2e3x.Ǒà¨¬¥à 2�¥è¨âì ãà ¢­¥­¨¥ y′′ − 6y′ + 9y = 0.�¥è¥­¨¥. �ë¯¨è¥¬ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ ¨ à¥-è¨¬ ¥£®:

t2 − 6t+ 9 = 0 =⇒ (t − 3)2 = 0 =⇒ t = 3.Ǒ®«ãç¨«¨ ¤¥©áâ¢¨â¥«ì­ë© ª®à¥­ì ªà â­®áâ¨ 2.�ë¯¨è¥¬ äã­¤ ¬¥­â «ì­ãî á¨áâ¥¬ã à¥è¥­¨©:
y1(x) = e3x y2(x) = xe3x.�ë¯¨è¥¬ ®¡é¥¥ à¥è¥­¨¥: y(x) = C1e3x + C2xe3x.�â¢¥â. y(x) = e3x(C1 + C2x).СА
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30Ǒà¨¬¥à 3�¥è¨âì ãà ¢­¥­¨¥ y′′ − 6y′ + 13y = 0.�¥è¥­¨¥. �ë¯¨è¥¬ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ ¨ à¥-è¨¬ ¥£®:
t2 − 6t+ 13 = 0 =⇒ t = 3± 2i.Ǒ®«ãç¨«¨ ¤¢  ª®¬¯«¥ªá­ëå á®¯àï�¥­­ëå ª®à­ï.�ë¯¨è¥¬ äã­¤ ¬¥­â «ì­ãî á¨áâ¥¬ã à¥è¥­¨©:

y1(x) = e3x 
os 2x y2(x) = e3x sin 2x¨ ®¡é¥¥ à¥è¥­¨¥: y(x) = C1e3x 
os 2x+ C2e3x sin 2x.�â¢¥â. y(x) = e3x(C1 
os 2x+ C2 sin 2x).Ǒà¨¬¥à 4�¥è¨âì ãà ¢­¥­¨¥ y′′′ − 2y′′ − 3y′ = 0.�¥è¥­¨¥. �ë¯¨è¥¬ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ ¨ à¥-è¨¬ ¥£®:
t3 − 2y2 − 3y = 0 =⇒ t(t2 − 2t − 3) = 0 =⇒

t(t + 1)(t − 3) = 0 =⇒ [

t = 0,
t = −1,
t = 3.Ǒ®«ãç¨«¨ âà¨ ¤¥©áâ¢¨â¥«ì­ëå ­¥ ªà â­ëå ª®à­ï.�ë¯¨è¥¬ äã­¤ ¬¥­â «ì­ãî á¨áâ¥¬ã à¥è¥­¨©:

y1(x) = e0x = 1 y2(x) = e−x y3(x) = e3x¨ ®¡é¥¥ à¥è¥­¨¥: y(x) = C1 + C2e−x + C3e3x.�â¢¥â. y(x) = C1 + C2e−x + C3e3x.СА
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31Ǒà¨¬¥à 5�¥è¨âì ãà ¢­¥­¨¥ y′′′ + 2y′′ + y′ = 0.�¥è¥­¨¥. �ë¯¨è¥¬ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ ¨ à¥-è¨¬ ¥£®:
t3 + 2y2 + y = 0 =⇒ t(t2 + 2t+ 1) = 0 =⇒

t(t + 1)2 = 0 =⇒ [

t = 0 (¯à®áâ®© ª®à¥­ì),
t = −1 (ªà â­ë© ª®à¥­ì).�ë¯¨è¥¬ äã­¤ ¬¥­â «ì­ãî á¨áâ¥¬ã à¥è¥­¨©:

y1(x) =e0x = 1− ¤«ï ¯¥à¢®£® ª®à­ï,
y2(x) = e−x ¨ y3(x) = xe−x − ¤«ï ¢â®à®£® ª®à­ï.¨ ®¡é¥¥ à¥è¥­¨¥: y(x) = C1 + C2e−x + C3xe−x.�â¢¥â. y(x) = C1 + e−x(C2 + C3x).Ǒà¨¬¥à 6�¥è¨âì ãà ¢­¥­¨¥ y′′′ + 4y′′ + 13y′ = 0.�¥è¥­¨¥. �ë¯¨è¥¬ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ ¨ à¥-è¨¬ ¥£®:

t3 + 4t2 + 13t = 0 =⇒ t(t2 + 4t+ 13) = 0 =⇒ [

t = 0,
t = −2± 3i.�ë¯¨è¥¬ äã­¤ ¬¥­â «ì­ãî á¨áâ¥¬ã à¥è¥­¨©:

y1(x) = e0x = 1− ¤«ï ¤¥©áâ¢¨â¥«ì­®£® ª®à­ï,
y2(x) = e−2x 
os 3x
y3(x) = e−2x sin 3x }

− ¤«ï ª®¬¯«¥ªá­ëå ª®à­¥©.¨ ®¡é¥¥ à¥è¥­¨¥: y(x) = C1 + C2e−2x 
os 3x+ C3e−2x sin 3x.�â¢¥â. y(x) = C1 + e−2x(C2 
os 3x+ C3 sin 3x).СА
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32���������� �������� ���������������� ������������� ���������
• � å®�¤¥­¨¥ ç áâ­®£® à¥è¥­¨ï ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï ¬¥-â®¤®¬ ­¥®¯à¥¤¥«¥­­ëå ª®íää¨æ¨¥­â®¢.�«ï «¨­¥©­ëå ­¥®¤­®à®¤­ëå ãà ¢­¥­¨© á ¯®áâ®ï­­ë¬¨ª®íää¨æ¨¥­â ¬¨ ¨ á ¯à ¢®© ç áâìî, á®áâ®ïé¥© ¨§ áã¬¬ ¨ ¯à®¨§-¢¥¤¥­¨© äã­ªæ¨© eax, 
os bx, sin bx, p0+p1x+p2x2+ ...+pmxmç áâ­®¥ à¥è¥­¨¥ ¬®�­® ¨áª âì ¬¥â®¤®¬ ­¥®¯à¥¤¥«¥­­ëå ª®íä-ä¨æ¨¥­â®¢,  «£®à¨â¬ ª®â®à®£® á«¥¤ãîé¨©:�«£®à¨â¬ ­ å®�¤¥­¨ï ç áâ­®£® à¥è¥­¨ï «¨­¥©­®£®­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï á ®á®¡®© ¯à ¢®© ç áâìî.� áá¬®âà¨¬ «¨­¥©­®¥ ­¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥
any(n)+an−1y(n−1)+...+a1y′+a0y = eax

(

P (x) 
os bx+Q(x) sin bx
)

,£¤¥ P (x) ¨ Q(x) ¬­®£®ç«¥­ë.�«ï ­ å®�¤¥­¨ï ç áâ­®£® à¥è¥­¨ï íâ®£® ãà ¢­¥­¨ï á«¥-¤ã¥â:1. �ë¯¨á âì å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥
antn + an−1tn−1 + ...+ a1t+ a0 = 0¨ ­ ©â¨ ¥£® ª®à­¨.2. �¯à¥¤¥«¨âì a, b ¨ m { ­ ¨¡®«ìèãî ¨§ áâ¥¯¥­¥© ¬­®£®ç«¥­®¢.�á«¨ ¢ ¯à ¢®© ç áâ¨ ®âáãâáâ¢ã¥â ¬­®�¨â¥«ì eax, â® a = 0.�á«¨ ­¥â âà¨£®­®¬¥âà¨ç¥áª¨å ¬­®�¨â¥«¥©, â® b = 0.�á«¨ ­¥â ¬­®£®ç«¥­®¢, â® m = 0.3. �¯à¥¤¥«¨âì ¢¨¤ ç áâ­®£® à¥è¥­¨ï: ) ¥á«¨ a + ib ­¥ ï¢«ï¥âáï ª®à­¥¬ å à ªâ¥à¨áâ¨ç¥áª®£®ãà ¢­¥­¨ï, â® ç áâ­®¥ à¥è¥­¨¥ ¨¬¥¥â ¢¨¤:

y(x) = eax
(

(

p0 + p1x+ ...+ pmxm
) 
os bx++ (

q0 + q1x+ ...+ qmxm
) sin bx

)
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33¡) ¥á«¨ a+ ib ï¢«ï¥âáï ª®à­¥¬ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢-­¥­¨ï ªà â­®áâ¨ s, â® ç áâ­®¥ à¥è¥­¨¥ ¨¬¥¥â ¢¨¤:
y(x) = xseax

(

(

p0 + p1x+ ...+ pmxm
) 
os bx++ (

q0 + q1x+ ...+ qmxm
) sin bx

)4. Ǒ®¤áâ ¢¨âì ¢ë¯¨á ­­ë© y(x) ¢ ¨áå®¤­®¥ ãà ¢­¥­¨¥ ¨, ¯à¨à ¢-­ï¢ ª®íää¨æ¨¥­âë ¯à¨ ¯®¤®¡­ëå ç«¥­ å, ­ ©â¨ ¢á¥ ª®íää¨æ¨-¥­âë p1, ... pm ¨ q1, ... qm.5. Ǒ®¤áâ ¢¨¢ ¢ ¢ë¯¨á ­­ë© à ­¥¥ y(x) ­ ©¤¥­­ë¥ §­ ç¥­¨ï ª®-íää¨æ¨¥­â®¢ p1, ... pm ¨ q1, ... qm, ¢ë¯¨á âì ç áâ­®¥ à¥è¥­¨¥­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï (�.�.�.�.).Ǒà¨¬¥à� ©â¨ ç áâ­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï y′′ − 4y′ + 3y = x2e2x.�¥è¥­¨¥. Ǒà ¢ ï ç áâì ãà ¢­¥­¨ï ï¢«ï¥âáï ¯à®¨§¢¥¤¥-­¨¥¬ ¬­®£®ç«¥­  ¨ íªá¯®­¥­âë, ¯®íâ®¬ã ¬®�­® ¯à¨¬¥­¨âì ¬¥â®¤­¥®¯à¥¤¥«¥­­ëå ª®íää¨æ¨¥­â®¢.� à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ t2 − 4t + 3 = 0 ¨¬¥¥â ª®à-­¨ t = 1, t = 3. Ǒ® ¢¨¤ã ¯à ¢®© ç áâ¨ ®¯à¥¤¥«ï¥¬ §­ ç¥­¨ï¯ à ¬¥âà®¢:
a = 2 { ª®íää¨æ¨¥­â ¢ áâ¥¯¥­¨ íªá¯®­¥­âë ,
b = 0 â ª ª ª ­¥â âà¨£®­®¬¥âà¨ç¥áª¨å äã­ªæ¨© ,
m = 2 { áâ¥¯¥­ì ¬­®£®ç«¥­  x2.� ª ª ª a+ib = 2 { ­¥ ï¢«ï¥âáï ª®à­¥¬ å à ªâ¥à¨áâ¨ç¥áª®-£® ãà ¢­¥­¨ï, ç áâ­®¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï ¨¬¥¥â¢¨¤:

y(x) = e2x
((p0 + p1x+ p2x2) 
os 0 + (q0 + q1x+ q2x2) sin 0) == e2x(p0 + p1x+ p2x2).СА
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34� ©¤¥¬ y′ ¨ y′′:
y′ = 2e2x(p0 + p1x+ p2x2) + e2x(p1 + 2p2x)
y′′ = (4e2x(p0 + p1x+ p2x2) + 2e2x(p1 + 2p2x))++ (2e2x(p1 + 2p2x) + e2x2p2) == 4e2x(p0 + p1x+ p2x2) + 4e2x(p1 + 2p2x) + e2x2p2.Ǒ®¤áâ ¢¨¬ y, y′ ¨ y′′ ¢ ¨áå®¤­®¥ ãà ¢­¥­¨¥:
(4e2x(p0 + p1x+ p2x2) + 4e2x(p1 + 2p2x) + e2x2p2)−

− 4(2e2x(p0 + p1x+ p2x2) + e2x(p1 + 2p2x))++ 3e2x(p0 + p1x+ p2x2) = x2e2xǑ®á«¥ â®£®, ª ª à áªà®¥¬ áª®¡ª¨, ¯à¨¢¥¤¥¬ ¯®¤®¡­ë¥ á« -£ ¥¬ë¥ ¨ á®ªà â¨¬ ­  e2x, ¯®«ãç¨¬:(−p0 + 2p2)− p1x − p2x2 = x2 =⇒










−p0 + 2p2 = 0
−p1 = 0
−p2 = 1 =⇒ 









p0 = −2
p1 = 0
p2 = −1 =⇒=⇒ y(x) = e2x(−2− x2)−�.�.�.�.�â¢¥â. y(x) = e2x(−2− x2)� ¬¥ç ­¨¥. � à §®¡à ­­®¬ ¯à¨¬¥à¥ âà¥¡®¢ «®áì ­ ©â¨ç áâ­®¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï. �á«¨ ¡ë áâ®ï«  § ¤ -ç  "à¥è¨âì ãà ¢­¥­¨¥", ­¥®¡å®¤¨¬® ¡ë«® ¡ë ¥é¥ ¢ë¯¨á âì ®¡é¥¥à¥è¥­¨¥ ®¤­®à®¤­®£® ãà ¢­¥­¨ï (�.�.�.�.): y0(x) = C1ex+C2e3x(â ª ª ª ª®à­¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï t = 1, t = 3) ¨ § -¯¨á âì ®â¢¥â: �.�.�.�.=�.�.�.�.+�.�.�.�., â.¥.

y(x) = C1ex + C2e3x + e2x(−2− x2).СА
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35
• �¥â®¤ ¢ à¨ æ¨¨ ¯à®¨§¢®«ì­ëå ¯®áâ®ï­­ëå�«£®à¨â¬ ­ å®�¤¥­¨ï ç áâ­®£® à¥è¥­¨ï «¨­¥©­®£®­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï á ¯à®¨§¢®«ì­®© ¯à ¢®© ç áâìî.� áá¬®âà¨¬ «¨­¥©­®¥ ­¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥

any(n) + an−1y(n−1) + ...+ a1y′ + a0y = f(x)�«ï ­ å®�¤¥­¨ï ç áâ­®£® à¥è¥­¨ï íâ®£® ãà ¢­¥­¨ï ¬®-�¥â ¡ëâì ¯à¨¬¥­¥­ ¬¥â®¤ ¢ à¨ æ¨¨ ¯à®¨§¢®«ì­ëå ¯®áâ®ï­­ëå,ª®â®àë© § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬:1. �ë¯¨è¥¬ äã­¤ ¬¥­â «ì­ãî á¨áâ¥¬ã à¥è¥­¨©, ª ª ¨ ¯à¨ ­ -å®�¤¥­¨¨ ®¡é¥£® à¥è¥­¨ï ®¤­®à®¤­®£® ãà ¢­¥­¨ï:
y1(x) = ...,

y2(x) = ...,

...

yn(x) = ...2. �®áâ ¢¨¬ á¨áâ¥¬ã ãà ¢­¥­¨©






























C ′1(x) y1 + ...+ C ′
n(x)yn = 0,

C ′1(x) y′1 + ...+ C ′
n(x)y′

n = 0,
C ′1(x)y(n−2)1 + ...+ C ′

n(x)y(n−2)
n = 0,

. . . . .

C ′1(x)y(n−1)1 + ...+ C ′
n(x)y(n−1)

n = f(x);3. � ©¤¥¬ ¥¥ à¥è¥­¨¥:


















C ′1(x) = ...,

C ′2(x) = ...,

. . . . .

C ′
n(x) = ...4. �­â¥£à¨à®¢ ­¨¥¬ ­ ©¤¥¬ C1(x), ... , Cn(x).5. �ë¯¨è¥¬ ç áâ­®¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï:

y(x) = C1(x)y1(x) + ...+ Cn(x)yn(x).СА
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36Ǒà¨¬¥à� ©â¨ ç áâ­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï y′′−5y′+6y = e4x1 + e2x
.�¥è¥­¨¥. Ǒà¨¬¥­¨¬ ¬¥â®¤ ¢ à¨ æ¨¨ ¯à®¨§¢®«ì­ëå ¯®-áâ®ï­­ëå.� à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ t2− 5t+6 = 0 ¨¬¥¥â ª®à­¨

t = 2, t = 3. �«¥¤®¢ â¥«ì­®, äã­¤ ¬¥­â «ì­ ï á¨áâ¥¬  à¥è¥­¨©
y1(x) = e2x

y2(x) = e3x�®áâ ¢¨¬ ¨ à¥è¨¬ á¨áâ¥¬ã, ãª § ­­ãî ¢ ¬¥â®¤¥:






C ′1(x)e2x + C ′2(x)e3x = 0
C ′1(x)(e2x)′ + C ′2(x)(e3x)′ = e4x1 + e2x

=⇒






C ′1(x) = −C ′2(x)ex

−C ′2(x)ex(x) · 2e2x + C ′2(x)3e3x = e4x1 + e2x

=⇒










C ′1(x) = − e2x1 + e2x

C ′2(x) = ex1 + e2x� ©¤¥¬ C1(x) ¨ C2(x):
C1(x) =−

∫

e2x1 + e2x
dx = −12 ∫

de2x1 + e2x
= 12 ln(1 + e2x)

C2(x) =∫

ex1 + e2x
dx = ∫

dex1 + e2x
= ar
tg ex�ë¯¨è¥¬ ç áâ­®¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï:

y(x) = 12 ln(1 + e2x) · e2x + ar
tg ex · e3x.�â¢¥â. y(x) = ln√1 + e2x · e2x + ar
tg ex · e3x.
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37� ¬¥ç ­¨¥. � à §®¡à ­­®¬ ¯à¨¬¥à¥ âà¥¡®¢ «®áì ­ ©â¨ç áâ­®¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï. �á«¨ ¡ë áâ®ï«  § ¤ -ç  "à¥è¨âì ãà ¢­¥­¨¥", ­¥®¡å®¤¨¬® ¡ë«® ¡ë ¥é¥ ¢ë¯¨á âì ®¡é¥¥à¥è¥­¨¥ ®¤­®à®¤­®£® ãà ¢­¥­¨ï (�.�.�.�.):
y0(x) = C1e2x + C2e3x(â ª ª ª ª®à­¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï t = 2, t = 3)¨ § ¯¨á âì ®â¢¥â: �.�.�.�.=�.�.�.�.+�.�.�.�., â.¥.

y(x) = C1e2x + C2e3x + ln√1 + e2x · e2x + ar
tg ex · e3x.

• Ǒà¨­æ¨¯ ­ «®�¥­¨ï à¥è¥­¨©� áá¬®âà¨¬ «¨­¥©­®¥ ­¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥
any(n) + an−1y(n−1) + ...+ a1y′ + a0y == f1(x) + f2(x) + ...+ fm(x) (4)�������. �á«¨
y1(x) { à¥è¥­¨¥ ãà ¢­¥­¨ï any(n) + ...+ a1y′ + a0y = f1(x)
y2(x) { à¥è¥­¨¥ ãà ¢­¥­¨ï any(n) + ...+ a1y′ + a0y = f2(x)
. . . . .

ym(x) { à¥è¥­¨¥ ãà ¢­¥­¨ï any(n) + ...+ a1y′ + a0y = fm(x),â® y(x) = y1(x) + y2(x) + ...+ ym(x) { à¥è¥­¨¥ ãà ¢­¥­¨ï (4).���-�� á ¬®áâ®ïâ¥«ì­® (¯à®¢¥à¨âì ãâ¢¥à�¤¥­¨¥ ¯®¤áâ -­®¢ª®©).
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38Ǒà¨¬¥à�¥è¨âì ãà ¢­¥­¨¥ y′′′ − 6y′′ + 9y′ = xe3x + e3x 
os 2x.�¥è¥­¨¥.1) � ©¤¥¬ ®¡é¥¥ à¥è¥­¨¥ ®¤­®à®¤­®£® ãà ¢­¥­¨ï:
y′′′ − 6y′′ + 9y′ = 0. (1)�®áâ ¢¨¬ ¨ à¥è¨¬ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ ¨ ¢ë¯¨è¥¬äã­¤ ¬¥­â «ì­ãî á¨áâ¥¬ã à¥è¥­¨©

t3 − 6t2 + 9t = 0 =⇒ t(t − 3)2 = 0 =⇒
{

t = 0
t = 3 (ªà â­ë© ª®à¥­ì) =⇒ {

y1(x) = 1
y2(x) = e3x, y2(x) = xe3x=⇒ z1(x) = C1 + C2e3x + C3xe3x { �.�.�.�. (1)2) � ©¤¥¬ ç áâ­®¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï:

y′′′ − 6y′′ + 9y′ = xe3x. (2)Ǒ® ¢¨¤ã ¯à ¢®© ç áâ¨ ®¯à¥¤¥«ï¥¬ §­ ç¥­¨ï ¯ à ¬¥âà®¢:
a = 3 { ª®íää¨æ¨¥­â ¢ áâ¥¯¥­¨ íªá¯®­¥­âë ,
b = 0 â ª ª ª ­¥â âà¨£®­®¬¥âà¨ç¥áª¨å äã­ªæ¨© ,
m = 1 { áâ¥¯¥­ì ¬­®£®ç«¥­  x.� ª ª ª a+ ib = 3 { ï¢«ï¥âáï ª®à­¥¬ å à ªâ¥à¨áâ¨ç¥áª®£®ãà ¢­¥­¨ï ªà â­®áâ¨ 2, ç áâ­®¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥-­¨ï ¨¬¥¥â ¢¨¤: y(x) = x2e3x(p0 + p1x).Ǒ®¤áç¨â ¥¬ y′, y′′ ¨ y′′′, ¯®¤áâ ¢¨¬ ¢ ãà ¢­¥­¨¥ (2) ¨ ¯à¨-à ¢­ï¥¬ ª®íää¨æ¨¥­âë ¯à¨ ¯®¤®¡­ëå á« £ ¥¬ëå ¢ «¥¢®© ¨ ¯à -¢®© ç áâ¨ ãà ¢­¥­¨ï. � ©¤¥¬ p0 = −1/18, p1 = 1/18.=⇒ z2(x) = x2e3x

(

− 118 + 118x
) { �.�.�.�. (2)СА
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393) � ©¤¥¬ ç áâ­®¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï:
y′′′ − 6y′′ + 9y′ = e3x 
os 2x. (3)Ǒ® ¢¨¤ã ¯à ¢®© ç áâ¨ ®¯à¥¤¥«ï¥¬ §­ ç¥­¨ï ¯ à ¬¥âà®¢:

a = 3 { ª®íää¨æ¨¥­â ¢ áâ¥¯¥­¨ íªá¯®­¥­âë ,
b = 2 { ª®íää¨æ¨¥­â ¢ âà¨£®­®¬¥âà¨ç¥áª®© äã­ªæ¨¨,
m = 0 â ª ª ª ­¥â ¬­®£®ç«¥­®¢.� ª ª ª a+ ib = 3+2i { ­¥ ï¢«ï¥âáï ª®à­¥¬ å à ªâ¥à¨áâ¨-ç¥áª®£® ãà ¢­¥­¨ï, ç áâ­®¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï¨¬¥¥â ¢¨¤: y(x) = e3x(p0 
os 2x+ q0 sin 2x).Ǒ®¤áç¨â ¥¬ y′, y′′ ¨ y′′′, ¯®¤áâ ¢¨¬ ¢ ãà ¢­¥­¨¥ (3) ¨ ¯à¨-à ¢­ï¥¬ ª®íää¨æ¨¥­âë ¯à¨ ¯®¤®¡­ëå á« £ ¥¬ëå ¢ «¥¢®© ¨ ¯à -¢®© ç áâ¨ ãà ¢­¥­¨ï. � ©¤¥¬ p0 = −3/52, p1 = −1/26.=⇒ z3(x) = e3x

(

− 352 
os 2x − 126 sin 2x) { �.�.�.�. (3)�¡é¨¬ à¥è¥­¨¥¬ ¨áå®¤­®£® ãà ¢­¥­¨ï ï¢«ï¥âáï
y(x) = z1(x) + z2(x) + z3(x).�â¢¥â.

y(x) = C1 + e3x

(

C2 + C3x − x218 + x318 − 352 
os 2x − 126 sin 2x).
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40
������� ��� Ǒ����������� �������∗� ¤ ­¨¥ 1. �¥è¨âì ãà ¢­¥­¨¥ á à §¤¥«ïîé¨¬¨áï ¯¥à¥-¬¥­­ë¬¨ (¡¥§ ¯®¨áª  ®á®¡ëå à¥è¥­¨©).1. (1 + y2)dx + (1 + x2)dy = 02. (1 + y2)dx + xydy = 03. e−y(1 + y′) = 14. ey(1 + x2)dy − 2x(1 + ey)dx = 05. 2x√1− y2 = y′(1 + x2)

6. xydx+ (x + 1)dy = 07. √

y2 + 1dx = xydy8. 2x2yy′ + y2 = 29. y′ − xy2 = 2xy10. xx′ + y = 1�â¢¥âë.1. ar
tg x + ar
tg y = C2. x2(1 + y2) = C3. ex = C(1− e−y)4. 1 + ey = C(1 + x2)5. ar
sin y = C + ln(1 + x2) 6. y = C(x + 1)e−x7. ln |x| = C + √

y2 + 1, x = 08. y2 − 2 = Ce1/x9. (Ce−x2 − 1)y = 210. x2 + y2 − 2y = C

∗ � ¤ ­¨ï ¤«ï ¯à ªâ¨ç¥áª¨å § ­ïâ¨© ¢§ïâë ¨§ á¡®à­¨ª®¢:[1℄ �.�.�¨«¨¯¯®¢. �¡®à­¨ª § ¤ ç ¯® ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬: �ç.¯®á®¡¨¥ ¤«ï ¢ã§®¢. { �.: � ãª . 1992. { 128 á.[2℄ �.�.�à á­®¢, �.�.�¨á¥«¥¢, �.�.� ª à¥­ª®. �¡ëª­®¢¥­­ë¥ ¤¨ää¥à¥­-æ¨ «ì­ë¥ ãà ¢­¥­¨ï: � ¤ ç¨ ¨ ¯à¨¬¥àë á ¯®¤à®¡­ë¬¨ à¥è¥­¨ï¬¨: �ç¥¡.¯®á®¡¨¥. { �¤¨â®à¨ « ����, 2002. { 256 á.
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41� ¤ ­¨¥ 2. �«ï ãà ¢­¥­¨ï á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­-­ë¬¨ ­ ©â¨ à¥è¥­¨¥ § ¤ ç¨ �®è¨.1. (x2 − 1)y′ + 2xy2 = 0, y(0) = 12. y′ = 3 3√y2, y(2) = 03. xy′ + y = y2, y(1) = 0, 54. y′ sinx − y 
osx = 0, y(π/2) = 15. x
√1− y2dx+ y

√1− x2dy = 0, y(0) = 1�â¢¥âë. 1. y ln(1− x2) = 1− y2. y = (x − 2)33. y(1 + x) = 1 4. y = sinx5. √1− y2 + √1− x2 = 1� ¤ ­¨¥ 3. �¥è¨âì ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ (¡¥§ ¯®¨áª ®á®¡ëå à¥è¥­¨©).1. (x + 2y)dx − xdx = 02. (x − y)dx + (x + y)dy = 03. (y2 − 2xy)dx+ x2dy = 04. 2x3y′ = y(2x2 − y2)5. xy′ − y = x tg y

x

6. (x2 + y2)y′ = 2xy7. y2 + x2y′ = xyy′8. xy′ = y − xey/x9. xy′ − y = (x + y) ln x+ y

x10. (y +√
xy)dx = xdy�â¢¥âë.1. x + y = Cx22. ln(x2 + y2) = C − 2 ar
tg(y/x)3. x(y − x) = Cy4. x2 = y2 lnCx5. sin(y/x) = Cx

6. y2 − x2 = Cy7. y = Cey/x8. lnCx = e−y/x9. ln x+y
x

= Cx10. 2√xy = x lnCxСА
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42� ¤ ­¨¥ 4. �¥è¨âì «¨­¥©­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® ¯®àï¤ª .1. xy′ − 2y = 2x42. (2x+ 1)y′ = 4x+ 2y3. y′ + y tg x = se
x4. (xy + ex)dx − xdy = 05. x2y′ + xy = 1 = 06. y = x(y′ − x 
osx)
7. 2x(x2 + y)dx = dy8. (xy′ − 1) lnx = 2y9. xy′ + (x + 1)y = 3x2e−x10. (x + y2)dy = ydx11. (2ey − x)y′ = 112. (sin2 y + x 
tg y)y′ = 1�â¢¥âë.1. y = Cx2 + x42. y = (2x + 1)(C + ln |2x + 1|) + 13. y = sinx + C 
os x4. y = ex(ln |x|+ C)5. xy = C − ln |x|6. y = x(C + sinx)

7. y = Cex2 − x2 − 18. y = C ln2 x − lnx9. xyex = x3 + C10. x − y2 = Cy11. x = ey + Ce−y12. x = (C − 
os y) sin y� ¤ ­¨¥ 5. �¥è¨âì ãà ¢­¥­¨¥ �¥à­ã««¨.1. y′ + 2y = y2ex2. (x + 1)(y′ + y2) = −y3. y′ = y4 
osx+ y tg x4. xy2y′ = x2 + y35. xydy = (y2 + x)dx

6. xy′ − 2x2√y = 4y7. xy′ + 2y + x5y3ex = 08. 2y′ − x

y
= xy

x2 − 19. y′x3 sin y = xy′ − 2y10. (2x2y ln y − x)y′ = y�â¢¥âë.1. y(ex + Ce2x) = 12. y(x + 1)(ln |x + 1|+ C) = 13. y−3 = C 
os3 x − 3 sinx 
os2 x4. y3 = Cx3 − 3x25. y2 = Cx2 − 2x 6. y = x4 ln2 Cx7. y−2 = x4(2ex + C)8. y2 = x2 − 1 + C
√

|x2 − 1|9. x2(C − 
os y) = y10. xy(C − ln2 y) = 1СА
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43� ¤ ­¨¥ 6. �¡¥¤¨¢è¨áì, çâ® ãà ¢­¥­¨¥ ï¢«ï¥âáï ãà ¢­¥-­¨¥¬ ¢ ¯®«­ëå ¤¨ää¥à¥­æ¨ « å, ­ ©â¨ ¥£® à¥è¥­¨¥.1. 2xydx+ (x2 − y2dy = 02. (2− 9xy2)xdx + (4y2 − 6x3)ydy = 03. e−ydx − (2y + xe−y)dy = 04. y

x
dx+ (y3 + lnx)dy = 05. 3x2 + y2

y2 dx − 2x3 + 5y
y3 dy = 06. 2x(1 +√

x2 − y
)

dx −
√

x2 − y dy = 07. (1 + y2 sin 2x) dx − 2y 
os2 x dy = 08. 3x2(1 + ln y) dx = (2y − x3
y

)

dy9. (sinxy + xy 
osxy) dx + x2 
osxy dy = 010. (x3 + xy2) dx + (x2y + y3) dy = 0�â¢¥âë. 1. 3x2y − y3 = C2. x2 − 3x3y2 + y4 = C3. xe−y − y2 = C4. 4y lnx + y4 = C5. x + x3
y2 + 5

y
= C

6. x2 + 23 (x2 − y)3/2 = C7. x − y2 
os2 x = C8. x3(1 + ln y)− y2 = C9. x sinxy = C10. x4 + 2x2y2 + y4 = C
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44� ¤ ­¨¥ 7. �¯à¥¤¥«¨âì â¨¯ ãà ¢­¥­¨ï (ãà ¢­¥­¨¥ ¬®�¥â®â­®á¨âáï ª ­¥áª®«ìª¨¬ â¨¯ ¬), ¢ë¡à âì ¬¥â®¤ à¥è¥­¨ï ¨ ­ ©â¨®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (¡¥§ ¯®¨áª  ®á®¡ëå à¥è¥­¨©).1. xy′ + x2 + xy − y = 02. 2xy′ + y2 = 13. x(x − 1)y′ + 2xy = 14. y − y′ = y2 + xy′5. (x + 2y3)y′ = y6. x2y′ = y(x + y)7. (1− x2) dy + xy dx = 08. 2(x − y2) dy = y dx9. y′(x − y2) = 110. xy′ = ey + 2y′11. 2x3yy′ + 3x2y2 + 7 = 012. dx

x
= (1

y
− 2x)

dy13. x − y

y′
= 2

y14. x2y′ − 2xy = 3y15. dy + (xy − xy3) dx = 016. (2xy2 − y) dx + x dy = 017. (1− x2)y′ − 2xy2 = xy18. y′ + y = xy319. (x − xy4) dx = (y + xy) dy20. (sinx+ y) dy + (y 
osx − x2) dx = 0
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4521. yy′ + y2 
tg x = 
osx22. x(x + 1)(y′ − 1) = y23. y(y − xy′) = √

x4 + y424. y′ + x 3√y = 3y25. (x 
os y + sin 2y)y′ = 126. yy′ = xe2x + y227. y′
√

x = √
y − x+√

x28. xy′ = 2√y 
osx − 2y29. y2(y − xy′) = x3y′30. x dy = (x + y) dx�â¢¥âë.1. y = x(Ce−x − 1)2. (Cx + 1)y = Cx − 13. (x − 1)2y = x − ln |x|+ C4. y(x + C) = x + 15. x = Cy + y36. y lnCx + x = 07. y2 = C(x2 − 1)8. x = y2(C − 2 ln |y|)9. x = Cey + y2 + 2y + 210. − e−y = lnC(x − 2)11. x3y2 + 7x = C12. y(xy − 1) = Cx13. y2 = C(xy − 1)14. y = Cx2e−3/x15. y2(Cex2 + 1) = 1

16. y(x2 − C) = x17. y(C√

|x2 − 1| − 2) = 118. y2(Ce2x + x + 0, 5) = 119. y2 − 1 = C(x + 1)4e−4x(y2 + 1)20. y sinx − x33 + y22 = C21. 3y2 = 2 sinx + C sin−2 x22. (x + 1)y = x2 + x lnCx23. y2 + √

x4 + y4 = C24. y2/3 = Ce2x + x3 + 1625. x = Cesin y − 2(1 + sin y)26. y2 = (x2 + C)e2x27. √y − x −
√

x = C28. x
√

y = sinx + C29. y2 + 2x2 lnCy = 030. y = x(ln |x|+ C)
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46� ¤ ­¨¥ 8. �¥è¨âì «¨­¥©­®¥ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥.1. y′′ − y = 02. 3y′′ − 2y′ − 8y = 03. y′′ + 2y′ + y = 04. y′′ + 4y = 05. 4y′′ − 8y′ + 5y = 0
6. y′′ + y′ − 2y = 07. y′′ − 2y′ = 08. 2y′′ − 5y′ = 2y = 09. y′′ − 4y′ + 5y = 010. y′′ + 2y + 10y = 011. y′′′ − 8y = 012. y(4) − y = 013. y(4) + 4y = 014. y′′′ − y′′ − y′ + y = 0 15. y(5) − 5y(4) + 9y′′′ = 016. y′′′ + 6y′′ + 11y′ + 6y = 017. y(4) + 2y′′′ + 4y′′ − 2y′ − 5y = 018. y′′′ − 3y′′ + 3y′ − y = 0�â¢¥âë.1. y = C1ex + C2e−x2. y = C1e2x + C2e−4x/33. y = e−x(C1 + C2x)4. y = C1 
os 2x + C2 sin 2x5. y = ex

(
os x2 + C2 sin x2 )

6. y = C1ex + C2e−2x7. y = C1 + C2e2x8. y = C1e2x + C2ex/29. y = e2x(C1 
os x + C2 sinx)10. y = e−x(C1 
os 3x + C2 sin 3x)11. y = C1e2x + e−x
(

C2 
os x
√3 + C3 sinx

√3)12. y = C1ex + C2e−x + C3 
os x + C4 sinx13. y = ex
(

C1 
os x + C2 sinx
) + e−x

(

C3 
os x + C4 sinx
)14. y = ex(C1 + C2x) + C3e−x15. y = C1 + C2x + C3x2 + e3x(C4 + C5x)16. y = C1e−x + C2e−2x + C3e−3x17. y = C1ex + C2e−x + e−x(C3 
os 2x + C4 sin 2x)18. y = ex(C1 + C2x + C3x2)
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47� ¤ ­¨¥ 9. � ©â¨ à¥è¥­¨ï «¨­¥©­ëå ®¤­®à®¤­ëå ãà ¢-­¥­¨©, ã¤®¢«¥â¢®àïîé¨¥ ãª § ­­ë¬ ãá«®¢¨ï¬.1. y′′ − 2y′ + y = 0, y(2) = 1, y′(2) = −22. y′′ − 4y′ + 3y = 0, y(0) = 1, y′(0) = 103. y′′ − 2y′ + 3y = 0, y(0) = 1, y′(0) = 34. y′′′ − y′ = 0, y(0) = 3, y′(0) = −1, y′′(0) = 15. y′′′ + y′′ = 0, y(0) = 1, y′(0) = 0, y′′(0) = 16. y′′′ − 3y′′ + 3y′ − y = 0, y(0) = 1, y′(0) = 2, y′′(0) = 3�â¢¥âë.1. y = (7− 3x)xx−22. y = 4ex + 2e3x3. y = ex(
os√2x +√2 sin√2x) 4. y = 2 + e−x5. y = x + e−x6. y = ex(1 + x)� ¤ ­¨¥ 10. �«ï «¨­¥©­®£® ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï®¯à¥¤¥«¨âì ¢¨¤ ç áâ­®£® à¥è¥­¨ï ¨ ­ ©â¨ ®¡é¥¥ à¥è¥­¨¥.1. y′′ + 2y′ + y = −22. y′′ + 2y′ = −23. y′′ + 9y = 94. y′′′ + y′′ = 15. 5y′′′ − 7y′′ − 3 = 06. y(4) − 6y′′′ + 6 = 07. 3y(4) + y′′′ = 28. y′′ − 4y′ + 4y = x29. y′′ + 8y′ = 8x10. y′′ + 4y′ + 4y = 8e−2x11. y′′ + 4y′ + 3y = 9e−3x12. 7y′′ − y′ = 14xСА
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4813. y′′ + 3y′ = 3xe−3x14. y′′ = 5y′ + 6y = 10(1− x)e−2x15. y′′ + 2y′ + 2y = 1 + x16. y′′ + y′ + y = (x + x2)ex17. y′′ + 4y′ − 2y = 8 sin 2x18. y′′ + y = 4x 
osx19. y′′ + 2y′ + 5y = e−x sin 2x20. y′′ − y′ = −2ex sinx21. y′′ + 2y′ = 4ex(sinx+ 
osx)22. y′′ + 4y′ + 5y = 10e−2x 
osx23. 4y′′ = 8y′ = x sinx24. y′′ − 3y′ + 2y = xex25. y′′ + y′ − 2y = x2e4x26. y′′ − 3y′ + 2y = (x2 + x)e3x27. y′′′ − y′′ + y′ − y = x2 + x28. y(4) − 2y′′′ + 2y′′ − 2y′ + y = ex29. y′′ − 2y′ + y = x330. y(4) + y′′ = x2 + x31. y′′ + y = x2 sinx32. y′′ + 2y′ + y = x2e−x 
osx33. y′′′ − y = sinx34. y(4) − 2y′′ + y = 
osx35. y′′′ − 3y′′ + 3y′ − y = ex 
os 2x36. y′′ − 4y′ + 5y = e2x(sinx+ 2 
osx)37. y′′ − 3y′ + 2y = x 
osx38. y′′ + 2y′ − 3y = x2ex39. y′′ − 2y′ + y = 6xex40. y′′ + 4y′ + 4y = xe2x
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49�â¢¥âë. 1. y = (C1 + C2x)e−x − 22. y = C1 + C2e−2x − x3. y = C1 
os 3x + C2 sin 3x + 14. y = C1 + C2x + C3e−x + x225. y = C1 + C2x + C3e7x/5 − 314x26. y = C1 + C2x + C3x2 + C4e6x + x367. y = C1 + C2x + C3x2 + C4e−x/3 + x338. y = (C1 + C2x)e2x + x24 + x2 + 389. y = C1 + C2e−8x + x22 − x810. y = (C1 + C2x)e−2x + 4x2e−2x11. y = C1e−3x + C2e−x − 92xe−3x12. y = C1 + C2ex/7 − 7x2 − 98x13. y = C1 + C2e−3x −
( x22 + x3 )

e−3x14. y = C1e−3x + C2e−2x + (20x − 5x2)e−2x15. y = (C1 
os x + C2 sinx)e−x + x216. y = (C1 
os √32 x + C2 sin √32 x)e−x/2 + 13 (x2 − x + 1)ex17. y = C1e−(√6+2)x + C2e(√6+2)x − 125 (16 
os 2x + 12 sin 2x)18. y = C1 
os x + C2 sinx + x 
os x + x2 sinx19. y = (C1 
os 2x + C2 sin 2x)e−x − 14xe−x 
os 2x20. y = C1 + C2ex − (
os x + sinx)ex21. y = C1 + C2e−2x + 15 (6 sinx − 2 
os x)ex22. y = (C1 
os x + C2 sinx)e−2x + 5xe−2x sinx23. y = C1 + C2e−2x −
( x10 + 150) 
os x + ( 750 − x20) sinx24. y = C1e2x + C2ex −
( x22 + x

)

ex25. y = C1ex + C2e−2x + 118(

x2 − x + 718)

e4x26. y = C1ex + C2e2x + ( x22 − x + 1)e3x27. y = C1ex + C2 
os x + C3 sinx − (x2 + 3x + 1)28. y = (C1 + C2x)ex + C3 
os x + C4 sinx + x24 ex
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5029. y = (C1 + C2x)ex + x3 + 6x2 + 18x + 2430. y = C1 + C2x + C3 
os x + C4 sinx + x412 + x36 − x231. y = (

C1 + x4 − x26 ) 
os x + (

C2 + x24 ) sinx32. y = (C1 + C2x)e−x + ((6− x2) 
os x + 4x sinx
)

e−x33. y = C1ex + (

C2 
os √32 x + C3 sin √32 x
)

e−x/2 + 12 (
os x − sinx)34. y = (C1 + C2x)ex + (C3 + C4x)e−x + 14 
os x35. y = (C1 + C2x + C3x3)ex − 18 ex sin 2x36. y = (

C1 
os x + C2 sinx − x2 
os x + x sinx
)

e2x37. y = C1ex + C2e2x + (0, 1x − 0, 12) 
os x − (0, 3x + 0, 34) sinx38. y = ( x312 − x216 + x32 + C1)ex + C2e−3x39. y = (C1 + C2x + x3)ex40. y = (C1 + C2x)e−2x + ( x16 − 132)

e2x� ¤ ­¨¥ 11. �¥è¨âì «¨­¥©­®¥ ­¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥,¨á¯®«ì§ãï ¯à¨­æ¨¯ áã¯¥à¯®§¨æ¨¨ ¤«ï ­ å®�¤¥­¨ï ç áâ­®£® à¥-è¥­¨ï. 1. y′′ − y′ − 2y = 4x − 2ex2. y′′ − 3y′ = 18x − 10 
osx3. y′′ − 2y′ + y = 2 + ex sinx4. y′′ = 2y′ + 2y = (5x+ 4)ex + e−x5. y′′ − 2y′ + 5y = 10 sinx+ 17 sin 2x6. y′′ + y′ = x2 − e−x + ex�â¢¥âë.1. y = C1e−x + C2e2x − 2x + 1 + ex2. y = C1 + C2e3x − 3x2 − 2x + 
os x + 3 sinx3. y = 2 + ex(C1 + C2x − sinx)4. y = (C1 
os x + C2 sinx)e−x + xex + e−x5. y = (C1 
os 2x + C2 sin 2x)ex + 
os x + 2 sinx + 4 
os 2x + sin 2x6. y = C1 + C2e−x + xe−x + ex2 + x33 − x2 + 2xСА
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51� ¤ ­¨¥ 12. �¥è¨âì «¨­¥©­®¥ ­¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥,¨á¯®«ì§ãï ¬¥â®¤ ¢ à¨ æ¨¨ ¯à®¨§¢®«ì­ëå ¯®áâ®ï­­ëå ¤«ï ­ å®�-¤¥­¨ï ç áâ­®£® à¥è¥­¨ï.1. y′′ + y = 1sinx2. y′′ − y = 1
ex + 13. y′′ + y = 1
os3 x4. y′′ + y = 
tg x5. y′′ − 2y′ + y = ex

x2 + 1
6. y′′ + 2y′ + 2y = 1

ex sinx7. y′′ + y = 2sin3 x8. y′′ − y′ = e2x 
os ex9. y′′ + 4y = 2 tg x10. y′′′ + y′′ = x − 1
x2�â¢¥âë. 1. y = (C1 − x) 
os x + (C2 + ln | sinx|) sinx2. y = C1ex + C2 + (ex + 1) ln(1 + e−x)3. y = C1 
os x + C2 sinx − 
os 2x2 
os x4. y = C1 
os x + C2 sinx + sinx ln | tg x2 |5. y = (C1 + C2x)ex − ex ln√1 + x2 + exx ar
tg x6. y = (C1 − x)e−x 
os x + (C2 + ln | sinx|)e−x sinx7. y = C1 
os x + C2 sinx + 
os 2xsinx8. y = C1ex + C2 − 
os ex9. y = sin 2x ln | 
os x| − x 
os 2x + C1 sin 2x + C2 
os 2x10. y = C1 + C2x + C3e−x + 1− x + x ln |x|
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52� ¤ ­¨¥ 13. �«ï «¨­¥©­ëå ­¥®¤­®à®¤­ëå ãà ¢­¥­¨©­ ©â¨ ç áâ­ë¥ à¥è¥­¨ï, ã¤®¢«¥â¢®àïîé¨¥ ãª § ­­ë¬ ãá«®¢¨ï¬.1. y′′ + y = 2(1− x), y(0) = 2, y′(0) = −22. y′′ − 6y′ + 9y = 9x2 − 12x+ 2, y(0) = 1, y′(0) = 33. y′′ + 9y = 36e3x, y(0) = 2, y′(0) = 64. y′′ − 4y′ + 4y = 2e2x, y(0) = 0, y′(0) = 05. y′′ − 5y′ + 6y = (12x − 7)e−x, y(0) = 0, y′(0) = 06. y′′ + y′ = e−x, y(0) = 1, y′(0) = −17. y′′′ − y′ = −5e−x(sinx+ 
osx), y(0) = 0, y′(0) = 1, y′′(0) = 28. y(4) − y = 8ex, y(0) = −1, y′(0) = 0, y′′(0) = 1, y′′′(0) = 09. y′′′ − y = 2x, y(0) = 0, y′(0) = 0, y′′(0) = 210. y(4) − y = 8ex, y(0) = 0, y′(0) = 2, y′′(0) = 4, y′′′(0) = 6�â¢¥âë. 1. y = 2− 2x2. y = x2 + e3x3. y = 2e3x3. y = x2e2x5. y = e2x − e3x + xe−x6. y = 1− xe−x7. y = ex2 − e−x2 + x28. y = 
os x + 2 sinx + e−x + (2x − 3)ex9. y = 2x − 4√3 e−x/2 sin √32 x10. y = 2xex
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53� ¤ ­¨¥ 14. �¥è¨âì á¨áâ¥¬ã «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì-­ëå ãà ¢­¥­¨©.�ª § ­¨¥. �«ï à¥è¥­¨ï ¯¥à¢®© á¨áâ¥¬ë ¬®�­® ¯à¨¬¥-­¨âì á«¥¤ãîé¨©  «£®à¨â¬:1). ¢ëà §¨âì ¨§ ¯¥à¢®£® ãà ¢­¥­¨ï y;2). ¯à®¤¨ää¥à¥­æ¨à®¢ âì ¯®«ãç¨¢è¥¥áï ¢ëà �¥­¨¥;3). ¯®¤áâ ¢¨âì ¯®«ãç¥­­ë¥ ¢ëà �¥­¨ï ¤«ï y ¨ y′ ¢® ¢â®à®¥ãà ¢­¥­¨¥ á¨áâ¥¬ë;4). à¥è¨âì ¯®«ãç¨¢è¥¥áï ãà ¢­¥­¨¥ («¨­¥©­®¥ ®¤­®à®¤­®¥ãà ¢­¥­¨¥ ¢â®à®£® ¯®àï¤ª );5). ¨á¯®«ì§ãï ­ ©¤¥­­®¥ ¢ëà �¥­¨¥ ¤«ï x, ­ ©â¨ y.� ®áâ «ì­ëå á«ãç ïå ¤¥©áâ¢®¢ âì  ­ «®£¨ç­®.1. {

x′ = 2x+ y

y′ = 3x+ 4y2. {

x′ = x − y

y′ = y − 4x3. {

x′ + x − 8y = 0
y′ − x − y = 04. {

x′ = x+ y

y′ = 3y − 2x
5. 









x′ = x − y + z

y′ = x+ y − z

z′ = 2x − y6. 









x′ = x − 2y − z

y′ = y − x+ z

z′ = x − z7. 









x′ = x − y + z

y′ = x+ y − z

z′ = 2z − y�â¢¥âë.1. x = C1et + C2e5t, y = −C1et + 3C2e5t2. x = C1e−t + C2e3t, y = 2C1e−t − 2C2e3t3. x = 2C1e3t − 4C2e−3t, y = C1e3t + C2e−3t4. x = (C1 
os t + C2 sin t)e2t, y = ((C1 + C2) 
os t + (C2 − C1) sin t)e2t5. x = C1et + C2e2t + C3e−t, y = C1et − 3C3e−t, z = C1et + C2e2t − 5C3e−t6. x = C1 + 3C2e2t, y = −2C2e2t + C3e−t, z = C1 + C2e2t − 2C3e−t7. x = (C1 + C2t)et + C3e2t, y = (C1 − 2C2 + C2t)et,

z = (C1 − C2 + C2t)et + C3e2t
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54
������� ��� ����������� ������������� 1. � ©â¨ ç áâ­ë¥ à¥è¥­¨ï ¤¨ää¥à¥­æ¨ «ì-­ëå ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª , ã¤®¢«¥â¢®àïîé¨¥ ãª § ­­ë¬ãá«®¢¨ï¬: 1. (1 + ex)yy′ = ex, y(0) = 12. y′ sinx = y ln y, y(π2 ) = e3. y′ sinx − y 
osx = 0, y(π2 ) = 14. (1 + y2) dx + xy dy = 0, y(1) = 25. (1 + y2) dx = x dy, y(1) = 06. 1 + y′ = ey, y(0) = 07. y ln y dx+ x dy = 0, y(1) = 18. y′ = ex+y, y(0) = 09. y′ tg x = y, y(π4 ) = 210. xy′ − y = y3, y(√2) = 111. y + xy′ = 2(1 + xy), y(2) = −1212. y − xy′ = 3(1 + x2y′), y(2) = 1
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55������� 2. � ©â¨ ®¡é¨¥ à¥è¥­¨ï ¤¨ää¥à¥­æ¨ «ì­ëåãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª :1a). 3y2y′ + y3 = 1
b). xy′ = y + x 
os2(y

x
)

c). ( sin 2x
y

+ x) dx + (y − sin2 x

y2 ) dy = 02a). (3x2y + y3) dx + (x3 + 3xy2) dy = 0
b). xy′ + y = y2 lnx

c). xy′ = y(ln y − lnx)3a). y′ + 2xy = 2xy2
b). y(x2 + y2 + 1) dy + x(x2 + y2 − 1) dx = 0
c). x2 dy = (y2 − xy + x2) dx4a). x dy − y dx = √

x2 + y2 dx

b). 2y′ sinx+ y 
osx = y3 sin2 x

c). (x3 + xy2) dx + (x2y + y3) dy = 05a). y′ − 2yex = 2√yex

b). (3x2 − 2x − y) dx + (2y − x+ 3y2) dy = 0
c). xy′ = y +√

y2 − x26a). 2xyy′ lnx+ y2 = x 
osx
b). y dx+ (2√xy − x) dy = 0
c). x(2x2 + y2) + y(x2 + 2y2)y′ = 0СА
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567a). sin y + y sinx+ 1
x
= (
osx − x 
os y − 1

y
)y′

b). 2x2y′ = x2 + y2
c). 3xy2y′ − 2y3 = x38a). (sin(xy) + xy 
os(xy)) dx = −x2 
os(xy) dy

b). xy′ = √

x2 − y2 + y

c). (x2 + y2 + 1) dy + xy dx = 09a). (x3 − 3xy2 + 2) dx − (3x2y − y2) dy = 0
b). y′ − y 
osx = y2 
osx
c). (4x − 3y) dx+ (2y − 3x) dy = 010a). xy′ + y = −x2y2
b). (y − x) dx + (y + x) dy = 0
c). (x2 + y2 + 2x) dx+ 2xy dy = 011a). x+ y + (x + 2y)y′ = 0
b). (x − y)y dx = x2 dy

c). 2xyy′ − y2 + x = 012a). 4x2 + 3xy + y2 = −(4y2 + 3xy + x2)y′

b). (3x2 + 6xy2) dx + (6x2y + 4y3) dy = 0
c). xy′ = 4y + x2√y
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57������� 3. � ©â¨ ®¡é¨¥ à¥è¥­¨ï «¨­¥©­ëå ­¥®¤­®à®¤-­ëå ãà ¢­¥­¨©:1. y′′ − y′ − 2y = 4x − 2ex2. y′′ + 2y′ + 5y = 4e−x + 17 sin 2x3. y′′ + 6y′ + 9y = 18e−3x + 8 sinx+ 6 
osx4. y′′ − 2y′ + 5y = 10 sinx+ 17 sin 2x5. y′′ + 2y′ + 1 = 3 sin 2x+ 
osx6. y′′ − 2y′ + 10y = sin 3x+ ex7. y′′ + 2y′ + y = ex + e−x8. y′′ − y′ = 2x − 1− 3ex9. y′′ − 4y′ + 4y = 2e2x + x210. y′′ − 3y′ = x+ 
osx11. y′′ − y′ − 2y = 4x − 2ex12. y′′ − 3y′ = 18x − 10 
osx
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58������� 4. � ©â¨ ç áâ­ë¥ à¥è¥­¨¥ ãà ¢­¥­¨ï, ã¤®¢«¥-â¢®àïîé¥¥ ãª § ­­ë¬ ãá«®¢¨ï¬:1. y′′ + y = 1
osx y(0) = 2, y′(0) = 32. y′′ − y = 1
ex + 1 y(0) = 2 ln 2, y′(0) = ln 23. y′′ + y = 1
os3 x

y(0) = 1.5, y(π4 ) = 04. y′′ + 2y′ − 3y = x2ex y(0) = 4, y′(0) = 1325. y′′ − 2y′ + y = ex

x
y(1) = 2e, y(−1) = 06. y′′ + 2y′ + y = e−x

x
y(1) = 2

e
, y(−1) = 07. y′′ + y = 1sinx

y(π2 ) = 1, y′(π2 ) = 08. y′′ + y = x sinx y(0) = 3, y(π2 ) = 09. y′′ + 2y′ + 2y = 1
ex sinx

y(π4 ) = e−π/4√22 , y(π2 ) = 110. y′′ + y = 2sin3 x
y(π2 ) = 3, y′(π2 ) = 211. y′′ + y = 4x 
osx y(0) = 3, y(π2 ) = 112. y′′ − 2y′ + y = 2 + ex sinx y(0) = 2, y(π) = 2 + πeπ
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60Ǒ��������� 1.C¢®¤­ ï â ¡«¨æ  ¨§ãç¥­­ëå â¨¯®¢ ¤¨ää¥à¥­æ¨ «ì­ëåãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª  ¨ ¬¥â®¤®¢ ¨å à¥è¥­¨ï(1) y′(x) = f(x)g(y) ãà ¢­¥­¨¥ á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨
⋄ § ¬¥­¨âì y′(x) = dy

dx ;
⋄ à §¤¥«¨âì ¯¥à¥¬¥­­ë¥;
⋄ ¯à®¨­â¥£à¨à®¢ âì ¯®«ãç¨¢è¥¥áï à ¢¥­áâ¢®.(2) y′(x) = F

(y

x

) { ®¤­®à®¤­®¥ ãà ¢­¥­¨¥
⋄ § ¬¥­  y = tx { ¯®«ãç¨âáï ãà ¢­¥­¨¥ â¨¯  (1)(3) y′ = a(x)y + f(x) { «¨­¥©­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® ¯®àï¤ª 
⋄ à¥è¨âì ãà ¢­¥­¨¥ y′ = a(x)y (ãà ¢­¥­¨¥ ¢¨¤  (1));
⋄ § ¯¨á âì à¥è¥­¨¥ ¢ ¢¨¤¥ y1 = Cg(x)
⋄ ¯®¤áâ ¢¨âì y2 = C(x)g(x) ¢ ¨áå®¤­®¥ ãà ¢­¥­¨¥;
⋄ ã¯à®áâ¨âì ¨ ¢ëà §¨âì C ′(x), ­ ©â¨ C(x);
⋄ ¯®¤áâ ¢¨¢ ­ ©¤¥­­®¥ C(x), § ¯¨á âì ®â¢¥â: y = y1 + y2.(4) y′ = a(x)y + f(x)yn , (n 6= 1 { ãà ¢­¥­¨¥ �¥à­ã««¨
⋄ § ¬¥­  y(x) = z(x) 11−n { ¯®«ãç¨âáï ãà ¢­¥­¨¥ â¨¯  (3)(5) M(x; y) dx +N(x; y) dy = 0, £¤¥ ∂M

∂y = ∂N
∂x { ãà ¢­¥­¨¥ ¢ ¯®«-­ëå ¤¨ää¥à¥­æ¨ « å

⋄ ∂u
∂x = M(x; y) =⇒ u(x; y) = ∫

M(x; y) dx + C(y);
⋄ ¯®¤áâ ¢¨¬ ¯®«ãç¨¢è¥¥áï u(x; y) ¢ ãá«®¢¨¥ ∂u

∂y = N(x; y);
⋄ ¢ëà §¨¬ C ′(y), ­ ©¤¥¬ C(y), ¯®áâ ¢¨¬ ¢ u(x; y);
⋄ ®â¢¥â: u(x; y) = C.
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61Ǒ��������� 2.�¨­¥©­ë¥ ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª á ¤¥©áâ¢¨â¥«ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨�á­®¢­ ï â¥®à¥¬ �¡é¥¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï == ®¡é¥¥ à¥è¥­¨¥ ®¤­®à®¤­®£® ãà ¢­¥­¨ï ++ ç áâ­®¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï�¡é¥¥ à¥è¥­¨¥ ®¤­®à®¤­®£® ãà ¢­¥­¨ï(1) ay′′ + by′ + cy = 0 { ®¤­®à®¤­®¥ ãà ¢­¥­¨¥�®áâ ¢¨¬ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ at2 + bt+ c = 0 ¨­ å®¤¨¬ ¥£® ª®à­¨.
⋄ �á«¨ D > 0, ¯®«ãç¨¬ ¤¢  ¤¥©áâ¢¨â¥«ì­ëå ª®à­ï t1 ¨ t2¨ y = C1et1x + C2et2x { ®¡é¥¥ à¥è¥­¨¥ ®¤­®à®¤­®£® ãà ¢­¥­¨ï.
⋄ �á«¨ D = 0, ¯®«ãç¨¬ ®¤¨­ ¤¥©áâ¢¨â¥«ì­ë© ª®à¥­ì t0 ¨

y = (C1 + C2x)et0x { ®¡é¥¥ à¥è¥­¨¥ ®¤­®à®¤­®£® ãà ¢­¥­¨ï.
⋄ �á«¨ D < 0, ¯®«ãç¨¬ ¤¢  ª®¬¯«¥ªá­®-á®¯àï�¥­­ëå ª®à-­ï t1,2 = λ ± iµ ¨ y = (C1 
osµx + C2 sinµx)eλx { ®¡é¥¥ à¥è¥­¨¥®¤­®à®¤­®£® ãà ¢­¥­¨ï.�¨¤ ç áâ­®£® à¥è¥­¨ï ­¥ª®â®àëå­¥®¤­®à®¤­ëå ãà ¢­¥­¨©(2) ay′′ + by′ + cy = λeµx�¡®§­ ç¨¬ t1 ¨ t2 { ª®à­¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï
⋄ �á«¨ µ 6= t1 ¨ µ 6= t2, â® ¢¨¤ ç áâ­®£® à¥è¥­¨ï y = peµx.
⋄ �á«¨ µ = t1 ¨ µ 6= t2, â® ¢¨¤ ç áâ­®£® à¥è¥­¨ï y = pxeµx.
⋄ �á«¨ µ = t1 = t2, â® ¢¨¤ ç áâ­®£® à¥è¥­¨ï y = px2eµx.СА
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62(3) ay′′ + by′ + cy = λ 
osµx+ η sinµx

⋄ �á«¨ b = 0 ¨ c = aµ2, â® ¢¨¤ ç áâ­®£® à¥è¥­¨ï
y = x(p 
osµx+ q sinµx).

⋄ �á«¨ b 6= 0 ¨«¨ c 6= aµ2, â® ¢¨¤ ç áâ­®£® à¥è¥­¨ï
y = p 
osµx+ q sinµx.(4) ay′′ + by′ + cy = Pn(x) , £¤¥ Pn(x) { ¬­®£®ç«¥­ áâ¥¯¥­¨ n

⋄ �á«¨ c 6= 0, â® ¢¨¤ ç áâ­®£® à¥è¥­¨ï y = Qn(x), £¤¥
Qn(x) { ¬­®£®ç«¥­ áâ¥¯¥­¨ n

⋄ �á«¨ c = 0, â® ¢¨¤ ç áâ­®£® à¥è¥­¨ï y = xQn(x), £¤¥
Qn(x) { ¬­®£®ç«¥­ áâ¥¯¥­¨ n
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63Ǒ��������� 3.� ¡«¨æë ­¥®¯à¥¤¥«¥­­ëå ¨­â¥£à «®¢
Простейшие интегралы
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Рациональные функции Иррациональные функции
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J Sin (x) dx = - Cos( x) + c J Cos(x)dx=Sin (x)+ C 

J Sin 2(x) dx=:: _ ..!.sin(2x) + C 
2 4 

J eos2(x) dx =:: + ..!.Sin (2x) + c 
2 4 

J 

J 

. n 1 . n-1 n - 1 f n--2 Sm (x}dx=-0 Sm ( x)·Cos(x)+ -n- · Sin (x) dx 

cos" (x) dx = ..!.eosn-1(x) · Sin(x) + n -
1 

· f Cosn-2 (x) dx 
n n 

f ~ =In l tg( ::) I + C Sln (x) 2 f ~ = '" l tg( :: ... ~) I ... c Cos(x) 2 2 

J 
dx -- = --ctg(x) + c 

Sln 2( x) J 
dx 

2 
= tg (x)+C 

Cos (x) 

J Sin(x)Cos(x) dx=-~Cos {2x) +C 

J Sin
2
(x) eos(x) dx = ~Sln3( x) + c 

J Sin (x) Cos
2
(x) dx = -~ Cos

3
(x) + c 

J 
Sin 2( x) eos2( x) dx = ..!.x - ....!.... Sin ( 4x) + C 

8 32 

J tg(x) dx=-ln lcos( x}l+ c f ctg(x) dx= lnls1n(x) l +c 

J 
Sln(x) dx = __ 1_ + C I Sln 2( x) dx = tg(x) - x + C 

Cos2( x) Cos( x) Cos2( x) 

J Sln
2

( x) dx =lnltg ( :: ... ~) 1 -Sln(x} + C 
Cos(x) 2 2 

J 
Cos(x) dx = __ 1_ + C 
Sin2( x) Sln(x) 

--- dx = - ctg(x) - x + c I Cos2( x) 

Sln2(x) 

J Cos
2
(x) dx= ln ltg( ::)i+ cos(x) +C 

Sln(x) 2 

f ( d) x () =ln ltg ( x)l + c 
Cos x Sin x 

J dx =--1 +ln ltg( :: ... ~)l +c 
Sin2( x)Cos(x) Sln(x) 2 2 

J dx = _1 + lnltg (~)I +C 
Sin ( x)Cos2( x) Cos(x) 2 

------ = tg(x) -ctg(x) + c 

J 
dx 

Sin2( x) Cos2( x) 

J 
J 

dx 1 Cos(x) n - 2 J 
Sln"( x) = - n - 1 Sln,,...1( x) + n - 1 . 

dx dx 
Sln,,...2(x) 

tg 0 (x) dx = tgn-l(x) -J tgn--2 (x) dx 
n-1 

ctgn(x)dx= - "" - ctgn-2(x) dx J 
c...., n-l(x) J 

n-1 

J 
cosn+1(x) 

Sin (x) Cos0 (x) dx = - + c 
n + 1 

J 
Slnn+1(x) 

Sin " (x) Cos(x)dx= + C 
n+l uchim.org 

I ex dx=ex+ C 

I 
I 

J 

J 

J 

I 
J 
J 
J 

J 

J 

I 

x a x 
a dx= -,-,-+c In a 

dx = lnllnxl + C 
x · lnx 

x · lnx dx = x -- - + C n n+1[ lnx 1 J 
n + l (n+ 1) 2 

ax e ax. Jnx 1 I e ax 
e · lnx dx = -~ -- dx 

a a x 

xn xn+l n + 1 I 
lnmx dx = - ( m - 1) · lnm-1 x + m - 1 

lnx dx= x-lnx - x +C 

arcsin( x) dx = x · arcsin (x) +)1 - x2 + C 

arctg( x) dx = x · arctg (x) - In Ji + x 2 + C 

e ax 
e 8 x dx= --+ C 

a 

6
ax 

x · e 8 x dx = - (ax - 1) + C 
a 2 

J sh ( x) d x = ch ( x} + C J ch(x) dx = sh(x) + C 

Тригонометрические функции Показательная и логарифмическая функции
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