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3
���������® ¬®£¨å ®¡« áâïå ¬ â¥¬ â¨ª¨ ¡®«ìè®¥ § ç¥¨¥ ¨¬¥îâ § -¤ ç¨ ® ¯à¨¡«¨�¥¨¨ á«®�ëå ®¡ê¥ªâ®¢ ¬¥¥¥ á«®�ë¬¨. �¥®à¨ï¯à¨¡«¨�¥¨© ¨¬¥¥â ¤¥«® £« ¢ë¬ ®¡à §®¬ á ¯à¨¡«¨�¥¨¥¬ ®â¤¥«ì-ëå äãªæ¨© ¨§ ¥ª®â®à®£® ª« áá  ¯à¨ ¯®¬®é¨ äãªæ¨© ¨§ ¥ª®-â®à®£® ¬®�¥áâ¢ , ï¢«ïîé¨åáï ¡®«¥¥ ¯à®áâë¬¨, ç¥¬ ¯à¨¡«¨� ¥¬ ïäãªæ¨ï. � é¥ ¢á¥£® à®«ì â ª¨å ¬®�¥áâ¢ ¨£à îâ  «£¥¡à ¨ç¥áª¨¥¬®£®ç«¥ë ¨«¨ âà¨£®®¬¥âà¨ç¥áª¨¥ ¯®«¨®¬ë § ¤ ®£® ¯®àï¤ª .Ǒà¨¬¥à ¬¨ â ª¨å ª®áâàãªæ¨© ï¢«ïîâáï ç áâë¥ áã¬¬ë àï¤  �¥©-«®à  ¨«¨ àï¤  �ãàì¥, ¨â¥à¯®«ïæ¨®ë¥ ¬®£®ç«¥ë ¨ ¤à., â® ¥áâì¬®£®ç«¥ë ¨«¨ ¯®«¨®¬ë ¯®àï¤ª  n, ª®íää¨æ¨¥âë ª®â®àëå  å®-¤ïâáï ¯® ¯à¨¡«¨� ¥¬®© äãªæ¨¨. �á¥ ®¨ ï¢«ïîâáï «¨¥©ë¬¨ ®¯¥-à â®à ¬¨, â® ¥áâì ®¯¥à â®à ®â «¨¥©®© ª®¬¡¨ æ¨¨ äãªæ¨© à ¢¥«¨¥©®© ª®¬¡¨ æ¨© ®¯¥à â®à®¢ â¥å �¥ äãªæ¨© á â¥¬¨ �¥ ª®íä-ä¨æ¨¥â ¬¨.�®«ìè®¥ ¯à¨¬¥¥¨¥ ¢ â¥®à¨¨ ¯à¨¡«¨�¥¨ï  å®¤¨â ®á®¡ë© ¢¨¤«¨¥©ëå ®¯¥à â®à®¢ { ¯®«®�¨â¥«ìë¥ ®¯¥à â®àë, â® ¥áâì ¯à¨¨¬ -îé¨¥ â®«ìª® ¯®«®�¨â¥«ìë¥ § ç¥¨ï   ¯®«®�¨â¥«ìëå äãªæ¨-ïå. � ª ¢ 1885£. �.�¥©¥àèâà áá ¨á¯®«ì§®¢ « «¨¥©ë¥ ¯®«®�¨â¥«ì-ë¥ ®¯¥à â®àë ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ® ¢®§¬®�®áâ¨ à ¢®-¬¥à®£® ¯à¨¡«¨�¥¨ï ¥¯à¥àë¢ëå äãªæ¨© ¯®«¨®¬ ¬¨. � 1912£.�.�.�¥àèâ¥©®¬ ¡ë«  ¯®áâà®¥  ¯®á«¥¤®¢ â¥«ì®áâì «¨¥©ëå ¯®-«®�¨â¥«ìëå ®¯¥à â®à®¢ à ¢®¬¥à® áå®¤ïé ïáï   ®âà¥§ª¥ [0; 1℄ ªäãªæ¨¨ f ∈ C[0; 1℄. �ë«¨ ¯®áâà®¥ë ¨ ¤àã£¨¥ ¯®á«¥¤®¢ â¥«ì®áâ¨«¨¥©ëå ¯®«®�¨â¥«ìëå ®¯¥à â®à®¢.� �ë© ¢®¯à®á ®¡ ãá«®¢¨ïå, ¯à¨ ª®â®àëå ¯®á«¥¤®¢ â¥«ì®áâì®¯¥à â®à®¢ áå®¤¨âáï ª â®�¤¥áâ¢¥®¬ã ¨, á«¥¤®¢ â¥«ì®, à¥è ¥â § -¤ çã  ¯¯à®ªá¨¬ æ¨¨ äãªæ¨¨, à¥è ¥âáï  ¨¡®«¥¥ ¯à®áâ® ¨¬¥® ¢á«ãç ¥ «¨¥©ëå ¯®«®�¨â¥«ìëå ®¯¥à â®à®¢. �¯¥à¢ë¥ íâ¨ ãá«®¢¨ï¤«ï f ∈ C[a; b℄ ¡ë«¨ áä®à¬ã«¨à®¢ ë ¨ ¤®ª § ë Ǒ.Ǒ.�®à®¢ª¨ë¬¯®á«¥ à ¡®â ª®â®à®£® â¥®à¨ï «¨¥©ëå ¯®«®�¨â¥«ìëå ®¯¥à â®à®¢¯®«ãç¨«  ®á®¡¥® ¡®«ìè®¥ à §¢¨â¨¥.� ¯à¥¤áâ ¢«¥®¬ ªãàá¥ ¨§« £ îâáï ®á®¢ë¥ ¯®«®�¥¨ï â¥®-à¨¨ ¯à¨¡«¨�¥¨© ¨ â¥®à¨¨ «¨¥©ëå ¯®«®�¨â¥«ìëå ®¯¥à â®à®¢.СА
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4
����� 1.�������� Ǒ������ �Ǒ�������������� ��������

§1.1 Ǒ������ ���������Ǒ������������� �Ǒ��������Ǒ��������� � �������� ��������Ǒ������������ �Ǒ���������¯à¥¤. �¯¥à â®à®¬  §ë¢ ¥âáï ¯à ¢¨«®, ¯® ª®â®à®¬ã äãªæ¨¨ f ¨§¥ª®â®à®£® ¬®�¥áâ¢  F áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥ äãªæ¨ï g ¨§ ¥ª®-â®à®£® ¬®�¥áâ¢  G: L(f ; x) = g(x).�¯à¥¤. �¯¥à â®à L  §ë¢ ¥âáï «¨¥©ë¬, ¥á«¨ ® § ¤    «¨¥©®¬¬®�¥áâ¢¥ ¨ ¤«ï «î¡ëå äãªæ¨© f ¨ g ¨§ íâ®£® ¬®�¥áâ¢  ¨ «î¡ëåç¨á¥« a ¨ b ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®:
L(af + bg; x) = aL(f ; x) + bL(g; x).�¯à¥¤. �¯¥à â®à L  §ë¢ ¥âáï ¯®«®�¨â¥«ìë¬   ¬®�¥áâ¢¥ J , ¥á«¨¤«ï ¢á¥å äãªæ¨© ¨§ ®¡« áâ¨ ®¯à¥¤¥«¥¨ï ®¯¥à â®à , ¤«ï ª®â®àëå

f(t) ≥ 0, ¡ã¤¥â ¨¬¥âì ¬¥áâ® ¥à ¢¥áâ¢®:
L(f ; x) ≥ 0 ¤«ï ¢á¥å x ∈ J.�®®â®®áâì. Ǒãáâì L { «¨¥©ë© ¯®«®�¨â¥«ìë© ®¯¥à â®à. �á«¨

g(t) ≥ f(t), â® L(g; x) ≥ L(f ; x).�¥©áâ¢¨â¥«ì®,
g(t) ≥ f(t) =⇒ g(t) − f(t) ≥ 0 =⇒ L(g − f ; x) ≥ 0 =⇒

L(g; x) − L(f ; x) ≥ 0 =⇒ L(g; x) ≥ L(f ; x)�«¥¤áâ¢¨¥: ¤«ï f ∈ C[a, b℄ ¨«¨ C2π L(f ; x) ≤ L(‖f‖; x) ≤ ‖f‖L(1; x)СА
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5�¥à ¢¥áâ¢® �®è¨-�ãïª®¢áª®£®. �á«¨ L { «¨¥©ë© ¯®«®�¨â¥«ì-ë© ®¯¥à â®à, â®
L(fg; x) ≤ √

L(f2; x)√L(g2; x).�®ª-¢®: à áá¬®âà¨¬ äãªæ¨î φ(t) = (af(t) − g(t))2, £¤¥ a { ç¨á«®. � ªª ª φ(t) ≥ 0,
L((af(t) − g(t))2; x) ≥ 0 =⇒ a2L(f2; x) − 2aL(fg; x) + L(g2; x) ≥ 0.Ǒ®«ãç¨«¨ ª¢ ¤à âë© âà¥åç«¥ ®â®á¨â¥«ì® a, ª®â®àë© ¢á¥£¤  ≥ 0,á«¥¤®¢ â¥«ì® ¥£® ¤¨áªà¨¬¨ â ≤ 0, â® ¥áâì
L2(fg; x) − L(f2; x)L(g2; x) ≤ 0 =⇒ L2(fg; x) ≤ L(f2; x)L(g2; x),®âªã¤  ¨ á«¥¤ã¥â ¤®ª §ë¢ ¥¬®¥ ¥à ¢¥áâ¢®.Ǒ������ Ǒ�������������������������� Ǒ������������ �Ǒ��������10. �¯¥à â®àë �¥àèâ¥© :

Bn(f ; x) = n
∑

k=0 f

(

k

n

) (

n

k

)

xk(1 − x)n−k20. �¯¥à â®àë � á -�¨à ªìï :
Mn(f ; x) = n

∑

k=0 f

(

k

n

) (nx)k

k! e−nx30. �¯¥à â®àë � áª ª®¢ :�n(f ; x) = n
∑

k=0 f

(

k

n

) (

n + k − 1
k

)

xk(1 + x)−n−k40. �¯¥à â®àë �¥©¥àèâà áá :
Wn(f ; x) = 1

Jn

b
∫

a

f(t)e−n(t−x)2 dt, £¤¥ Jn = b−a
∫

a−b

e−nt2 dt
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650. �¯¥à â®àë � ««¥-Ǒãáá¥ :
Vn(f ; x) = 1

Jn

π
∫

−π

f(t) os2n t − x2 dt, £¤¥ Jn = π
∫

−π

os2n t2 dt60. �¯¥à â®àë � ¤ ã:
Ln(f ; x) = 1

Jn

b
∫

a

f(t) (1− (

t − x

b − a

)2)n

dt, £¤¥ Jn = b
∫

a

(1− (

x

b − a

)2)n

dx������������� �����Ǒ��������������� Ǒ������������ �Ǒ��������Ǒãáâì L { «¨¥©ë© ¯®«®�¨â¥«ìë© ®¯¥à â®à   C[a; b℄, â ª®©, çâ®
L(1; x) ≡ 1. Ǒà¨ ª �¤®¬ ä¨ªá¨à®¢ ®¬ x ®â®¡à �¥¨¥ f → L(f ; x)¬®�® à áá¬ âà¨¢ âì ª ª «¨¥©ë© äãªæ¨® « ¨ ¯® â¥®à¥¬¥ �¨áá ® ä®à¬¥ «¨¥©®£® äãªæ¨® «  ¢ C[a; b℄ ®¯¥à â®à L ¤«ï ª �¤®£®
x ∈ [a; b℄ ¬®�¥â ¡ëâì ¯à¥¤áâ ¢«¥ ¢ ¢¨¤¥

L(f ; x) = b
∫

a

f(t) dF (x; t),£¤¥ F (x; t) { äãªæ¨ï ®£à ¨ç¥®© ¢ à¨ æ¨¨. �ã¤¥¬ áç¨â âì, çâ®
F (x; t) ¯® t ¥¯à¥àë¢  á«¥¢ .�®-¯¥à¢ëå, ®ç¥¢¨¤®, çâ® ¢ íâ®¬ ¯à¥¤áâ ¢«¥¨¨ F (x; t) ¬®�® § ¬¥¨âì  F ∗(x; t) = F (x; t) − F (x; a), ¯®íâ®¬ã ¡¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨¬®�® áç¨â âì, çâ® F (x; a) = 0 ¨ F (x; t) = 0 ¯à¨ t ≤ a.�®-¢â®àëå, â ª ª ª L(1; t) = 1, ⇒

b
∫

a

dF (x; t) = F (x; b) = 1¨ ¬®�® áç¨â âì, çâ® ¨ ¯à¨ t ≥ b F (x; t) = 1�-âà¥âì¨å, äãªæ¨ï F (x; t) ¥ ã¡ë¢ ¥â ¯® t. �¥©áâ¢¨â¥«ì®, ¯ãáâì t1 <
t2. � áá¬®âà¨¬ äãªæ¨î

ϕ = { 1, ¥á«¨ t1 ≤ t ≤ t2,0, ¥á«¨ t /∈ [t1; t2).СА
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7� ª ª ª ϕ(t) ≥ 0, â® ¨ L(ϕ; x) ≥ 0, ®
L(ϕ; x) = t2

∫

t1 dF (x; t) = F (x; t2) − F (x; t1) ⇒ F (x; t2) ≥ F (x; t1),â® ¥áâì, F ¥ ã¡ë¢ ¥â ¯® t.� ãç¥â®¬ ¢ëè¥áª § ®£®, ¤«ï «î¡®£® ä¨ªá¨à®¢ ®£® x F (x; t) ¬®�®à áá¬ âà¨¢ âì ª ª äãªæ¨î à á¯à¥¤¥«¥¨ï ¢¥à®ïâ®áâ¨ á«ãç ©®©¢¥«¨ç¨ë ξ(x), â® ¥áâì F (x; t) = P (ξ(x) < t) ¨ ¯à¥¤áâ ¢«¥¨¥ (1)¬®�¥â ¡ëâì ¯¥à¥¯¨á ® ¢ ¢¨¤¥
L(f ; x) = M(f(ξ(x))).Ǒà¨¬¥à 1. � áá¬®âà¨¬ á«ãç ©ãî ¢¥«¨ç¨ã ν(x), ª®â®à ï ¯à¨¨¬ -¥â § ç¥¨¥ 1 á ¢¥à®ïâ®áâìî x ¨ § ç¥¨¥ 0 á ¢¥à®ïâ®áâìî 1 − x.Ǒà®¢¥¤¥¬ n ¨á¯ëâ ¨© ¨ à áá¬®âà¨¬ á«ãç ©ãî ¢¥«¨ç¨ã ξn(x) =1

n

∑n
k=1 νk(x). � ª ¨§¢¥áâ® ¨§ â¥®à¨¨ ¢¥à®ïâ®áâ¥©, ξ(x) ¯à¨¨¬ ¥â§ ç¥¨ï k/n á ¢¥à®ïâ®áâìî

P

(

ξn(x) = k

n

) = (

n

k

)

xk(1 − x)n−k, k = 0, 1, 2, ..., n, ¨
M(f(ξn(x)) = n

∑

k=0 f

(

k

n

) (

n

k

)

xk(1 − x)n−k { ®¯¥à â®àë �¥àèâ¥© .Ǒà¨¬¥à 2. � áá¬®âà¨¬ á«ãç ©ãî ¢¥«¨ç¨ã ν(x), à á¯à¥¤¥«¥ãî ¯®§ ª®ã Ǒ áª «ï:
P (ν(x) = k) = xk(1 + x)k+1 .Ǒà®¢¥¤¥¬ n ¨á¯ëâ ¨© ¨ à áá¬®âà¨¬ á«ãç ©ãî ¢¥«¨ç¨ã ξn(x) =1

n

∑n
k=1 νk(x). ξn(x) ¯à¨¨¬ ¥â § ç¥¨ï k/n ¨ ¢¥à®ïâ®áâì íâ¨å § -ç¥¨© ¢ á®®â¢¥âáâ¢¨¨ á ¯®«¨®¬¨ «ì®© â¥®à¥¬®©
P

(

ξn(x) = k

n

) = (

n + k − 1
k

)

xk(1 + x)n+k
, k = 0, 1, 2, ... ¨

M(f(ξ(x))= n
∑

k=0 f

(

k

n

) (

n+k−1
k

)

xk(1 + x)n+k
{ ®¯¥à â®àë � áª ª®¢ .СА
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8Ǒà¨¬¥à 3. � áá¬®âà¨¬ á«ãç ©ãî ¢¥«¨ç¨ã ν(x), à á¯à¥¤¥«¥ãî ¯®§ ª®ã Ǒã áá® :
P (ν(x) = k) = xke−x

k! .�®£¤  á«ãç © ï ¢¥«¨ç¨  ξn(x) = ν(nx)
n

¯à¨¨¬ ¥â § ç¥¨ï k/n á¢¥à®ïâ®áâìî
P

(

ξn(x) = k

n

) = (nx)ke−nx

k! , k = 0, 1, 2, ... ¨
M(f(ξ(x)) = n

∑

k=0 f

(

k

n

) (nx)ke−nx

k! { ®¯¥à â®àë � á -�¨à ªìï .
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9
§1.2 �������� ������ ������ Ǒ�����������á®¢ë¬ ¢®¯à®á®¬ â¥®à¨¨ ¯à¨¡«¨�¥¨ï ï¢«ï¥âáï ¯à®¡«¥¬  ¯®áâà®¥-¨ï  «£¥¡à ¨ç¥áª®£® ¬®£®ç«¥ 

a0 + a1x + a2x2 + ... + anxn¨«¨ âà¨£®®¬¥âà¨ç¥áª®£® ¯®«¨®¬ 
a0 + a1 os x + b1 sin x + a2 os 2x + b2 sin 2x + ... + an os nx + bn sin nx,ª®â®àë¥ ¯à¨¡«¨� «¨ ¡ë § ¤ ãî äãªæ¨î f .�®, çâ® íâ  § ¤ ç  ¨¬¥¥â à¥è¥¨¥, ¤®ª § « �.�¥©¥àèâà áá (1885 £.):�¥®à¥¬  1. (Ǒ¥à¢ ï â¥®à¥¬  �¥©¥àèâà áá ) Ǒãáâì f ∈ C[a, b℄. �«ï«î¡®£® ε > 0  ©¤¥âáï  «£¥¡à ¨ç¥áª¨© ¬®£®ç«¥ P (x) â ª®©, çâ®¤«ï ¢á¥å x |f(x) − P (x)| < ε.�¥®à¥¬  2. (�â®à ï â¥®à¥¬  �¥©¥àèâà áá ) Ǒãáâì f ∈ C2π. �«ï «î¡®-£® ε > 0  ©¤¥âáï âà¨£®®¬¥âà¨ç¥áª¨© ¯®«¨®¬ P (x) â ª®©, çâ® ¤«ï¢á¥å x |f(x) − P (x)| < ε.�®ª § â¥«ìáâ¢® íâ¨å â¥®à¥¬ § ª«îç ¥âáï ¢ â®¬, çâ® ãª §ë¢ ¥âáï ª®-ªà¥â ï ¯®á«¥¤®¢ â¥«ì®áâì ¬®£®ç«¥®¢ ¨«¨ ¯®«¨®¬®¢ Pn, ¤«ï ª®-â®à®© limn→∞ Pn(x) = f(x). � «¥¥ ¡ã¤¥â ¯à¨¢¥¤¥® ¥áª®«ìª® ¯à¨-¬¥à®¢ â ª¨å ¯®á«¥¤®¢ â¥«ì®áâ¥© ¨ ¤®ª §   ¨å áå®¤¨¬®áâì ( «£¥¡-à ¨ç¥áª ï ¨ âà¨£®®¬¥âà¨ç¥áª ï â¥®à¥¬ë �®à®¢ª¨  ¨ ¯à¨¬¥àë ª¨¬), çâ® ¨ ¡ã¤¥â ¤®ª §ë¢ âì â¥®à¥¬ë 1 ¨ 2.����� �������������� ������������������� Ǒ���������¥¬¬ . �á«¨ pn(x) {  «£¥¡à ¨ç¥áª¨© ¬®£®ç«¥ áâ¥¯¥¨ n, â® tn(x) =
pn(os x) { ç¥âë© âà¨£®®¬¥âà¨ç¥áª¨© ¯®«¨®¬ ¯®àï¤ª  n.�®ª-¢®. �¥â®áâì tn ®ç¥¢¨¤ :

tn(x) = a0 + a1 os x + a2 os2 x + ... + an osn x.
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10Ǒ®ª �¥¬, çâ® osm x {ç¥âë© ¯®«¨®¬ ¯®àï¤ª  m. �«ï m = 1 íâ®®ç¥¢¨¤®. Ǒãáâì íâ® ¢¥à® ¤«ï ¥ª®â®à®£® k:osm x = m
∑

k=0φk os kx�®£¤ osm+1 x = os x
m

∑

k=0φk os kx = m
∑

k=0 φk2 (os(kx − x) + os(kx + x))íâ® ç¥âë© âà¨£®®¬¥âà¨ç¥áª¨© ¯®«¨®¬ ¯®àï¤ª  m + 1. �«¥¤®¢ -â¥«ì® tn, ª ª áã¬¬  ç¥âëå âà¨£®®¬¥âà¨ç¥áª¨å ¯®«¨®¬®¢, â ª�¥ç¥âë© âà¨£®®¬¥âà¨ç¥áª¨© ¯®«¨®¬.�¥¬¬ . �á«¨ tn(x) { ç¥âë© âà¨£®®¬¥âà¨ç¥áª¨© ¯®«¨®¬ ¯®àï¤ª  n,â® â®£¤  äãªæ¨ï pn(x) = tn(arosx) {  «£¥¡à ¨ç¥áª¨© ¬®£®ç«¥áâ¥¯¥¨ n.�®ª-¢®. � áá¬®âà¨¬os kα = Re(os kα + i sin kα) = Re
((os α + i sin α)k

) == Re
{

k
∑

m=0(

k

m

)

im sinm α osk−m α
}

.�á«¨ m ¥ç¥â®¥, â® im = ±i ¨ m-®¥ á« £ ¥¬®¥ ¥ ¢å®¤¨â ¢ ¤¥©áâ¢¨-â¥«ìãî ç áâì, ¥á«¨ m ç¥â®¥, â® im = ±1 ¨sinm α = (sin2 α)m/2 = (1 − os2 α)m/2 = b0 + b1 os2 α + ... + bm osm α�«¥¤®¢ â¥«ì®os kα = k
∑

m=0
m ç¥â®¥( k

m

)(b0 + b1 os2 α + ... + bm osm α) osk−m α == k
∑

m=0
m ç¥â®¥( k

m

)(b0 osk−m α + b1 osk−m+2 α + ... + bm osk α) == c0 + c1 os α + c2 os2 α + ... + ck osk α.
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11� ª ª ª tn ç¥âë© ¯®«¨®¬, ® ¨¬¥¥â ¢¨¤
tn(x) = a0 + n

∑

k=1 ak os kx�«¥¤®¢ â¥«ì®
tn(arosx) = a0 + n

∑

k=1 ak os(k arosx) == a0 + n
∑

k=1 ak(ck,0 + ck,1 os(arosx) + ck,2 os2(arosx) + ...+ ck,k osk(arosx)) == a0 + n
∑

k=1 ak(ck,0 + ck,1x + ck,2x2 + ... + ck,kxk)íâ®  «£¥¡à ¨ç¥áª¨© ¬®£®ç«¥ áâ¥¯¥¨ n.� ª ¢¨¤® ¨§ íâ¨å «¥¬¬, â¥®à¥¬ , ¤®ª §  ï ¤«ï  «£¥¡à ¨ç¥áª¨å ¬®-£®ç«¥®¢, ¬®�¥â ¡ëâì ¯¥à¥¥á¥    âà¨£®®¬¥âà¨ç¥áª¨¥ ¯®«¨®¬ë¨  ®¡®à®â.
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12
§1.3 ������ ��Ǒ�����������¯à¥¤. Ǒãáâì äãªæ¨ï f ∈ C[a, b℄. �ãªæ¨ï

ω(f, δ) = max
|x1−x2|≤δ
x1,x2∈[a,b℄ |f(x1) − f(x2)| = max0≤h≤δ

a≤x≤b−h

|f(x + h) − f(x)| §ë¢ ¥âáï ¬®¤ã«¥¬ ¥¯à¥àë¢®áâ¨ äãªæ¨¨ f . (�«ï ¥®£à ¨ç¥-®£® ®âà¥§ª  [a, b℄ ¨ ®£à ¨ç¥®© äãªæ¨¨ f ¢ ®¯à¥¤¥«¥¨¨ ¢¬¥áâ®max á«¥¤ã¥â à áá¬ âà¨¢ âì sup).�������� ������ ��Ǒ�����������ã¤¥¬ à áá¬ âà¨¢ âì ω(f, δ) ª ª äãªæ¨î  à£ã¬¥â  δ. �¯à ¢¥¤«¨¢ëá«¥¤ãé¨¥ ãâ¢¥à�¤¥¨ï:10. ω(0) = 0 (®ç¥¢¨¤® ¨§ ®¯à¥¤¥«¥¨ï).20. ω(δ1) ≤ ω(δ2) ¤«ï δ1 ≤ δ2 (â ª ª ª ç¥¬ ¡®«ìè¥ δ, â¥¬ è¨à¥ ¯à®¬¥-�ãâ®ª, ¯® ª®â®à®¬ã ¡¥à¥âáï ¬ ªá¨¬ã¬).30. ω(δ1 + δ2) ≤ ω(δ1) + ω(δ2). �¥©áâ¢¨â¥«ì®:
ω(δ1 + δ2) = max0≤h≤δ1+δ2 max

x
|f(x + h) − f(x)| == max0≤h1≤δ10≤h2≤δ2 max

x
|f(x + h1 + h2) − f(x)| ≤

≤ max0≤h1≤δ10≤h2≤δ2 max
x

{|f(x + h1 + h2) − f(x + h2)| + |f(x + h2) − f(x)|} ≤

≤ max0≤h1≤δ10≤h2≤δ2 max
x

|f(x+h1+h2)−f(x+h2)|+ max0≤h1≤δ10≤h2≤δ2 max
x

|f(x+h2)−f(x)| ≤
≤ max0≤h2≤δ2 ω(δ1) + max0≤h1≤δ1 ω(δ2) = ω(δ1) + ω(δ2).40. �á«¨ f à ¢®¬¥à® ¥¯à¥àë¢ ï äãªæ¨ï, â® ω(δ) { ¥¯à¥àë¢ ïäãªæ¨ï, â® ¥áâì limξ→0 ω(δ + ξ) = ω(δ). �¥©áâ¢¨â¥«ì®:

ω(δ) ≤ ω(δ + ξ) ≤ ω(δ) + ω(ξ) =⇒ 0 ≤ ω(δ + ξ) − ω(δ) ≤ ω(ξ) == max0≤h≤ξ
max

x
|f(x + h) − f(x)| ≤СА
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13�®§ì¬¥¬ ε > 0. � ª ª ª f à ¢®¬¥à® ¥¯à¥àë¢ ï äãªæ¨ï,  ©-¤¥âáï ρ â ª®¥, çâ® ¤«ï h < ρ ¡ã¤¥â |f(x + h) − f(x)| < ε. Ǒãáâì ξ < ρ,â®£¤ 
≤ max0≤h≤ξ

ε = ε,®âªã¤  ¨ á«¥¤ã¥â ¤®ª §ë¢ ¥¬®¥ ãâ¢¥à�¤¥¨¥.50. �«ï n ∈ N, nδ ∈ [0, b − a℄ ¡ã¤¥â ω(nδ) ≤ nω(δ). �¥©áâ¢¨â¥«ì®,¤«ï n = 1 ¥à ¢¥áâ¢® âà¨¢¨ «ì®. Ǒà¥¤¯®« £ ï, çâ® ®® ¢¥à® ¤«ï¥ª®â®à®£® n, «¥£ª® ¯®«ãç ¥¬ ¥£® ¤«ï n + 1:
ω((n + 1)δ) ≤ ω(nδ) + ω(δ) ≤ nω(δ) + ω(δ) = (n + 1)ω(δ)60. �«ï λ > 0, (λ + 1)δ ∈ [0, b − a℄, ¡ã¤¥â ω(λδ) ≤ (λ + 1)ω(δ). �¥©áâ¢¨-â¥«ì®:

ω(λδ) ≤ ω([λ + 1℄δ) ≤ [λ + 1℄ω(δ) ≤ (λ + 1)ω(δ)70. �«ï f 6≡onst, δ ∈ [0, b − a℄ ¡ã¤¥â ω(δ)
δ

≥ ω(b − a)2(b − a) =onst6= 0. �¥©-áâ¢¨â¥«ì®:
ω(b − a) = ω(δ b − a

δ
) ≤ (b − a

δ
+ 1)ω(δ) == b − a

δ
(1 + δ

b − a
)ω(δ) ≤ b − a

δ
2ω(δ) =⇒

ω(δ)
δ

≥ ω(b − a)2(b − a)� ª á«¥¤ã¥â ¨§ á¢®©áâ¢ 10 ¨ 40 ¥á«¨ f ∈ C[a, b℄ ¨«¨ C2π, â® lim
δ→0ω(f, δ) = 0,¯®íâ®¬ã, çâ®¡ë ¯®ª § âì, çâ® ¤«ï f ∈ C[a, b℄ ¨«¨ C2π Ln(f ; x) → f(x)¤®áâ â®ç® ¯®ª § âì, çâ®

|Ln(f ; x) − f(x)| ≤ onst ω(f, δn), £¤¥ δn → 0�¬¥® â ª¨¬ ®¡à §®¬ ¢ ¤ «ì¥©è¥¬ ¨ ¡ã¤¥â ®æ¥¨¢ âìáï ¯®£à¥è-®áâì ¯à¨¡«¨�¥¨ï.СА
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14������ ��Ǒ�����¯à¥¤. Ǒãáâì α ∈ (0, 1℄, M > 0. �®�¥áâ¢® ¢á¥å ¥¯à¥àë¢ëå äãª-æ¨© f â ª¨å, çâ®
ω(f, δ) ≤ Mδα §ë¢ ¥âáï ª« áá®¬ �¨¯è¨æ  ¯®àï¤ª  α ¨ ®¡®§ ç ¥âáï LipMα.� ¬¥ç ¨¥ 1. (Ǒ®ç¥¬ã α ≤ 1)Ǒ® á¢®©áâ¢ã 70 ¬®¤ã«ï ¥¯à¥àë¢®áâ¨, ¥á«¨ f 6=onst, â®

ω(b − a)2(b − a) ≤ ω(f, δ)
δ

≤ Mδα

δ
= Mδα−1¨, ¥á«¨ α > 1, â® ω(b − a)2(b − a) 6→ 0 ¯à¨ δ → 0,   Mδα−1 → 0 ¯à¨ δ → 0.�«¥¤®¢ â¥«ì®, ¥á«¨ α > 1, â® f ≡onst.� ¬¥ç ¨¥ 2. (� á®®â®è¥¨¨ ¬¥�¤ã ª« áá ¬¨)�®¤ã«ì ¥¯à¥àë¢®áâ¨ ¨¬¥¥â á¬ëá« à áá¬ âà¨¢ âì ¯à¨ ¬ «ëå § ç¥-¨ïå δ. Ǒà¨ â ª¨å δ ¤«ï α < β ¡ã¤¥â δα > δβ , á«¥¤®¢ â¥«ì®, ¥á«¨

ω(f, δ) ≤ Mδβ , â®, â¥¬ ¡®«¥¥, ω(f, δ) ≤ Mδα, ®âªã¤  ¯®«ãç ¥¬ ¤«ï
α < β LipMα ⊃ LipMβ.� ¬¥ç ¨¥ 3. (�«ãç © α = 1)� �ë© ª« áá �¨¯è¨æ  LipM1. � ¥£® ¢å®¤ïâ ¢á¥ äãªæ¨¨, ¨¬¥îé¨¥®£à ¨ç¥ãî ¯à®¨§¢®¤ãî (® ¥ â®«ìª® ®¨). �¥©áâ¢¨â¥«ì®, ¯®ä®à¬ã«¥ � £à � 

f(x + h) − f(x) = f ′(t)h, £¤¥ t ∈ [0, h℄�âªã¤ 
ω(f, δ) = max0≤h≤δ

a≤x≤b−h

|f(x + h) − f(x)| = max0≤h≤δ
a≤x≤b−h

|f ′(t)|h ≤ ‖f ′‖δ�«¥¤®¢ â¥«ì® f ∈ Lip‖f ′‖1.
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15
§1.4 ��������������������������� Ǒ��������®ª �¥¬ ¥ª®â®àë¥ ¢á¯®¬®£ â¥«ìë¥ ä®à¬ã«ë:10. �«ï «î¡ëå æ¥«ëå m ¨ k1

π

π
∫

−π

os mt os kt dt = { 0, ¥á«¨ m 6= k1, ¥á«¨ m = k1
π

π
∫

−π

sin mt sin kt dt = { 0, ¥á«¨ m 6= k1, ¥á«¨ m = k¨ 1
π

π
∫

−π

os mt sin kt dt = 0�â¨ ä®à¬ã«ë «¥£ª® ¯à®¢¥àïîâáï ¥¯®áà¥¤áâ¢¥ë¬ ¨â¥£à¨à®¢ ¨-¥¬.20. �¬¥¥â ¬¥áâ® à ¢¥áâ¢®:12 + n
∑

k=1 os kt = sin(n + 12 )t2 sin t2�®ª-¢®:sin t2{12 + n
∑

k=1 os kt
}= 12 sin t2 + n

∑

k=1{−12 sin(k− 12)t+ 12 sin(k+ 12)t}== 12 sin t2 − 12 sin t2 + 12 sin 3t2 − 12 sin 3t2 + 12 sin 5t2 − ...

− 12 sin(n − 12)t + 12 sin(n + 12)t = 12 sin(n + 12)t,®âªã¤  ¨ á«¥¤ã¥â ¤®ª §ë¢ ¥¬ ï ä®à¬ã« .СА
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1630. �¬¥¥â ¬¥áâ® à ¢¥áâ¢®:
n−1
∑

k=0 sin(k + 12)t = sin2 nt2sin t2�®ª-¢®:sin t2{

n−1
∑

k=0 sin(k + 12)t}= n−1
∑

k=0{12 os kt − 12 os(k + 1)t}== 12 − 12 os t + 12 os t − 12 os 2t + ... + 12 os(n − 1)t − 12 os nt == 12 − 12 os nt = sin2 nt2 ,®âªã¤  ¨ á«¥¤ã¥â ¤®ª §ë¢ ¥¬ ï ä®à¬ã« .������� ����� ���� ������§ ¬ â¥¬ â¨ç¥áª®£®   «¨§  ¢ ª ç¥áâ¢¥  ¯¯ à â  ¯à¨¡«¨�¥¨ï å®à®è®¨§¢¥áâë ç áâë¥ áã¬¬ë àï¤  �ãàì¥:�n(f ; x) = a02 + n
∑

k=1(ak os kx + bk sin kx),£¤¥ ak = 1
π

π
∫

−π

f(t) os kt dt bk = 1
π

π
∫

−π

f(t) sin kt dt� ¯¨è¥¬ �n ¢ ¢¨¤¥ ¨â¥£à « :�n(f ; x) = 1
π

π
∫

−π

f(t){12 + n
∑

k=1(os kt os kx + sin kt sin kx)} dt == 1
π

π
∫

−π

f(t){12 + n
∑

k=1 os k(t − x)} dt,
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17®âªã¤ , ¯à¨¬¥ïï ¢á¯®¬®£ â¥«ìãî ä®à¬ã«ã 20, ¯®«ãç ¥¬:�n(f ; x) = 1
π

π
∫

−π

f(t) sin(n + 12 )(t − x)2 sin t−x2 dt.�§ íâ®£® ¯à¥¤áâ ¢«¥¨ï ¢¨¤®, çâ® �n { «¨¥©ë©, ® ¥ ¯®«®�¨-â¥«ìë© ®¯¥à â®à.�â¬¥â¨¬ ®ç¥¢¨¤ë© ä ªâ: ¥á«¨ tn { âà¨£®®¬¥âà¨ç¥áª¨© ¯®«¨®¬ ¯®-àï¤ª  ¥ ¢ëè¥ n, â® �n(tn; x) ≡ tn(x).�§¢¥áâ® â ª �¥, çâ® ®¯¥à â®àë �n ¥ £®¤ïâáï ¢ ª ç¥áâ¢¥  ¯¯ à â ¯à¨¡«¨�¥¨ï ¤«ï ¢á¥å ¥¯à¥àë¢ëå äãªæ¨©, â ª ª ª ¨¬¥¥â ¬¥áâ®�¥®à¥¬  (¤î-�ã  �¥©¬®¤). �ãé¥áâ¢ã¥â â ª ï ¥¯à¥àë¢ ï äãªæ¨ï,¤«ï ª®â®à®© ¥¥ àï¤ �ãàì¥ à áå®¤¨âáï ¢ â®çª¥ x = 0.����� �������¥©¥à ¯à¥¤«®�¨« âà¨£®®¬¥âà¨ç¥áª¨© ¯®«¨®¬
Fn(f ; x) = 1

n

{�0(f ; x) + �1(f ; x) + ... + �n−1(f ; x)}= 1
n

n−1
∑

k=0 �k(f ; x),£¤¥ �n { ç áâ ï áã¬¬  àï¤  �ãàì¥. �â®â ¯®«¨®¬ ¬®�¥â ¡ëâì§ ¯¨á  ¢ ¢¨¤¥:
Fn(f ; x) = 1

n

{a02 + (a02 + a1 os x + b1 sin x
)++ (a02 + a1 os x + b1 sin x + a2 os 2x + b2 sin 2x

)+...+ (a02 + a1 os x + b1 sin x + ... + an−1 os(n− 1)x + bn−1 sin(n− 1)x)}== 1
n

{

n
a02 +(n−1)(a1 os x+ b1 sin x)+(n−2)(a2 os 2x+ b2 sin 2x)+ ...+ (an−1 os(n − 1)x + bn−1 sin(n − 1)x)}== a02 + n−1

∑

k=1 n − k

n
(ak os kx + bk sin kx)СА
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18�® ¥áâì
Fn(f ; x) = a02 + n−1

∑

k=1 ρn,k(ak os kx + bk sin kx), £¤¥ ρn,k = n − k

nǑ®á«¥¤¥¥ ¯à¥¤áâ ¢«¥¨¥  §ë¢ îâ ®¡®¡é¥®© áã¬¬®© �ãàì¥.� ¯¨è¥¬ Fn ¢ ¢¨¤¥ ¨â¥£à « :
Fn(f ; x) = 1

n

n−1
∑

k=0 �k(f ; x) = 1
n

n−1
∑

k=0 1
π

π
∫

−π

f(t) sin{(k + 12 )(t − x)}2 sin t−x2 dt == 1
nπ

π
∫

−π

f(t)2 sin t−x2 n−1
∑

k=0 sin{(k + 12)(t − x)} dt = (¢ á¨«ã 30) == 12nπ

π
∫

−π

f(t) sin2 n2 (t − x)sin2 t−x2 dt,®âªã¤  ¢¨¤®, çâ® Fn { «¨¥©ë© ¯®«®�¨â¥«ìë© ®¯¥à â®à.�«ï ç áâëå áã¬¬ àï¤  �ãàì¥ ¨¬¥«® ¬¥áâ® â®�¤¥áâ¢® �n(tn; x) ≡ tn(x)(tn { âà¨£®®¬¥âà¨ç¥áª¨© ¯®«¨®¬). �«ï Fn íâ® á¢®©áâ¢® ¥ á®åà -ï¥âáï. �® § â®, â ª ª ª Fn «¨¥©ë© ¯®«®�¨â¥«ìë© ®¯¥à â®à,
‖Fn(f ; x)‖ ≤ ‖f‖Fn(1; x) = ‖f‖,â® ¥áâì ¤«ï ¥¯à¥àë¢®© äãªæ¨¨ àï¤ �¥©¥à 

a02 + ∞
∑

k=1 n − k

n
(ak os kx + bk sin kx)®¡ï§ â¥«ì® áå®¤¨âáï ¨, ¢ ®â«¨ç¨¨ ®â àï¤  �ãàì¥, ¬®�¥â ¨á¯®«ì§®-¢ âìáï ¤«ï ¯à¨¡«¨�¥¨ï ¢á¥å ¥¯à¥àë¢ëå ®£à ¨ç¥ëå äãªæ¨©.(� ¤ «ì¥©è¥¬ ¡ã¤¥â ¯®ª § ®, çâ® Fn(f ; x) ⇉ f(x) ¤«ï f ∈ C2π.)
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19����� �����-Ǒ������� ««¥-Ǒãáá¥ ¢¢¥« ¢ à áá¬®âà¥¨¥ âà¨£®®¬¥âà¨ç¥áª¨© ¯®«¨®¬
Vn(f ; x) = 1

n

2n−1
∑

k=n

�k(f ; x),£¤¥ �k { ç áâ ï áã¬¬  àï¤  �ãàì¥. �¯¥à â®à Vn ¬®�® § ¯¨á âì ¢¢¨¤¥
Vn(f ; x) = 2F2n(f ; x) − Fn(f ; x),£¤¥ Fk {áã¬¬ë �¥©¥à , ¨«¨ ¢ ¢¨¤¥

Vn(f ; x) = a02 + n
∑

k=1(ak os kx + bk sin kx)++ 2n−1
∑

k=n+1 2n − k

n
(ak os kx + bk sin kx)íâ® âà¨£®®¬¥âà¨ç¥áª¨© ¯®«¨®¬ ¯®àï¤ª  2n − 1, ª®â®àë©, ª ª ¨¯®«¨®¬ �¥©¥à , ï¢«ï¥âáï ®¡®¡é¥®© áã¬¬®© �ãàì¥.� ¯¨è¥¬ Vn ¢ ¢¨¤¥ ¨â¥£à « :

Vn(f ; x) = 2F2n(f ; x) − Fn(f ; x) == 12πn

π
∫

−π

f(t) sin2 n(t − x)sin2 t−x2 dt − 12πn

π
∫

−π

f(t) sin2 n2 (t − x)sin2 t−x2 dt == 12πn

π
∫

−π

f(t) sin2 n(t − x) − sin2 n2 (t − x)sin2 t−x2 dtǑ®áª®«ìªã sin2 2α − sin2 α = (sin 2α − sin α)(sin 2α + sin α) == 2 sin α2 os 3α2 · 2 sin 3α2 os α2 = sin α sin 3α,Ǒ®«ãç ¥¬, çâ®
Vn(f ; x) = 12πn

π
∫

−π

f(t) sin n2 (t − x) · sin 3n2 (t − x)sin2 t−x2 dt,
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20®âªã¤  ¢¨¤®, çâ® Vn { «¨¥©ë© ¥ ¯®«®�¨â¥«ìë© ®¯¥à â®à.Ǒãáâì tn { âà¨£®®¬¥âà¨ç¥áª¨© ¯®«¨®¬ ¯®àï¤ª  ¥ ¢ëè¥ n. �®£¤ 
Vn(tn; x) = 1

n

2n−1
∑

k=n

�k(tn; x) = 1
n

2n−1
∑

k=n

tn(x) = 1
n

tn(x) 2n−1
∑

k=n

1 = tn(x)� ª¨¬ ®¡à §®¬, ª ª ¨ ¤«ï áã¬¬ �ãàì¥, Vn(tn; x) ≡ tn(x). �, ª ª ¨àï¤ �¥©¥à , àï¤ � ««¥-Ǒãáá¥  áå®¤¨âáï, ¯®áª®«ìªã
‖Vn(f ; x)‖ = ‖2F2n(f ; x)−Fn(f ; x)‖ ≤ 2‖F2n(f ; x)‖+‖Fn(f ; x)‖ ≤ 3‖f‖,á«¥¤®¢ â¥«ì® ®¯¥à â®àë Vn ¬®£ãâ ¡ëâì ¨á¯®«ì§®¢ ë ¤«ï ¯à¨¡«¨-�¥¨ï ¢á¥å ¥¯à¥àë¢ëå äãªæ¨©, ª ª ¨ ®¯¥à â®àë Fn, ®, ¢ ®â«¨-ç¨¨ ®â ¯®á«¥¤¨å, á®åà ïîâ âà¨£®®¬¥âà¨ç¥áª¨¥ ¯®«¨®¬ë.Ǒ������� An� áá¬®âà¨¬ ®¯¥à â®à

An(f ; x) = 1
π

π
∫

−π

f(t)un(t − x) dt,£¤¥ un(t) = ∣

∣

∣

n
∑

k=0 ckeikt
∣

∣

∣

22 n
∑

k=0 c2k , ck = sin (

k + 1
n + 2π

)�ç¥¢¨¤®, çâ® An { «¨¥©ë© ¯®«®�¨â¥«ìë© ®¯¥à â®à. �â¬¥â¨¬¥£® ¥ª®â®àë¥ á¢®©áâ¢ .�¥¬¬  1. un { âà¨£®®¬¥âà¨ç¥áª¨© ¯®«¨®¬ ¯®àï¤ª  n.�®ª-¢®. |z|2 = z�z, ¯®íâ®¬ã
∣

∣

∣

n
∑

k=0 ckeikt
∣

∣

∣

2= (c0 + c1eit + c2e2it + ... + cnenit)·
· (c0 + c1e−it + c2e−2it + ... + cne−nit) == (c20 + c21 + ... + c2n) + (eit + e−it)(c0c1 + c1c2 + ... + cn−1cn)++ (e2it + e−2it)(c0c2 + c1c3 + ... + cn−2cn) + ...(enit + e−nit)c0cn == (c20 + c21 + ... + c2n) + 2 os t(c0c1 + c1c2 + ... + cn−1cn)++ 2 os 2t(c0c2 + c1c3 + ... + cn−2cn) + ... + 2 osnt c0cn,
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21�âªã¤  ¯®«ãç ¥¬, çâ® un(t) ¨¬¥¥â ¢¨¤:
un(t) = 12 + n

∑

k=1 ρn,k os kt,£¤¥ ρn,k ¥ª®â®àë¥ ç¨á« , ¯à¨ç¥¬
ρn,1 = c0c1 + c1c2 + ... + cn−1cn

c20 + c21 + ... + c2n�® ¥áâì un ï¢«ï¥âáï âà¨£®®¬¥âà¨ç¥áª¨¬ ¯®«¨®¬®¬ ¯®àï¤ª  n.�¥¬¬  2. An { ®¡®¡é¥ ï áã¬¬  �ãàì¥.�®ª-¢®. �á¯®«ì§ã¥¬ ¯à¥¤áâ ¢«¥¨¥ ¤«ï äãªæ¨¨ un, ¯®«ãç¥®¥ ¢ «¥¬-¬¥ 1:
An(f ; x) = 1

π

π
∫

−π

f(t){12 + n
∑

k=1 ρn,k os k(t − x)} dt == 12π

π
∫

−π

f(t) dt + n
∑

k=1 ρn,k

π

π
∫

−π

f(t)(os kt os kx + sin kt sin kx) dt == 12π

π
∫

−π

f(t) dt++ n
∑

k=1 ρn,k

{( 1
π

π
∫

−π

f(t) os kt dt
)os kx + ( 1

π

π
∫

−π

f(t) sin kt dt
)sin kx

}== a02 + n
∑

k=1 ρn,k(ak os kx + bk sin kx),£¤¥ ak ¨ bk { ª®íää¨æ¨¥âë �ãàì¥.�«¥¤áâ¢¨¥. �§ ¯®á«¥¤¥£® ¯à¥¤áâ ¢«¥¨ï An ¨ á¢®©áâ¢ ª®íää¨æ¨¥â®¢�ãàì¥ ¯®«ãç ¥¬ à ¢¥áâ¢ :10. An(1; x) = 1 (¨«¨ 1
π

π
∫

−π

un(t) dt = 1)20. An(os t; x) = ρn,1 os x30. An(sin t; x) = ρn,1 sin x
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22�¥¬¬  3. �«ï ®¯¥à â®à  An ρn,1 = os π
n+2 .�®ª-¢®. � ª ¡ë«® ¯®«ãç¥® ¢ «¥¬¬¥ 1,

ρn,1 = c0c1 + c1c2 + ... + cn−1cn

c20 + c21 + ... + c2n ,£¤¥ ck = sin (

k+1
n+2π

). � ç¨â ¤«ï ¤®ª § â¥«ìáâ¢  «¥¬¬ë ¤®áâ â®ç®¯®ª § âì, çâ®
n−1
∑

k=0 sin (

k + 1
n + 2π

) sin (

k + 2
n + 2π

) = os π

n + 2 n−1
∑

k=0 sin2 (

k + 1
n + 2π

)

.Ǒ®¤áç¨â ¥¬ ¯à ¢ãî ç áâì ¯®á«¥¤¥£® à ¢¥áâ¢ :os π

n + 2 n−1
∑

k=0 sin2 (

k + 1
n + 2π

) == n−1
∑

k=0 os π

n + 2 sin (

k + 1
n + 2π

) sin (

k + 1
n + 2π

) == n−1
∑

k=0{12 sin (

k + 1
n + 2π − π

n + 2) ++ 12 sin (

k + 1
n + 2π + π

n + 2)

}sin (

k + 1
n + 2π

) == 12 n
∑

k=1 sin (

k

n + 2π

) sin (

k + 1
n + 2π

) ++ 12 n−1
∑

k=0 sin (

k + 1
n + 2π

) sin (

k + 2
n + 2π

) == n−1
∑

k=0 sin (

k + 1
n + 2π

) sin (

k + 2
n + 2π

)

,çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.СА
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23�¥¬¬  4. 1
π

π
∫

−π

|t|un(t) dt ≤ π22n + 4�®ª-¢®. � ª ª ª ¤«ï 0 ≤ t ≤ π/2 2t/π ≤ sin t ≤ t, ¯à¨¬¥ïï ¥à ¢¥áâ¢®�®è¨-�ãïª®¢áª®£®, ¨¬¥¥¬1
π

π
∫

−π

|t|un(t) dt = 2
π

π
∫

−π

| t2 |un(t) dt ≤
π

∫

−π

sin | t2 |un(t) dt ≤

≤

√

√

√

√

√

π
∫

−π

sin2 | t2 |un(t) dt ·

√

√

√

√

√

π
∫

−π

un(t) dt == √

√

√

√

√

π
∫

−π

1 − os t2 un(t) dt ·

√

√

√

√

√

π
∫

−π

un(t) dt == √

π2 An(1; 0) − π2 An(os t; 0)√π An(1; 0) == √

π2 (1 − os π

n + 2)√π = π sin π2(n + 2) ≤ π22(n + 2) ,çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.
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24�¥¬¬  5. �«ï f ∈ C2π ‖An(f ; x) − f‖ ≤ 6ω(f, 1
n )�®ª-¢®.

|An(f ; x) − f(x)| = ∣

∣

∣

1
π

π
∫

−π

f(t)un(t − x) dt − f(x) 1
π

π
∫

−π

un(t − x) dt
∣

∣

∣
≤

≤ 1
π

π
∫

−π

|f(t) − f(x)|un(t − x) dt = 1
π

π−x
∫

−π−x

|f(y + x) − f(x)|un(y) dy =(â ª ª ª ¯®¤¨â¥£à «ì ï äãªæ¨ï ¨¬¥¥â ¯¥à¨®¤ 2π)= 1
π

π
∫

−π

|f(y + x) − f(x)|un(y) dy ≤ 1
π

π
∫

−π

ω(f, |y|) un(y) dy ≤

≤ ω(f,
1
n

) 1
π

π
∫

−π

(n|y| + 1) un(y) dy ≤

≤ ω(f,
1
n

) (

nπ22n + 4 + 1)

≤ ω(f,
1
n

) (

π22 + 1)

≤ 6ω(f,
1
n

),çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.
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25
§1.5 ��������� Ǒ����������Ǒ® â¥®à¥¬ ¬ �¥©¥àèâà áá  «î¡ãî ¥¯à¥àë¢ãî äãªæ¨î ¬®�® ¯à¨-¡«¨§¨âì  «£¥¡à ¨ç¥áª¨¬ ¬®£®ç«¥®¬ ¨«¨ âà¨£®®¬¥âà¨ç¥áª¨¬ ¯®-«¨®¬®¬ á «î¡®© â®ç®áâìî, ®¤ ª® ¯à¨ íâ®¬ ¯®àï¤®ª ¯®«¨®¬  ¬®-�¥â ®ª § âìáï ®ç¥ì ¢ëá®ª¨¬. � ª¨¬ ®¡à §®¬ ¢®§¨ª ¥â ¢®¯à®á: ª -ª®© â®ç®áâ¨ ¬®�® ¤®¡¨âìáï, ¨á¯®«ì§ãï ¯®«¨®¬ë ¯®àï¤ª  ¥ ¢ëè¥¥ª®â®à®£®,  ¯¥à¥¤ § ¤ ®£®, n?�¢¥¤¥¬ ®¡®§ ç¥¨ï:

Pn {¬®�¥áâ¢® ¢á¥å  «£¥¡à ¨ç¥áª¨å ¬®£®ç«¥®¢ ¯®àï¤ª  ¥ ¢ëè¥ n;
Tn {¬®�¥áâ¢® ¢á¥å âà¨£®®¬¥âà¨ç¥áª¨å ¯®«¨®¬®¢ ¯®àï¤ª  ¥ ¢ëè¥

n;
‖f − hn‖ { ãª«®¥¨¥ hn ®â f ;
EA

n (f) = infhn∈Pn
‖f − hn‖ ¨ ET

n (f) = infhn∈Tn
‖f − hn‖ {  ¨«ãçè¥¥¯à¨¡«¨�¥¨¥ f .�®£®ç«¥ (¯®«¨®¬),   ª®â®à®¬ ¤®áâ¨£ ¥âáï inf, ¡ã¤¥¬  §ë¢ âì ¬®-£®ç«¥®¬ (¯®«¨®¬®¬)  ¨«ãçè¥£® ¯à¨¡«¨�¥¨ï ¤«ï f .�â¬¥â¨¬, çâ® ¢ á¨«ã â¥®à¥¬ �¥©¥àèâà áá 

EA,T0 (f) ≥ EA,T1 (f) ≥ EA,T2 (f) ≥ ... ¨ lim
n→∞

EA,T
n (f) = 0.�¥®à¥¬  3. (Ǒ¥à¢ ï â¥®à¥¬  ��¥ªá® ) �á«¨ f ∈ C2π, â®

ET
n (f) ≤ 6ω(f,

1
n

).�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ â®£®, çâ® ¤«ï ®¯¥à â®à  An, à áá¬®âà¥®£®¢ §1.4, ET
n (f) ≤ ‖An(f ; x) − f‖ ≤ 6ω(f,

1
n

).�«¥¤áâ¢¨¥. �á«¨ f ∈ C2π ∩ LipMα, â® ET
n (f) ≤ 6ω(f,

1
n

) ≤ 6M

nα
. �ç áâ®áâ¨, ¥á«¨ f ∈ C12π, â® ET

n (f) ≤ 6‖f ′‖
n
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26�¥®à¥¬  4. (�â®à ï â¥®à¥¬  ��¥ªá® ) �á«¨ f ∈ Cp2π, â®
ET

n (f) ≤ 6p+1
np

ω(f (p), 1
n

).�®ª-¢®. �¢¥¤¥¬ ®¡®§ ç¥¨ï:
Tn { ª ª ¨ ¢ëè¥, ¬®�¥áâ¢® âà¨£®®¬¥âà¨ç¥áª¨å ¯®«¨®¬®¢ ¯®àï¤ª  ¥¢ëè¥ n;
T
0
n { ¬®�¥áâ¢® âà¨£®®¬¥âà¨ç¥áª¨å ¯®«¨®¬®¢ ¯®àï¤ª  ¥ ¢ëè¥ n ¡¥§á¢®¡®¤®£® ç«¥ ;

tn(f ; x) { ¬®£®ç«¥  ¨«ãçè¥£® ¯à¨¡«¨�¥¨ï ¤«ï f ¨§ Tn;
t0n(f ; x) { ¬®£®ç«¥  ¨«ãçè¥£® ¯à¨¡«¨�¥¨ï ¤«ï f ¨§ T

0
n;

en(f) = ‖f − t0n(f ; x)‖.�®ª § â¥«ìáâ¢® à §®¡ì¥¬   «¥¬¬ë. �ã¤¥¬ ¨á¯®«ì§®¢ âì ®¯¥à â®à An¨§ §1.4.�¥¬¬  1. ET
n (f) ≤ 6

nen(f ′).�®ª-¢®. Ǒ®«®�¨¬ φ(x) = f(x) − ∫

t0n(f ′; x) dx. �®£¤  á ®¤®© áâ®à®ë
‖An(φ; x) − φ‖ ≤ 6ω(φ,

1
n

) ≤ 6
n
‖φ′‖ = 6

n
‖f ′ − t0n(f ′; x)‖ = 6

n
en(f ′),á ¤àã£®© áâ®à®ë

‖An(φ; x) − φ‖ ≥ ET
n (φ) = ‖φ − tn(φ; x)‖ == ‖

(

f(x) − ∫

t0n(f ′; x) dx
)

−tn(φ; x)‖ == ‖f(x) − (

∫

t0n(f ′; x) dx + tn(φ; x))‖ ≥ ET
n (f)� ª¨¬ ®¡à §®¬ ET

n (f) ≤ 6
nen(f ′), ¨ «¥¬¬  ¤®ª §  .�¥¬¬  2. �á«¨ äãªæ¨ï f ¨¬¥¥â 2π-¯¥à¨®¤¨ç¥áªãî ¯¥à¢®®¡à §ãî, â®

An(f ; x) ∈ T
0
n.�¥©áâ¢¨â¥«ì®, ¥á«¨ ¯¥à¢®®¡à § ï äãªæ¨¨ f 2π-¯¥à¨®¤¨ç¥áª ï äãª-æ¨ï F , â® á¢®¡®¤ë© ç«¥ ¯®«¨®¬  An

a0 = 1
π

π
∫

−π

f(t) dt = 1
π

(F (π) − F (−π)) = 0.�¥¬¬  3. �á«¨ g ∈ C22π, â® en(g′) ≤ 6
nen(g′′).СА
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27�®ª-¢®. Ǒ®«®�¨¬ ψ = g′(x) − ∫

t0n(g′′; x) dx. Ǒ¥à¢®®¡à § ï äãªæ¨¨ ψ2π-¯¥à¨®¤¨ç¥áª ï äãªæ¨ï, á«¥¤®¢ â¥«ì® ¯® «¥¬¬¥ 2 An(ψ; x) ∈ T
0
n,®âªã¤ 

en(ψ) ≤ ‖An(ψ; x) − ψ‖ ≤ 6ω(ψ,
1
n

) ≤ 6
n
‖ψ′‖ == 6

n
‖g′′ − t0n(g′′; x)‖ = 6

n
en(g′′).� ¤àã£®© áâ®à®ë

en(ψ) = ‖ψ − t0n(ψ; x)‖ = ‖
(

g′ −
∫

t0n(g′′; x) dx
)

−t0n(ψ; x)‖ == ‖g′ −
(

∫

t0n(g′′; x) dx + t0n(ψ; x))‖ ≥ en(g′).� ª¨¬ ®¡à §®¬ en(g′) ≤ 6
nen(g′′) ¨ «¥¬¬  3 ¤®ª §  .�®ª § â¥«ìáâ¢® â¥®à¥¬ë:

ET
n (f) ≤ 6

n
en(f ′) ≤ 6

n

6
n

en(f ′′) ≤ 6
n

6
n

6
n

en(f ′′′) ≤ ...

≤
( 6

n

)p

en(f (p)) ≤ ( 6
n

)p

‖An(f (p); x) − f (p)‖ ≤ 6p+1
np

ω(f (p); 1
n

),çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.�¥®à¥¬  5. (�à¥âìï â¥®à¥¬  ��¥ªá® ) �á«¨ f ∈ C[a, b℄, â® EA
n (f) ≤6ω(f ; b−a2n ).�®ª § â¥«ìáâ¢® à §®¡ì¥¬   «¥¬¬ë.�¥¬¬  1. �á«¨ f ∈ C[−π, π℄ { ç¥â ï, â® áãé¥áâ¢ã¥â ç¥âë© ¯®«¨®¬

tn ∈ Tn, â ª®©, çâ® ET
n = ‖f − tn‖.�®ª-¢®. �¡®§ ç¨¬ hn ∈ Tn { ¯®«¨®¬,  ¨¬¥¥¥ ãª«®ïîé¨©áï ®â f  [−π, π℄ (¥ ®¡ï§ â¥«ì® ç¥âë©). �® ¥áâìmax

x∈[−π,π℄ |f(x) − hn(x)| = ET
n (f)�â¬¥â¨¬, çâ®max

x∈[−π,π℄ |f(x) − hn(x)| = max
x∈[−π,π℄ |f(−x) − hn(−x)| == max

x∈[−π,π℄ |f(x) − hn(−x)| = ET
n (f)СА
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28Ǒ®«®�¨¬ tn(x) = 12 (hn(x) + hn(−x)). �â® ç¥âë© âà¨£®®¬¥âà¨ç¥-áª¨© ¯®«¨®¬, ¯®íâ®¬ã
ET

n (f) ≤ max
x∈[−π,π℄ |f(x) − tn(x)| == max

x∈[−π,π℄ |12f(x) − 12hn(x) + 12f(x) − 12hn(−x)| ≤
≤ max

x∈[−π,π℄ 12 |f(x) − hn(x)| + max
x∈[−π,π℄ 12 |f(x) − hn(−x)| = ET

n (f)=⇒ max
x∈[−π,π℄ |f(x) − tn(x)| = ET

n (f),çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.�¥¬¬  2. �á«¨ f ∈ C[−1, 1℄ â® EA
n (f) ≤ 6ω(f, 1

n )�®ª-¢®. Ǒ®«®�¨¬ y = arosx, â®£¤  ¥á«¨ x ∈ [−1, 1℄, â® y ∈ [−π, π℄. � á-á¬®âà¨¬ g(y) = f(os y) { ç¥â ï äãªæ¨ï, á«¥¤®¢ â¥«ì® áãé¥áâ¢ã¥âç¥âë© âà¨£®®¬¥âà¨ç¥áª¨© ¯®«¨®¬ tn(y) â ª®©, çâ®
‖g − tn‖ = ET

n (g) ≤ 6ω(g,
1
n

)Ǒ® á¢®©áâ¢ã ¬®£®ç«¥®¢ (§1.1) tn(arosx) {  «£¥¡à ¨ç¥áª¨© ¬®£®-ç«¥ áâ¥¯¥¨ n, ®âªã¤ 
EA

n (f) ≤ max
x∈[−1,1℄ |f(x) − tn(arosx)| = max

y∈[−π,π℄ |f(os y) − tn(y)| == max
y∈[−π,π℄ |g(y) − tn(y)| = ET

n (g).� ª¨¬ ®¡à §®¬ EA
n (f) ≤ ET

n (g). Ǒ® ä®à¬ã«¥ � £à �  f(x1) −
f(x2) = f ′(t)(x1 − x2), £¤¥ t ∈ [x1, x2℄, ¯®íâ®¬ã

|x1 − x2| = | os y1 − os y2| = | sin t||y1 − y2| ≤ |y1 − y2|,®âªã¤ 
ω(g, δ) = max

|y1−y2|≤δ
|g(y1) − g(y2)| = max

|y1−y2|≤δ
|f(os y1) − f(os y2)| ≤

≤ max
|x1−x2|≤δ

|f(x1) − f(x2)| = ω(f, δ),â® ¥áâì ω(g, δ) ≤ ω(f, δ). �§ ¢á¥£® ¢ëè¥áª § ®£® ¯®«ãç ¥¬:
EA

n (f) ≤ ET
n (g) ≤ 6ω(g,

1
n

) ≤ 6ω(f,
1
n

),çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.СА
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29�®ª § â¥«ìáâ¢® â¥®à¥¬ë 5. Ǒãáâì f ∈ C[a, b℄. Ǒ®«®�¨¬ y = 2
b−ax− b+a

b−a .�®£¤  x = b−a2 y + b+a2 ¨ ¥á«¨ x ∈ [a, b℄, â® y ∈ [−1, 1℄. � áá¬®âà¨¬
g(y) = f

(

b−a2 y + b+a2 ) = f(x). Ǒãáâì tn(y) {¬®£®ç«¥  ¨«ãçè¥£®¯à¨¡«¨�¥¨ï áâ¥¯¥¨ n ¤«ï g(y), â®£¤  tn

( 2
b−ax − b+a

b−a

) {¬®£®ç«¥¯® x áâ¥¯¥¨ n, ®âªã¤ 
EA

n (f) ≤ max
x∈[a,b℄ ∣∣∣∣f(x) − tn

( 2
b − a

x − b + a

b − a

)∣

∣

∣

∣

== max
y∈[−1,1℄ ∣∣∣∣f ( 2

b − a
x − b + a

b − a

)

− tn(y)∣∣∣
∣

== max
y∈[−1,1℄ |g(y) − tn(y)| = EA

n (g) ≤ 6ω(g,
1
n

),â ª ª ª g ∈ C[−1, 1℄ ¨ ¬®�® ¯à¨¬¥¨âì «¥¬¬ã 2.Ǒ®áª®«ìªã
|y(x1) − y(x2)| = ∣

∣

∣

∣

2
b − a

x1 − b + a

b − a
− 2

b − a
x2 + b + a

b − a

∣

∣

∣

∣

= 2
b − a

|x1 − x2|,Ǒ®«ãç ¥¬:
ω(g, δ) = max

|y1−y2|≤δ
|g(y1) − g(y2)| max2

b−a
|x1−x2|≤δ

|f(y(x1)) − f(y(x2))| == max
|x1−x2|≤ b−a2 δ

|f(x1) − f(x2)| = ω(f,
b − a2 δ).�¡ê¥¤¨ïï ¢á¥ ¯®«ãç¥ë¥ ¥à ¢¥áâ¢ , ¯®«ãç ¥¬ ãâ¢¥à�¤¥¨¥ â¥®-à¥¬ë.�«¥¤áâ¢¨¥. �á«¨ f ∈ LipMα, â® EA

n (f) ≤ 6 (

b−a2 )α M
n . � ç áâ®áâ¨,¥á«¨ f ∈ �1[a, b℄, â® EA

n (f) ≤ 3(b−a)‖f ′‖
n .�¥®à¥¬  6. (�¥â¢¥àâ ï â¥®à¥¬  ��¥ªá® ) �á«¨ f ∈ Cp[a, b℄, â® ¤«ï

n > p

EA
n (f) ≤ 2 3p+1(b − a)p

n(n − 1)...(n − p + 1)ω(f (p), b − a2(n − p) ).�¥¬¬ . �á«¨ f ∈ C1[a, b℄, â® EA
n (f) ≤ 6(b−a)

n EA
n−1(f ′)�®ª-¢®. ¯ãáâì pn−1(x) { ¬®£®ç«¥ áâ¥¯¥¨ n − 1,  ¨¬¥¥¥ ãª«®ïî-é¨©áï ®â f ′. �¡®§ ç¨¬ g(x) = f(x) − ∫ x0 pn−1(t) dt.СА
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30Ǒãáâì hn(x) { ¬®£®ç«¥ áâ¥¯¥¨ n,  ¨¬¥¥¥ ãª«®ïîé¨©áï ®â g. �®£¤ á ®¤®© áâ®à®ë
EA

n (g) = max
x∈[a,b℄ |g(x) − hn(x)| == max

x∈[a,b℄ |f(x) − x
∫0 pn−1(t) dt − hn(x)| ≥ EA

n (f),á ¤àã£®© áâ®à®ë ¯® á«¥¤áâ¢¨î ¨§ âà¥â¥© â¥®à¥¬ë ��¥ªá® 
EA

n (g) ≤ 3(b − a)
n

‖g′‖ = 3(b − a)
n

‖f ′ − pn−1‖ = 3(b − a)
n

EA
n−1(f ′).� ª¨¬ ®¡à §®¬ EA

n (f) ≤ EA
n (g) ≤ 3(b−a)

n EA
n−1(f ′) ¨ «¥¬¬  ¤®ª §  .�®ª § â¥«ìáâ¢® â¥®à¥¬ë 6. Ǒ®á«¥¤®¢ â¥«ì®¥ ¯à¨¬¥¥¨¥ «¥¬¬ë ¤ ¥â

EA
n (f) ≤ 3(b − a)

n
EA

n−1(f ′) ≤ 3(b − a)
n

3(b − a)
n − 1 EA

n−2(f ′′) ≤ ...

≤ 3p(b − a)p

n(n − 1)...(n − p + 1)EA
n−p(f (p)) ≤

≤ 3p(b − a)p

n(n − 1)...(n − p + 1)6ω(f (p), b − a2(n − p) ),çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.Ǒ® áãâ¨, ®á®¢ë¬ á®¤¥à� ¨¥¬ â¥®à¥¬ ��¥ªá®  ï¢«ï¥âáï ãâ¢¥à�¤¥-¨¥, çâ® ¥á«¨ äãªæ¨ï p à § ¤¨ää¥à¥æ¨àã¥¬ , â® ¥¥ ¬®�® ¯à¨¡«¨-§¨âì  «£¥¡à ¨ç¥áª¨¬ ¨«¨ âà¨£®®¬¥âà¨ç¥áª¨¬ ¯®«¨®¬®¬ ¯®àï¤ª  ná â®ç®áâìî 1
np

.
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����� 2.������� ����������Ǒ�������������������������� Ǒ������������ �Ǒ��������

§2.1 ������� ����������� �������������� �������¥®à¥¬  7. (�«£¥¡à ¨ç¥áª ï â¥®à¥¬  �®à®¢ª¨ ) Ǒãáâì {Ln(f ; x)} {¯®á«¥¤®¢ â¥«ì®áâì «¨¥©ëå ¯®«®�¨â¥«ìëå ®¯¥à â®à®¢, f { ¥¯à¥-àë¢ ï äãªæ¨ï. �á«¨
Ln(1; x) = 1 + αn(x), £¤¥ αn(x) → 0 (7.1)
Ln(t; x) = x + βn(x), £¤¥ βn(x) → 0 (7.2)
Ln(t2; x) = x2 + γn(x), £¤¥ γn(x) → 0 (7.3)â® Ln(f ; x) → f(x), ¯à¨ç¥¬ ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®:

|Ln(f ; x) − f(x)| ≤ (2 + αn(x))ω(f, δn) + ‖f‖ |αn(x)|, £¤¥
δn = δn(x) = √

x2αn(x) − 2xβn(x) + γn(x)�®ª-¢®. �á«¨ |t − x| ≤ δ, â®
|f(t) − f(x)| ≤ ω(f ; |t − x|) ≤ ω(f ; δ) ≤ (1 + (t − x)2

δ2 )ω(f ; δ)�á«¨ |t − x| > δ, â®
|f(t) − f(x)| ≤ ω(f ; |t − x|) ≤ ω(f ; |t − x|

δ
δ) ≤

≤ (1 + |t − x|
δ

)ω(f ; δ) ≤ (1 + (t − x)2
δ2 )ω(f ; δ)СА
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32� ª¨¬ ®¡à §®¬, ¢ «î¡®¬ á«ãç ¥
|f(t) − f(x)| ≤ (1 + (t − x)2

δ2 )ω(f ; δ),®âªã¤ 
Ln(|f(t) − f(x)|; x) ≤
≤ ω(f ; δ){ Ln(1; x) + 1

δ2(

Ln((t2; x) − 2xLn(t; x) + x2Ln(1; x))} == ω(f ; δ){1+αn(x)+ 1
δ2 (x2 +γn(x)−2x(x+βn(x))+x2(1+αn(x))} == ω(f ; δ){1 + αn(x) + 1

δ2 (γn(x) − 2xβn(x) + x2αn(x))} == (2 + αn(x))ω(f ; δ),®âªã¤ 
|Ln(f(t); x)−f(x)| ≤ |Ln(f(t); x)−Ln(f(x); x)|+|Ln(f(x); x)−f(x)| ≤

≤ Ln(|f(t) − f(x)|; x) + |f(x)||Ln(1; x) − 1| ≤
≤ (2 + αn(x))ω(f, δn) + ‖f‖ |αn(x)|,çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.�«¥¤áâ¢¨¥. Ǒãáâì {Ln(f ; x)} { ¯®á«¥¤®¢ â¥«ì®áâì «¨¥©ëå ¯®«®�¨-â¥«ìëå ®¯¥à â®à®¢, f ∈ C[0, 1℄. �á«¨ ¢ë¯®«¥ë á®®â®è¥¨ï (7.1),(7.2), (7.3), â®

‖Ln(f ; x) − f(x)‖ ≤ onst ω(f, δ∗n)£¤¥ δ∗n = √

|αn(x)| + 2|βn(x)| + |γn(x)|.�®ª-¢®. �ç¥¢¨¤®, çâ® δn ≤ δ∗n ¨ |αn(x)| ≤ δ∗n, ¯®íâ®¬ã ãâ¢¥à�¤¥¨¥â¥®à¥¬ë 7 ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥:
‖Ln(f ; x) − f(x)‖ ≤ onst ω(f, δn) + ‖f‖|αn(x)| ≤

≤ onst ω(f, δ∗n) + ‖f‖δ∗n = ω(f, δ∗n) (onst + ‖f‖δ∗n
ω(f, δ∗n))Ǒ® á¢®©áâ¢ã ¬®¤ã«ï ¥¯à¥àë¢®áâ¨ δ∗n

ω(f, δ∗n) ≤ 2
ω(f, 1) = onst ¨ á«¥¤-áâ¢¨¥ ¤®ª § ®.СА
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33� ¬¥ç ¨¥ 1. �á«¨ αn(x) ⇉ 0, βn(x) ⇉ 0, γn(x) ⇉ 0, â® ¤«ï f ∈ C[0, 1℄
Ln(f ; x) ⇉ f(x).� ¬¥ç ¨¥ 2. � ª ¢¨¤® ¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë, ãá«®¢¨ï (7.2) ¨(7.3) ¬®�® § ¬¥¨âì ãá«®¢¨¥¬ Ln((t − x)2; x) → 0.Ǒà¨¬¥à ª â¥®à¥¬¥ 7. (�å®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì®áâ¨ ®¯¥à â®à®¢� á -�¨à ªìï ). � áá¬®âà¨¬

Mn(f ; x) = ∞
∑

k=0 f

(

k

n

) (nx)k

k! e−nx.Ǒ®¤áç¨â ¥¬:
Mn(1; x) = ∞

∑

k=0 (nx)k

k! e−nx = enxe−nx = 1
Mn(t; x) = ∞

∑

k=0 k

n

(nx)k

k! e−nx = ∞
∑

k=1x
(nx)k−1(k − 1)! e−nx == x

∞
∑

k=0 (nx)k

k! e−nx = x enxe−nx = x

Mn(t2; x) = ∞
∑

k=0(

k

n

)2 (nx)k

k! e−nx = ∞
∑

k=1x
k

n

(nx)k−1(k − 1)! e−nx == ∞
∑

k=2x
k − 1

n

(nx)k−1(k − 1)! e−nx + ∞
∑

k=1 x

n

(nx)k−1(k − 1)! e−nx == x2 ∞
∑

k=2 (nx)k−2(k − 2)! e−nx + x

n

∞
∑

k=0 (nx)k

k! e−nx = x2 + x

n� ª¨¬ ®¡à §®¬ αn(x) ≡ 0, βn(x) ≡ 0, γn(x) = x

n
, ¯®íâ®¬ã δn(x) = √

x

n¨ ¯® â¥®à¥¬¥ 7
|Mn(f ; x) − f(x)| ≤ 2ω(f,

√

x

n
).СА
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34Ǒà¨¬¥à ª â¥®à¥¬¥ 7. (�å®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì®áâ¨ ®¯¥à â®à®¢�¥àèâ¥© ). � áá¬®âà¨¬
Bn(f ; x) = n

∑

k=0 f

(

k

n

) (

n

k

)

xk(1 − x)n−k.Ǒ®¤áç¨â ¥¬:
Bn(1; x) = n

∑

k=0(

n

k

)

xk(1 − x)n−k = (x + 1 − x)n = 1
Bn(t; x) = n

∑

k=1 k

n

n!
k!(n − k)!xk(1 − x)n−k == n

∑

k=1 (n − 1)!(k − 1)!(n − k))!xk(1 − x)n−k == n−1
∑

k=0 (n − 1)!
k!(n − 1 − k)!xk(1 − x)n−1−kx = x(x + 1 − x)n−1 = x

Bn(t2; x) = n
∑

k=0(

k

n

)2
n!

k!(n − k)!xk(1 − x)n−k == n
∑

k=1 k

n

(n − 1)!(k − 1)!(n − k)!xk(1 − x)n−k == n
∑

k=2 k − 1
n

(n − 1)!(k − 1)!(n − k)!xk(1 − x)n−k++ 1
n

n
∑

k=1 (n − 1)!(k − 1)!(n − k)!xk(1 − x)n−k == n
∑

k=2 n − 1
n

(n − 2)!(k − 2)!(n − k)!xk(1 − x)n−k++ 1
n

n−1
∑

k=0 (n − 1)!
k!(n − 1 − k)!xk(1 − x)n−1−kx =СА
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35= n−2
∑

k=0 n − 1
n

(n − 2)!
k!(n − 2 − k)!xk(1 − x)n−2−kx2 + x

n
(x + 1 − x)n−1 == n − 1

n
x2(x + 1 − x)n−2 + x

n
= (1 − 1

n
)x2 + x

n
= x2 + x

n
− x2

n
== x2 + x(1 − x)

n� ª¨¬ ®¡à §®¬ αn(x) ≡ 0, βn(x) ≡ 0, γn(x) = x(1 − x)
n

.Ǒ®íâ®¬ã δn(x) = √

x(1 − x)
n

¨ ¯® â¥®à¥¬¥ 7
|Bn(f ; x) − f(x)| ≤ 2ω(f,

√

x(1 − x)
n

).�à®¬¥ â®£®, â ª ª ª x ∈ [0, 1℄, δn(x) ≤ 12√n

‖Bn(f ; x) − f‖ ≤ 2 ω(f,
12√n

).�¯¥à â®àë �¥àèâ¥©  ¬®£ãâ á«ã�¨âì ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë�¥©¥àèâà áá .Ǒà¨¬¥à ª â¥®à¥¬¥ 7. (�å®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì®áâ¨ ®¯¥à â®à®¢� áª ª®¢ ). � áá¬®âà¨¬�n(f ; x) = n
∑

k=0 f

(

k

n

) (

n + k − 1
k

)

xk(1 + x)−n−k.� §«®�¨¬ äãªæ¨î φ(t) = (1 − t)−n ¢ àï¤ �¥©«®à :
φ(t) = ∞

∑

k=0 φ(k)(0)
k! tk = ∞

∑

k=0 n(n + 1)...(n + k − 1)
k! tk == ∞
∑

k=0(

n + k − 1
k

)

tk = (1 − t)−n.
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36Ǒ®«®�¨¬ t = x1 + x
, â®£¤ 

(1 − x1 + x

)−n = ∞
∑

k=0(

n + k − 1
k

) (

x1 + x

)k =⇒
( 11 + x

)−n = ∞
∑

k=0 (n + k − 1)!
k!(n − 1)! (

x1 + x

)k =⇒1 = ∞
∑

k=0(

n + k − 1
k

)

xk(1 + x)−n−k = �n(1; x)Ǒ®¤áç¨â ¥¬:�n(t; x) = ∞
∑

k=0 k

n

(

n + k − 1
k

)

xk(1 + x)−n−k == ∞
∑

k=1 k

n

(n + k − 1)!
k!(n − 1)! xk(1 + x)−n−k == ∞

∑

k=1 (n + k − 1)!(k − 1)!n! xk(1 + x)−n−k = x
∞
∑

k=0 (n + k)!
k!n! xk(1 + x)−n−k−1 == x�n+1(1; x) = xǑ®¤áç¨â ¥¬:�n(t2; x) = ∞

∑

k=0 k2
n2(

n + k − 1
k

)

xk(1 + x)−n−k == ∞
∑

k=1 k

n

(n + k − 1)!(k − 1)!n! xk(1 + x)−n−k == ∞
∑

k=1 k − 1
n + 1 (n + k − 1)!(k − 1)!n! xk(1 + x)−n−k++ ∞

∑

k=1 k + n

n(n + 1) (n + k − 1)!(k − 1)!n! xk(1 + x)−n−k =СА
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37= ∞
∑

k=2 (n + k − 1)!(k − 2)!(n + 1)!xk(1 + x)−n−k++ 1
n

∞
∑

k=1 (n + k)!(k − 1)!(n + 1)!xk(1 + x)−n−k == x2 ∞
∑

k=0 (n + k + 1)!
k!(n + 1)! xk(1 + x)−(n+2)−k++ x

n

∞
∑

k=0 (n + k + 1)!
k!(n + 1)! xk(1 + x)−n−1−k == x2�n+2(1; x) + x(1 + x)

n
�n+2(1; x) = x2 + x(1 + x)

n� ª¨¬ ®¡à §®¬ αn(x) ≡ 0, βn(x) ≡ 0, γn(x) = x(1 + x)
n

¨ ¯® â¥®à¥¬¥ 7
|�n(f ; x) − f(x)| ≤ 2ω

(

f,

√

x(1 + x)
n

)

.�¯¥à â®àë � áª ª®¢  â ª �¥ ¬®£ãâ á«ã�¨âì ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥-¬ë �¥©¥àèâà áá .
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38
§2.2 ������� ���������� ������������������� �������¥®à¥¬  8. (�à¨£®®¬¥âà¨ç¥áª ï â¥®à¥¬  �®à®¢ª¨ )Ǒãáâì {Ln(f ; x)} { ¯®á«¥¤®¢ â¥«ì®áâì «¨¥©ëå ¯®«®�¨â¥«ìëå®¯¥à â®à®¢, f { ¥¯à¥àë¢ ï 2π-¯¥à¨®¤¨ç¥áª ï äãªæ¨ï. �á«¨
Ln(1; x) = 1 + αn(x), £¤¥ αn(x) → 0 (8.1)
Ln(sin t; x) = sin x + βn(x), £¤¥ βn(x) → 0 (8.2)
Ln(os t; x) = os x + γn(x), £¤¥ γn(x) → 0 (8.3)â® Ln(f ; x) → f(x), ¯à¨ç¥¬ ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®:

‖Ln(f ; x) − f(x)‖ ≤ onstω(f, δn) + ‖f‖ |αn(x)|, £¤¥
δn = δn(x) = √

αn(x) − sin xβn(x) − os xγn(x).�®ª-¢®. � ª ª ª Ln : C2π → C2π, ¥ ã¬¥ìè ï ®¡é®áâ¨ ¬®�® áç¨â âì,çâ® |t − x| ≤ π, ®âªã¤  |t − x| ≤ π sin |t − x|2 .� áá¬®âà¨¬
|Ln(f ; x)− f(x)| ≤ |Ln(f(t); x)−Ln(f(x); x)|+ |Ln(f(x); x)− f(x)| ≤

≤ Ln(|f(t) − f(x)|; x) + |f(x)| |Ln(1; x) − 1| ≤
≤ Ln(ω(f, |t − x|); x) + ‖f‖ |αn(x)|�á«¨ |t − x| ≤ δn(x), â®

ω(f, |t − x|) ≤ ω(f, δn) ≤ ω(f, δn)(1 + (

t − x

δn

)2
)

.�á«¨ |t − x| > δn(x), â®
ω(f, |t − x|) = ω(f,

|t − x|
δn

δn) ≤ ω(f, δn)(1 + |t − x|
δn

)

≤

≤ ω(f, δn)(1 + (

t − x

δn

)2
)

.
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39� ª¨¬ ®¡à §®¬, ¢ «î¡®¬ á«ãç ¥
ω(f, |t−x|) ≤ ω(f, δn)(1+(

t − x

δn

)2
)

≤ ω(f, δn)(1+ π2
δ2n sin2 |t − x|2 )== ω(f, δn)(1 + π22δ2n (1 − os(t − x)))== ω(f, δn)(1 + π22δ2n (1 − os t os x − sin t sin x))�âªã¤ 

|Ln(f ; x) − f(x)| ≤ ω(f, δn){Ln(1; x)++ π22δ2n (

Ln(1; x) − os xLn(os t; x) − sin xLn(sin t; x))}+‖f‖ |αn(x)| == ω(f, δn){1 + αn(x) + π22δ2n (1 + αn(x) − os x(os x + γn(x))−
− sin x(sin x + βn(x)))}+‖f‖ |αn(x)| == ω(f, δn){1 + αn(x) + π22δ2n (

αn(x) − os xγn(x) − sin xβn(x))}++ ‖f‖ |αn(x)| = ω(f, δn){1 + αn(x) + π22 }+‖f‖ |αn(x)|,®âªã¤  á«¥¤ã¥â ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë.� ¬¥ç ¨¥ 1. �ç¥¢¨¤®, çâ® ¥á«¨ αn(x) ⇉ 0, βn(x) ⇉ 0, γn(x) ⇉ 0, â®¤«ï f ∈ C2π Ln(f ; x) ⇉ f(x).� ¬¥ç ¨¥ 2. � ª ¢¨¤® ¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë, ãá«®¢¨ï (8.2) ¨(8.3) ¬®�® § ¬¥¨âì ãá«®¢¨¥¬ Ln(sin2 t − x2 ; x) → 0.�¥®à¥¬  9. (�å®¤¨¬®áâì ®¡®¡é¥ëå àï¤®¢ �ãàì¥ { ¯à¨¬¥à ª â¥®à¥¬¥8.)Ǒãáâì {ρn,k}∞n=1,
n
k=1 { ¥ª®â®à ï ¬ âà¨æ  ç¨á¥«. � áá¬®âà¨¬ ®¯¥à â®àë�∗
n(f ; x) = a02 + n

∑

k=1 ρn,k(ak os kx + bk sin kx),СА
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40£¤¥ ak, bk { ª®íää¨æ¨¥âë �ãàì¥:
ak = 1

π

π
∫

−π

f(t) os kt dt bk = 1
π

π
∫

−π

f(t) sin kt dt�á«¨ (a) lim
n→∞

ρn,1 = 1 ¨ (b) 12 + n
∑

k=1 ρn,k os kt ≥ 0â® ¤«ï f ∈ C2π �∗
n(f ; ·) ⇉ f .�®ª-¢®. �¨¥©®áâì ®¯¥à â®à  ®ç¥¢¨¤ .Ǒà¥®¡à §ã¥¬ ®¯¥à â®à �∗

n:�∗
n(f ; x) = 12π

π
∫

−π

f(t) dt + 1
π

n
∑

k=1 ρn,k

{

π
∫

−π

f(t) os kt os kx dt++ π
∫

−π

f(t) sin kt sin kx dt
}= 1

π

π
∫

−π

f(t){12 + n
∑

k=1 ρn,k os k(t − x)} dt,®âªã¤ , á ãç¥â®¬ ãá«®¢¨ï (b), á«¥¤ã¥â ¯®«®�¨â¥«ì®áâì ®¯¥à â®à .�á¯®«ì§ãï á®®â®è¥¨ï 10, ¯®«ãç¥ë¥ ¢ §1.4, ¯®«ãç ¥¬:¤«ï f(x) = 1 a0 = 2, ak = 0 ¨ bk = 0 ¯à¨ k = 1, 2, ...¤«ï f(x) = os t a1 = 1, ak = 0 ¯à¨ k = 0, 2, 3, ...¨ bk = 0 ¯à¨ k = 1, 2, ...¤«ï f(x) = sin t ak = 0 ¯à¨ k = 0, 1, ...¨ b1 = 1, bk = 0 ¯à¨ k = 2, 3, ...Ǒ®íâ®¬ã �∗
n(1; x) = 1,�∗
n(os t; x) = ρn,1 os x → os x,�∗
n(sin t; x) = ρn,1 sin x → sin x,á«¥¤®¢ â¥«ì® ¢ë¯®«¥ë ãá«®¢¨ï 1-3 â¥®à¥¬ë 8 ¨ �∗

n(f ; ·) ⇉ f
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41� ¬¥ç ¨¥ 1. �«ï àï¤  �ãàì¥ ãá«®¢¨¥ (a) â¥®à¥¬ë 9, ®ç¥¢¨¤®, ¢ë¯®«-ï¥âáï,   ãá«®¢¨¥ (b) ¥ ¢ë¯®«ï¥âáï ¨ áå®¤¨¬®áâ¨, ª ª íâ® á«¥¤ã¥â¨§ â¥®à¥¬ë ¤î-�ã  �¥©¬®¤ , ¤«ï ¢á¥å ¥¯à¥àë¢ëå äãªæ¨© ¥â.�«¥¤®¢ â¥«ì®, ãá«®¢¨¥ ¯®«®�¨â¥«ì®áâ¨ ¢ â¥®à¥¬¥ ®¯ãáâ¨âì ¥«ì§ï.� ¬¥ç ¨¥ 2. �ã¬¬ë �¥©¥à , ¯®«¨®¬ë An ã¤®¢«¥â¢®àïîâ â¥®à¥¬¥9 ¨, â ª ª ª ®¨ ¯à¨¡«¨� îâ «î¡ãî ¥¯à¥àë¢ãî ¯¥à¨®¤¨ç¥áªãîäãªæ¨î, ®¨ ¬®£ãâ á«ã�¨âì ¤®ª § â¥«ìáâ¢®¬ ¢â®à®© â¥®à¥¬ë �¥©-¥àèâà áá .
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42
§2.3 ����� ������� ����������� §2.1 ¡ë«® ¤®ª § ®, çâ® ¨§ áå®¤¨¬®áâ¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ «¨¥©-ëå ¯®«®�¨â¥«ìëå ®¯¥à â®à®¢   äãªæ¨ïå 1, x, x2 á«¥¤ã¥â áå®-¤¨¬®áâì   «î¡®© ¥¯à¥àë¢®© äãªæ¨¨. � §2.2 { çâ® ¨§ áå®¤¨¬®áâ¨  1, sin x, os x á«¥¤ã¥â áå®¤¨¬®áâì ª «î¡®© ¥¯à¥àë¢®© ¯¥à¨®-¤¨ç¥áª®© äãªæ¨¨. �®§¨ª ¥â ¢®¯à®á: ª ª¨¥ ¥é¥ á¨áâ¥¬ë äãªæ¨©®¡« ¤ îâ   «®£¨çë¬ á¢®©áâ¢®¬?�¯à¥¤. �ãªæ¨¨ f0(t), ..., fn(t) ∈ C(J) ®¡à §ãîâ   ¨â¥à¢ «¥ J á¨-áâ¥¬ã �¥¡ëè¥¢  ¯®àï¤ª  n, ¥á«¨ ¯à¨ «î¡®¬  ¡®à¥ ç¨á¥« a0, ..., an,ªà®¬¥ ¢á¥å ã«¥©, ¯®«¨®¬ a0f0(t) + ... + anfn(t) ¨¬¥¥â   ¨â¥à¢ «¥

J ¥ ¡®«¥¥ n ã«¥©.Ǒà¨¬¥àë:10. 1, t, t2, ..., tn { á¨áâ¥¬  �¥¡ëè¥¢  ¯®àï¤ª  n   «î¡®¬ ¨â¥à¢ «¥,â ª ª ª ¯® ®á®¢®© â¥®à¥¬¥  «£¥¡àë ¬®£®ç«¥ áâ¥¯¥¨ n ¨¬¥¥â nª®à¥©.20. 1, et, e2t, ..., ent { á¨áâ¥¬  �¥¡ëè¥¢  ¯®àï¤ª  n   «î¡®¬ ¨â¥à¢ «¥,â ª ª ª, ¯®«®�¨¢ y = et, ¯®«ãç¨¬ a0 + a1et + a2e2t + ... + anent =
a0 + a1y + a2y2 + ... + anyn { ¨¬¥¥â ¥ ¡®«¥¥ n ã«¥©.30. 1, os t, sin t, os 2t, sin 2t, ..., os nt, sin nt { á¨áâ¥¬  �¥¡ëè¥¢  ¯®-àï¤ª  2n   «î¡®¬ ¨â¥à¢ «¥ ¤«¨®© 2π. �¥©áâ¢¨â¥«ì®:

a0 + a1 os t + b1 sin t + a2 os 2t + b2 sin 2t + ... + an os nt + bn sin nt == a0+ a12 (eit+e−it)+ b12 (eit−e−it)+ a22 (e2it+e−2it)+ b22 (e2it−e−2it)+...+ an2 (enit + e−nit) + bn2 (enit − e−nit) == a0 + a1 + b12 eit + a1 − b12 e−it + a2 + b22 e2it + a2 − b22 e−2it + ...+ an + bn2 enit + an − bn2 e−nit =СА
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43¯®«®�¨¬ eit = y, â®£¤ = a0 + c1y + d1
y

+ c2y2 + d2
y2 + ... + cnyn + dn

yn
== (a0yn + c1yn+1 + d1yn−1 + c2yn+2 + d2yn−2 + ... + cny2n + dn) 1

yn
.Ǒ®á«¥¤¥¥ ¢ëà �¥¨¥ ï¢«ï¥âáï ¬®£®ç«¥®¬ ¯®àï¤ª  2n, á«¥¤®¢ -â¥«ì® ¨¬¥¥â ¥ ¡®«¥¥ 2n ã«¥©.�¥®à¥¬  10.(�¡®¡é¥¨¥  «£¥¡à ¨ç¥áª®© ¨ âà¨£®®¬¥âà¨ç¥áª®© â¥®à¥¬�®à®¢ª¨ .)Ǒãáâì Ln(f ; x) { ¯®á«¥¤®¢ â¥«ì®áâì «¨¥©ëå ¯®«®�¨-â¥«ìëå ®¯¥à â®à®¢, äãªæ¨¨ f0, f1, f2 ®¡à §ãîâ á¨áâ¥¬ã �¥¡ëè¥¢ ¯®àï¤ª  2   ¨â¥à¢ «¥ J . �á«¨

Ln(f0; x) → f0(x), Ln(f1; x) → f1(x), Ln(f2; x) → f2(x),â® Ln(f ; x) → f(x) ¤«ï ¢á¥å f ∈ C(J).�¥®à¥¬  11. (�¥®¡å®¤¨¬®áâì ãá«®¢¨ï �¥¡ëè¥¢ .)�á«¨ äãªæ¨¨ f0, f1, f2 { ¥¯à¥àë¢ë¥ äãªæ¨¨   ¨â¥à¢ «¥ J , ¥®¡à §ãîâ á¨áâ¥¬ã �¥¡ëè¥¢ , â®  ©¤¥âáï ¯®á«¥¤®¢ â¥«ì®áâì «¨¥©-ëå ¯®«®�¨â¥«ìëå ®¯¥à â®à®¢ â ª¨å, çâ®
Ln(f0; x) ≡ f0(x), Ln(f1; x) ≡ f1(x), Ln(f2; x) ≡ f2(x),¨ áãé¥áâ¢ã¥â ¥¯à¥àë¢ ï   J äãªæ¨ï f â ª ï, çâ® Ln(f ; x) 6≡ f(x)(�®ª § â¥«ìáâ¢  â¥®à¥¬ 10 ¨ 11 á¬. �®à®¢ª¨ Ǒ.Ǒ. "�¨¥©ë¥ ®¯¥à -â®àë ¨ â¥®à¨ï ¯à¨¡«¨�¥¨©".)
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§2.4 ����� W� áá¬®âà¨¬ ª« áá «¨¥©ëå ¯®«®�¨â¥«ìëå ®¯¥à â®à®¢, ¯à¥¤«®�¥-ë© �.�.�®«ª®¢ë¬.�¯à¥¤. �ã¤¥¬ £®¢®à¨âì, çâ® ¯®á«¥¤®¢ â¥«ì®áâì «¨¥©ëå ¯®«®�¨-â¥«ìëå ®¯¥à â®à®¢ ¯à¨ ¤«¥�¨â ª« ááã W ¥á«¨ ¢ë¯®«¥ë ãá«®-¢¨ï:

Ln(1; x) = 1 ¨ d

dx
Ln(f(t); x) = nW (x) Ln( (t − x)f(t); x),£¤¥ W (x)   «¨â¨ç¥áª ï ¯®«®�¨â¥«ì ï äãªæ¨ï.Ǒà¨¢¥¤¥¬ ¯à¨¬¥àë ®¯¥à â®à®¢ ª« áá  W .�¯¥à â®àë �¥àèâ¥© :

Bn(f ; x) = n
∑

k=0 f

(

k

n

) (

n

k

)

xk(1 − x)n−k, W (x) = 1
x(1 − x) .�¯¥à â®àë � á -�¨à ªìï :

Mn(f ; x) = n
∑

k=0 f

(

k

n

) (nx)k

k! e−nx, W (x) = 1
x

.�¯¥à â®àë � áª ª®¢ :�n(f ; x) = n
∑

k=0 f

(

k

n

) (

n + k − 1
k

)

xk(1 + x)−n−k, W (x) = 1
x(1 + x) .�¯¥à â®àë �¥©¥àèâà áá :

Wn(f ; x) = 1
Jn

b
∫

a

f(t)e−n(t−x)2 dt, £¤¥ Jn = b−a
∫

a−b

e−nt2 dt, W (x) = 2.
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45�¥®à¥¬  12. Ǒãáâì Ln(f ; x) { «¨¥©ë¥ ¯®«®�¨â¥«ìë¥ ®¯¥à â®àëª« áá  W �®£¤  ¤«ï f ∈ C[a; b℄ Ln(f ; x) áå®¤¨âáï ª f(x).�®ª-¢®. �§ï¢ f(x) ≡ 1, ¯®«ãç¨¬:
d

dx
Ln(1; x) = nW (x) Ln( (t−x); x) = nW (x)Ln(t; x)−nW (x)xLn(1; x),  â ª ª ª Ln(1; x) = 1, ¯®«ãç ¥¬0 = nW (x)Ln(t; x) − nW (x)x ¨«¨ Ln(t; x) = x.� «®£¨ç®, ¢§ï¢ f(t) = t, ¯®«ãç¨¬
d

dx
Ln(t; x) = nW (x) Ln( (t − x)t; x) == nW (x)Ln(t2; x) − nW (x)xLn(t; x).� ª ¡ë«® ¯®ª § ® ¢ëè¥, Ln(t; x) = x, ¯®íâ®¬ã ¯®«ãç ¥¬1 = nW (x)Ln(t2; x) − nW (x)x2, ¨«¨ Ln(t2; x) = x2 + 1

nW (x) .� ª¨¬ ®¡à §®¬, Ln ã¤®¢«¥â¢®àï¥â â¥®à¥¬¥ �®à®¢ª¨  (â¥®à¥¬  7), ¢á¨«ã ª®â®à®©
|Ln(f ; x) − f(x)| ≤ 2ω

(

f ; 1
√

nW (x))

,®âªã¤  ¨ á«¥¤ã¥â ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë.
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§2.5 ���������� Ǒ����������������������������� ����������� íâ®¬ ¯ à £à ä¥ à áá¬ âà¨¢ ¥âáï ®á®¡ë© ¢¨¤ «¨¥©ëå ¯®«®�¨â¥«ì-ëå ®¯¥à â®à®¢,  §ë¢ ¥¬ëå á¨£ã«ïàë¬¨ ¨â¥£à « ¬¨.�¥®à¥¬  13. Ǒãáâì Jn(f ; x) = ∫ b

a
f(t)un(t, x) dt { ¯®á«¥¤®¢ â¥«ì®áâì¯®«®�¨â¥«ìëå á¨£ã«ïàëå ¨â¥£à «®¢, â® ¥áâì

un(t, x) ≥ 0 ¤«ï (t, x) ∈ [a, b℄ × [a, b℄ (13.1)lim
n→∞

Jn(1; x) = lim
n→∞

b
∫

a

un(t, x) dt = 1 (13.2)lim
n→∞

x+δ
∫

x−δ

un(t, x) dt = 1 ¤«ï ¢á¥å x ∈ (a, b), δ > 0 (13.3)(δ ≤ min{x − a, b − x}).�á«¨ f ¥¯à¥àë¢    [α, β℄, a < α ≤ x ≤ β < b, ¥¯à¥àë¢  á«¥¢  ¢â®çª¥ α, ¥¯à¥àë¢  á¯à ¢  ¢ â®çª¥ β, ®£à ¨ç¥    [a, b℄ ¨ ãá«®¢¨ï(13.2) ¨ (13.3) ¢ë¯®«ïîâáï à ¢®¬¥à®   [α, β℄, â® ¯®á«¥¤®¢ â¥«ì-®áâì ®¯¥à â®à®¢ Jn áå®¤¨âáï ª f à ¢®¬¥à®   [α, β℄.�®ª-¢®. �®§ì¬¥¬ ¯à®¨§¢®«ì®¥ ç¨á«® ε ∈ (0, 1). �¡®§ ç¨¬
M = sup

a≤x≤b
|f(x)|.�®-¯¥à¢ëå, ¢ á¨«ã ¥¯à¥àë¢®áâ¨ f ,  ©¤¥âáï δ â ª®¥, çâ® ¤«ï x ∈[α, β℄, t ∈ {|t − x| < δ}

|f(t) − f(x)| ≤ ε7 .СА
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47�®-¢â®àëå, ¨§ ãá«®¢¨© (13.2) ¨ (13.3)  ©¤¥âáï ®¬¥à n0 â ª®©, çâ®¤«ï ¢á¥å n ≥ n0 ¡ã¤ãâ ¢ë¯®«ïâáï ¥à ¢¥áâ¢ :
x−δ
∫

a

un(t, x) dt ≤ ε7M

b
∫

x+δ

un(t, x) dt ≤ ε7M

x+δ
∫

x−δ

un(t, x) dt ≤ 1 + ε |
b

∫

a

un(t, x) dt − 1| ≤ ε7M
.�«ï â ª¨å n ¨ δ ¨¬¥¥¬:

|Jn(f ; x)−f(x)| ≤ |Jn(f(t); x)−f(x)Jn(1; x)|+ |f(x)Jn(1; x)−f(x)| ≤
≤

b
∫

a

|f(t) − f(x)|un(t, x) dt + |f(x)|| b
∫

a

un(t, x) dt − 1| ≤
≤

x−δ
∫

a

{|f(t)| + |f(x)|}un(t, x) dt + x+δ
∫

x−δ

|f(t) − f(x)|un(t, x) dt++ b
∫

x+δ

{|f(t)| + |f(x)|}un(t, x) dt + M
ε7M

≤

≤ 2M
ε7M

+ ε7(1 + ε) + 2M
ε7M

+ M
ε7M

< ε,®âªã¤  á«¥¤ã¥â ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë.Ǒà¨¬¥à ª â¥®à¥¬¥ 13. � áá¬®âà¨¬ ®¯¥à â®àë
Jn(f ; x) = n

π

1
∫0 f(t) dt1 + n2(t − x)2 , x ∈ [0, 1℄.Ǒà®¢¥à¨¬ ¢ë¯®«¥¨¥ ãá«®¢¨© â¥®à¥¬ë 13. �á«®¢¨¥ (13.1) ®ç¥¢¨¤®.СА
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48Ǒ®ª �¥¬ (13.2):
Jn(1; x) = n

π

1
∫0 dt1 + n2(t − x)2 = (¢ë¯®«¨¬ § ¬¥ã t = z

n
+ x) == 1

π

n(1−x)
∫

−nx

dz1 + z2 = 1
π

artg z
∣

∣

∣

n(1−x)
−nx

== 1
π
{artg n(1 − x) + artg nx} → 1

π
{π2 + π2 } = 1{ ãá«®¢¨¥ (13.2) ¢ë¯®«¥®. Ǒà®¢¥à¨¬ ¢ë¯®«¥¨¥ ãá«®¢¨ï (13.3):

n

π

x+δ
∫

x−δ

dt1 + n2(t − x)2 = (¢ë¯®«¨¬ § ¬¥ã t = z

n
+ x) == 1

π

nδ
∫

−nδ

dz1 + z2 = 1
π

artg z
∣

∣

∣

nδ

−nδ
== 1

π
{artg nδ + artg nδ} → 1

π
{π2 + π2 } = 1{ ¨ ãá«®¢¨¥ (13.3) â®�¥ ¢ë¯®«¥®. �«¥¤®¢ â¥«ì® Jn → f .�á«®¢¨ï â¥®à¥¬ë 13 ç áâ® ®ª §ë¢ îâáï ¤®áâ â®ç® á«®�ë¬¨ ¤«ï ¯à®-¢¥àª¨. Ǒ.Ǒ.�®à®¢ª¨ ãª § « ¤®áâ â®ç® ®¡éãî ª®áâàãªæ¨î á¨-£ã«ïàëå ¨â¥£à «®¢ ¨  è¥« ¤«ï ¨å «¥£ª® ¯à®¢¥àï¥¬ë¥ ãá«®¢¨ïáå®¤¨¬®áâ¨:�¥®à¥¬  14. (�å®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì®áâ¨ ®¯¥à â®à®¢ �®à®¢ª¨ .)� áá¬®âà¨¬ ®¯¥à â®àë

Kn(f ; x) = 1
Kn

b
∫

a

f(t)φn(t − x) dt,£¤¥ Kn(f ; x) = ∫ c

−c
φn(t) dt,   äãªæ¨ï φ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬:(1) φ { ¥¯à¥àë¢    [−c, c℄, c ≥ b − a;(2) 0 ≤ φ(x) < 1 ¤«ï x ∈ [−c, 0) ∪ (0, c℄;(3) maxx∈[−c,c℄ φ(x) = φ(0) = 1.Ǒ®á«¥¤®¢ â¥«ì®áâì Kn(f ; x) ⇉ f(x)   «î¡®¬ ®âà¥§ª¥, á®¤¥à� é¥¬áï¢ [a, b℄.�®ª § â¥«ìáâ¢® à §®¡ì¥¬   «¥¬¬ë.СА
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49�¥¬¬  1. �«ï 0 < δ < c ®¡®§ ç¨¬ Kn(δ) = ∫ δ

−δ
φn(t) dt, â®£¤ lim

n→∞

Kn

Kn(δ) = 1.�®ª-¢®. �¡®§ ç¨¬ q = max φ(t), t ∈ [−c,−δ℄ ∪ [c, δ℄. Ǒ® ãá«®¢¨î q < 1.�®£¤  0 ≤
−δ
∫

−c

φn(t) dt ≤ qn

−δ
∫

−c

dt < cqn0 ≤
c

∫

δ

φn(t) dt ≤ qn

c
∫

δ

dt < cqn,  â ª ª ª
Kn = −δ

∫

−c

φn(t) dt + c
∫

δ

φn(t) dt + Kn(δ),¯®«ãç ¥¬
Kn(δ) ≤ Kn ≤ Kn(δ) + 2cqn,®âªã¤  1 ≤ Kn

Kn(δ) ≤ 1 + 2cqn

Kn(δ) (14.1)�®§ì¬¥¬ ε = 1−q2 . � ª ª ª φ(0) = 1,  ©¤¥âáï δ1 ∈ (0, δ) â ª®¥, çâ®¤«ï |x| < δ1 ¡ã¤¥â φ(x) > 1 − ε = 1+q2 = q0, ¯à¨ç¥¬ q0 > q. �âªã¤ 
Kn(δ) ≥ Kn(δ1) = δ1

∫

−δ1 φn(t) dt > qn0 δ1
∫

−δ1 dt = 2δ1qn0¨ (14.1) ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥:1 ≤ Kn

Kn(δ) ≤ 1 + cqn

δ1qn0 . (14.2)� â ª ª ª q/q0 < 1, â® limn→∞(q/q0)n = 0 ¨ ¨§ (14.2) á«¥¤ã¥â ãâ¢¥à-�¤¥¨¥ «¥¬¬ë.СА
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50�¥¬¬  2. Ǒãáâì Kn(δ) â® �¥, çâ® ¨ ¢ «¥¬¬¥ 1. �®£¤  ¤«ï x ∈ (a, b)
Kn(δ) ≤ b

∫

a

φn(t − x) dt ≤ Kn.�®ª-¢®. �«ï x ∈ (a, b)  ©¤¥âáï δ â ª®¥, çâ® a + δ ≤ x ≤ b− δ, ®âªã¤ 
a − x ≥ a − (b − δ) = δ − (b − a) ≥ δ − c > −c,

a − x ≤ a − (a + δ) = −δ =⇒
−c < a − x ≤ −δ,¨

b − x ≤ b − (a + δ) = (b − a) − δ ≤ c − δ < c,

b − x ≥ b − (b − δ) = δ =⇒
δ ≤ b − x < c=⇒ δ

∫

−δ

φn(t) dt ≤
b−x
∫

a−x

φn(t) dt ≤
c

∫

−c

φn(t) dt,®âªã¤  á«¥¤ã¥â ãâ¢¥à�¤¥¨¥ «¥¬¬ë.�®ª § â¥«ìáâ¢® â¥®à¥¬ë 14. Ǒ®ª �¥¬, çâ® ¤«ï ®¯¥à â®à®¢ Kn ¢ë¯®«¥-ë ãá«®¢¨ï â¥®à¥¬ë 13. �«ï íâ¨å ¨â¥£à «®¢ un(t, x) = 1
Kn

φn(t− x),¨ ãá«®¢¨¥ (13.1), ®ç¥¢¨¤®, ¢ë¯®«¥®. Ǒ® «¥¬¬¥ 2
Kn(δ)
Kn

≤ 1
Kn

b
∫

a

φn(t − x) dt ≤ 1
‖

Kn(1; x)=⇒ lim
n→∞

Kn(δ)
Kn

≤ lim
n→∞

Kn(1; x) ≤ 1,¨ á ãç¥â®¬ «¥¬¬ë 1 limn→∞ Kn(1; x) = 1, â® ¥áâì ¢ë¯®«¥® ¨ ãá«®¢¨¥(13.2) â¥®à¥¬ë 13. Ǒà®¢¥à¨¬ ãá«®¢¨¥ (13.3):1
Kn

x+δ
∫

x−δ

φn(t − x) dt = 1
Kn

+δ
∫

−δ

φn(t) dt = Kn(δ)
Kn

→ 1 (¯® «¥¬¬¥ �).�âáî¤ , ¢ á¨«ã â¥®à¥¬ë 13 ¯®«ãç ¥¬ âà¥¡ã¥¬®¥.СА
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51Ǒà¨¬¥àë ª â¥®à¥¬¥ 14 (ç áâë¥ á«ãç ¨ ®¯¥à â®à®¢ �®à®¢ª¨ ).10. Ǒãáâì φ(x) = e−x2 , â®£¤  ¯®«ãç ¥¬ ®¯¥à â®àë �¥©¥àèâà áá ;20. Ǒãáâì φ(x) = os2 x2 , â®£¤  ¯®«ãç ¥¬ ®¯¥à â®àë � ««¥-Ǒãáá¥ ;30. Ǒãáâì φ(x) = c2−x2
c2 , â®£¤  ¯®«ãç ¥¬ ®¯¥à â®àë � ¤ ã (á¬. §1.1).
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52
§2.6 ������� ����������Ǒ���������� �Ǒ�������Ǒãáâì ®¯¥à â®à L : C(1) → C(1). �¡®§ ç¨¬ L′(f ; x) = d

dxL(f ; x). �®§¨-ª ¥â ¢®¯à®á: ¥á«¨ Ln(f ; x) → f(x), ¡ã¤¥â «¨ L′
n(f ; x) → f ′(x)?�¥®à¥¬  15. (�á«®¢¨ï áå®¤¨¬®áâ¨ ¯à®¤¨ää¥à¥æ¨à®¢ ®£® ®¯¥à â®-à  ª ¯à®¨§¢®¤®© äãªæ¨¨.) �á«¨ L′

n { ¯®á«¥¤®¢ â¥«ì®áâì «¨¥©ëå®¯¥à â®à®¢, ¤«ï ª®â®àëå   [a, b℄ ¢ë¯®«¥ë ãá«®¢¨ï:¤«ï «î¡®© ¥®âà¨æ â¥«ì®© äãªæ¨¨ f L′
n(f(t)(t − x); x) ≥ 0;(15.1)

L′
n(1; x) = αn(x), £¤¥ αn(x) → 0; (15.2)¤«ï k = 1, 2, 3 L′

n(tk; x) = kxk−1 + βk,n(x), £¤¥ βk,n(x) → 0, (15.3)â® ¤«ï f ∈ C(1)[a; b℄ L′
n(f ; x) → f ′(x)   [a, b℄.�®ª-¢®. �¡®§ ç¨¬ Pn(f ; x) = L′

n(f(t)(t−x); x). �¯¥à â®àë Pn, ®ç¥¢¨¤-®, «¨¥©ë¥ ¨ ¯® (15.1) ¯®«®�¨â¥«ìë¥. Ǒà®¢¥à¨¬ ¤«ï ¨å ¢ë¯®«-¥¨¥ ãá«®¢¨©  «£¥¡à ¨ç¥áª®© â¥®à¥¬ë �®à®¢ª¨ :
Pn(1; x) = Ln(t−x; x) = L′

n(t; x)−xL′
n(1; x) = 1+β1,n(x)−xαn(x) → 1;

Pn(t; x) = L′
n(t(t − x); x) = L′

n(t2; x) − xL′
n(t; x) == 2x + β2,n(x) − x(1 + β1,n(x)) = x + β2,n(x) − xβ1,n(x) → x;

Pn(t2; x) = L′
n(t2(t − x); x) = L′

n(t3; x) − xL′
n(t2; x) == 3x2 + β3,n(x) − x(2x + β2,n(x)) = x2 + β3,n(x) − β2,n(x) → x2.� ª¨¬ ®¡à §®¬ Pn(f ; x) → f(x) ¤«ï f ∈ C[a, b℄ ¨, â¥¬ ¡®«¥¥, ¤«ï

f ∈ C(1)[a, b℄. Ǒ® ä®à¬ã«¥ �¥©«®à  f(t) = f(x)+f ′(x)(t−x)+ δ(t)(t−СА
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53
x), £¤¥ δ(t) { ®£à ¨ç¥ ï ¥¯à¥àë¢ ï äãªæ¨ï, ¯à¨ç¥¬ δ(x) = 0.Ǒ®íâ®¬ã

L′
n(f(t); x) = f(x)L′

n(1; x) + f ′(x)L′
n(t; x) − xf ′(x)L′

n(1; x)+= L′
n(δ(t)(t − x); x) == f(x)αn(x)+f ′(x)(1+β1,n(x))−xf ′(x)αn(x)+Pn(δ(t); x) → f ′(x),çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.�¥®à¥¬  16. (�á«®¢¨ï áå®¤¨¬®áâ¨ ¯à®¤¨ää¥à¥æ¨à®¢ ®£® ®¯¥à â®-à  ª äãªæ¨¨, ¨¬¥îé¥© ®¤®áâ®à®¨¥ ¯à®¨§¢®¤ë¥.) �á«¨ {L′

n} {¯®á«¥¤®¢ â¥«ì®áâì «¨¥©ëå ®¯¥à â®à®¢, ¤«ï ª®â®àëå   [a, b℄ ¢ë-¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 15, â® ¤«ï äãªæ¨¨ f , ¨¬¥îé¥© «¥¢ãî¯à®¨§¢®¤ãî f ′(x − 0) ¨ ¯à ¢ãî ¯à®¨§¢®¤ãî f ′(x + 0)
L′

n(f ; x) → pf ′(x − 0) + (1 − p)f ′(x + 0),£¤¥
p = lim

n→∞
L′

n(χ(t); x), χ(t) = {

t − x, ¥á«¨ t ≤ x;0, ¥á«¨ t > x.�®ª-¢®. �¡®§ ç¨¬ φ(t) = f(t) − f ′(x − 0)χ(t) + f ′(x + 0)(χ(t) − t).� áá¬®âà¨¬
φ(t) − φ(x)

t − x
= f(t) − f(x)

t − x
− f ′(x − 0)χ(t) − χ(x)

t − x
++ f ′(x + 0){χ(t) − χ(x)

t − x
− t − x

t − x

}== f(t) − f(x)
t − x

− f ′(x − 0) χ(t)
t − x

+ f ′(x + 0) χ(t)
t − x

− f ′(x + 0).�«ï t ≤ x χ(t) = t−x ¨ φ(t) − φ(x)
t − x

= f(t) − f(x)
t − x

−f ′(x−0) =⇒®âªã¤  φ′(x − 0) = lim
t→x−0 φ(t) − φ(x)

t − x
= f ′(x − 0) − f ′(x − 0) = 0�«ï t > x χ(t) = 0 ¨ φ(t) − φ(x)

t − x
= f(t) − f(x)

t − x
− f ′(x + 0) =⇒®âªã¤  φ′(x + 0) = lim

t→x+0 φ(t) − φ(x)
t − x

= f ′(x + 0) − f ′(x + 0) = 0СА
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54� ª ª ª φ′(x − 0) = φ′(x + 0) = 0, â® áãé¥áâ¢ã¥â φ′(x) = 0, á«¥¤®¢ -â¥«ì® äãªæ¨ï φ ã¤®¢«¥â¢®àï¥â â¥®à¥¬¥ 15, ¢ á¨«ã ª®â®à®©lim
n→∞

L′
n(φ(t); x) = φ′(x) = 0 =⇒lim

n→∞

{

L′
n(f(t); x) − f ′(x − 0)L′

n(χ(t); x)++ f ′(x + 0)(L′
n(χ(t); x) − L′

n(t; x))}= 0 =⇒lim
n→∞

L′
n(f(t); x) = f ′(x − 0) lim

n→∞
L′

n(χ(t); x)++ f ′(x + 0)(1 − lim
n→∞

L′
n(χ(t); x)) == pf ′(x − 0) + (1 − p)f ′(x + 0),çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.
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����� 3.Ǒ������ Ǒ����������Ǒ��������������������������� Ǒ������������ �Ǒ��������

§3.1 � Ǒ������ Ǒ�����������Ǒ��������� �����������«ï ®¯¥à â®à®¢ �¥àèâ¥© :
Bn(f ; x) = n

∑

k=0 f

(

k

n

) (

n

k

)

xk(1 − x)n−k¡ë«® ¯®ª § ®, çâ® ¤«ï f ∈ C[0, 1℄ ¡ã¤¥â ‖Bn(f ; x)−f‖ ≤ 2ω(f,
12√n

).� â®çª¨ §à¥¨ï â¥®à¥¬ ��¥ªá®  íâ® ¤ «¥ª® ¥  ¨«ãçè¨© ¯®àï¤®ª¯à¨¡«¨�¥¨ï.� ª ª ª ω(f ; δ) ≤ ‖f ′‖δ, ¨§ ¯®á«¥¤¥£® ¥à ¢¥áâ¢  ¯®«ãç ¥¬, çâ® ¤«ï
f ∈ C1[0, 1℄ ‖Bn(f ; x) − f‖ ≤ onst√

n
, â® ¥áâì ¯®àï¤®ª ¯à¨¡«¨�¥¨ï®¯¥à â®à ¬¨ �¥àèâ¥©  ¤¨ää¥à¥æ¨àã¥¬ëå äãªæ¨© ¯® ªà ©¥©¬¥à¥ 1/

√
n, çâ® «ãçè¥, ç¥¬ ¤«ï ¥¯à¥àë¢ëå.� ª �¥ ¡ë«® ¯®ª § ®, çâ® ¤«ï f(t) = t2 ¡ã¤¥â Bn(t2; x) = x2 + x(1 − x)

n
.�® ¨ 1/n, á â®çª¨ §à¥¨ï â¥®à¥¬ ��¥ªá® , ¥  ¨«ãçè¨© ¢®§¬®�ë©¯®àï¤®ª   ª« áá¥ C2.�®§¨ª ¥â ¢®¯à®á: ¬®�¥â «¨ ¡ëâì ã«ãçè¥  íâ  ®æ¥ª , å®âï ¡ë ¤«ï ¡®-«¥¥ "å®à®è¨å" á â®çª¨ §à¥¨ï ¤¨ää¥à¥æ¨àã¥¬®áâ¨ äãªæ¨©? �â¢¥â  íâ®â ¢®¯à®á ¤ ¥â á«¥¤ãîé ïСА
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56�¥®à¥¬  17. (�¥®à¥¬  �®à®®¢áª®©) �á«¨ f ∈ C2[0, 1℄, â®lim
n→∞

n
Bn(f ; x) − f(x)

x − x2 = 12f ′′(x).(�® ¥áâì ¤ �¥ ¥á«¨ ¬ë ¢®§ì¬¥¬ ¤¢ �¤ë ¤¨ää¥à¥æ¨àã¥¬ãî äãª-æ¨î (ªà®¬¥ «¨¥©®©, ã ª®â®à®© f ′′(x) = 0), â® ¯®àï¤®ª ¯à¨¡«¨�¥¨ï¥¥ ¯®á«¥¤®¢ â¥«ì®áâìî ®¯¥à â®à®¢ �¥àèâ¥©  ¡ã¤¥â ¥ «ãçè¥ 1/n,  ¯® â¥®à¥¬¥ ��¥ªá®  áãé¥áâ¢ãîâ ¯®«¨®¬ë, ¤«ï ª®â®àëå ¯®àï¤®ª¯à¨¡«¨�¥¨ï ¤¢ �¤ë ¤¨ää¥à¥æ¨àã¥¬®© äãªæ¨¨ ¯® ªà ©¥© ¬¥à¥1/n2).�®ª § â¥«ìáâ¢® â¥®à¥¬ë à §®¡ì¥¬   «¥¬¬ë.�¥¬¬  1. �¡®§ ç¨¬
αn(δ) = ∑

|k/n−x|≥δ

(

n

k

)

xk(1 − x)n−k.�®£¤  limn→∞ nαn(δ) = 0.�®ª-¢®. �§ ¬ â¥¬ â¨ç¥áª®£®   «¨§  ¨§¢¥áâ® ¥à ¢¥áâ¢® �â¨à«¨£ :
(n

e

)n

≤ n! ≤ (n

e

)n

en =⇒
(n

k

)

xk(1 − x)n−k = n!
k!(n − k)!xk(1 − x)n−k ≤

≤ nne−nen

kke−k(n − k)n−ke−n+k
xk(1 − x)n−k == nknn−ken

kk(n − k)n−k
xk(1 − x)n−k = en

(nx

k

)k
(

n(1 − x)
n − k

)n−k == en

{

(

x

k/n

)k/n ( 1 − x1 − k/n

)1−k/n
}n

.� áá¬®âà¨¬ äãªæ¨î y(t) = (x

t

)t
(1 − x1 − t

)1−t. Ǒ®¤áç¨â ¥¬ ¥¥ ¯à®-¨§¢®¤ãî:
y′(t) = (x

t

)t
(1 − x1 − t

)1−t
{

t ln x

t
+ (1 − t) ln 1 − x1 − t

}′== (x

t

)t
(1 − x1 − t

)1−t ln{x

t

1 − t1 − x

}

,
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57®âªã¤  y′(t) > 0 ¥á«¨ x

t

1 − t1 − x
> 1 ¨«¨ x(1−t) > t(1−x), x−xt > t−tx,

t < x. �®®â¢¥âáâ¢¥®, y′(t) < 0 ¥á«¨ t > x. �«¥¤®¢ â¥«ì®, t = x {â®çª  max äãªæ¨¨ y, ¯®íâ®¬ã y(t) ≤ y(x) = 1.�«ï k/n ≥ x + δ ¨¬¥¥¬ y(k/n) ≤ y(x + δ) = q1(δ) < 1�«ï k/n ≤ x − δ ¨¬¥¥¬ y(k/n) ≤ y(x − δ) = q2(δ) < 1� ª¨¬ ®¡à §®¬ ¤«ï |k/n − x| ≥ δ ¯®«ãç ¥¬
(

n

k

)

xk(1 − x)n−k ≤ enqn, £¤¥ q < 1 =⇒
αn(δ) ≤ ∑

|k/n−x|≥δ

enqn ≤ en2qn =⇒
nαn(δ) ≤ en3qn =⇒ lim

n→∞
nαn(δ) ≤ lim

n→∞
en3qn = e lim

n→∞

n3
q−n

=(âà¨�¤ë ¯à¨¬¥ï¥¬ ¯à ¢¨«® �®¯¨â «ï)= e lim
n→∞

6
q−n ln3 q

= 6eln3 q
lim

n→∞
qn = 0,çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.�¥¬¬  2. Ǒãáâì f { ¥¯à¥àë¢ ï äãªæ¨ï, g(t) = (t − x)2 ¨lim

t→x

f(t) − f(x)
g(t) = A,â®£¤  lim

n→∞

Bn(f(t); x) − f(x)
Bn(g(t); x) = A.�®ª-¢®. lim

t→x

f(t) − f(x)
g(t) = A =⇒

∀ε > 0 ∃δ : ¤«ï |t − x| < δ

∣

∣

∣

∣

f(t) − f(x)
g(t) − A

∣

∣

∣

∣

< ε =⇒¤«ï |t − x| < δ g(t)(A − ε) < f(t) − f(x) < g(t)(A + ε) (17.1)Ǒãáâì M = max|t−x|≥δ |f(t) − f(x)|, â®£¤ ¤«ï |t − x| ≥ δ − M ≤ f(t) − f(x) ≤ M (17.2)СА
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58�¡®§ ç¨¬
λδ(t) = { 0, ¥á«¨ |t − x| < δ;1, ¥á«¨ |t − x| ≥ δ,â®£¤  (17.1) ¨ (17.2) ¬®�® § ¯¨á âì ¢ ¢¨¤¥:(1 − λδ(t))g(t)(A − ε) − λδ(t)M < f(t) − f(x) <

< (1 − λδ(t))g(t)(A + ε) + λδ(t)M ¤«ï ¢á¥å t.�á¨«¨¬ ¯®«ãç¥ë¥ ¥à ¢¥áâ¢ :
g(t)(A − ε) − λδ(t)‖g‖(|A| + ε) − λδ(t)M < f(t) − f(x) <

< g(t)(A + ε) + λδ(t)‖g‖(|A| + ε) + λδ(t)M =⇒(A − ε)Bn(g(t); x) − {‖g‖(|A| + ε) + M}Bn(λδ(t); x) <

< Bn(f(t); x) − f(x)Bn(1; x) <

< (A + ε)Bn(g(t); x) + {‖g‖(|A| + ε) + M}Bn(λδ(t); x) =⇒
A − ε − an <

Bn(f(t); x) − f(x)
Bn(g(t); x) < A + ε + an,£¤¥ an = {‖g‖(|A| + ε) + M}Bn(λδ(t); x)
Bn(g(t); x) . �âªã¤ 

∣

∣

∣

∣

Bn(f(t); x) − f(x)
Bn(g(t); x) − A

∣

∣

∣

∣

< ε + an�®-¯¥à¢ëå, Bn(λδ(t); x) = αn(δ) ¨§ «¥¬¬ë 1. �®-¢â®àëå,
Bn(g(t); x) = Bn(t2; x) − 2xBn(t; x) + x2Bn(1; x) =(á¬. ¯à¨¬¥à ª â¥®à¥¬¥ 7)= x2 + x(1 − x)

n
− 2x2 + x2 = x(1 − x)

n
,®âªã¤  ¯®«ãç ¥¬, çâ® an = onst nαn(δ)

x(1 − x) ¨ ¯® «¥¬¬¥ 1 limn→∞ an = 0.�«¥¤®¢ â¥«ì®
∀ε > 0 ∃n0 : ∀n > n0 ∣

∣

∣

∣

Bn(f(t); x) − f(x)
Bn(g(t); x) − A

∣

∣

∣

∣

< 2ε,®âªã¤  ¨ á«¥¤ã¥â ãâ¢¥à�¤¥¨¥ «¥¬¬ë.СА
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59�®ª § â¥«ìáâ¢® â¥®à¥¬ë 17. �¡®§ ç¨¬ φ(t) = f(t) − tf ′(x). �®£¤ lim
t→x

φ(t) − φ(x)(t − x)2 = lim
t→x

f(t) − tf ′(x) − f(x) + xf ′(x)(t − x)2 = (00) == lim
t→x

f ′(t) − f ′(x)2(t − x) = 12f ′′(x)¨ ¯® «¥¬¬¥ 2 lim
n→∞

Bn(φ(t); x) − φ(x)
Bn((t − x)2; x) = 12f ′′(x). (17.3)Ǒ®áª®«ìªã, ª ª ¡ë«® ¯®¤áç¨â ® ¢ «¥¬¬¥ 2, Bn((t−x)2; x) = x(1 − x)

n
,¨

Bn(φ(t); x) − φ(x) = Bn(f(t); x) − f ′(x)Bn(t; x) − f(x) + xf ′(x) == Bn(f ; x) − f(x),á®®â®è¥¨¥ (17.3) ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥lim
n→∞

n
Bn(f ; x) − f(x)

x − x2 = 12f ′′(x),çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.
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60
§3.2 Ǒ������ Ǒ���������� ��Ǒ��������� ���������������� �������� ¯à¥¤ë¤ãé¥¬ ¯ à £à ä¥ ¡ë« à áá¬®âà¥ ¯®àï¤®ª ¯à¨¡«¨�¥¨ï ®¯¥à -â®à ¬¨ �¥àèâ¥© , ª®â®àë¥ ï¢«ïîâáï ç áâë¬ á«ãç ¥¬ ¡®«¥¥ ®¡-é¨å ª®áâàãªæ¨© ®¯¥à â®à®¢,  ¯à¨¬¥à, à áá¬®âà¥ëå ¢ §2.4. �¯¥-à â®àë �¥àèâ¥© , ¥á®¬¥®, á ¬ë¥ ¨§¢¥áâë¥ ¨ ¨§ãç ¥¬ë¥ ¨§«¨¥©ëå ¯®«®�¨â¥«ìëå ®¯¥à â®à®¢,   â¥®à¥¬  �®à®®¢áª®© { ª« á-á¨ç¥áª ï â¥®à¥¬  â¥®à¨¨ ¯à¨¡«¨�¥¨ï, ¯®íâ®¬ã ¨¬ ¡ë«® ã¤¥«¥® ®â-¤¥«ì®¥ ¢¨¬ ¨¥. Ǒ®¤®¡ë¥ à¥§ã«ìâ âë ¬®�® ¯®«ãç¨âì ¨ ¤«ï ¤àã-£¨å ®¯¥à â®à®¢. � íâ®¬ ¯ à £à ä¥ ¡ã¤ãâ  ©¤¥ë ¯®àï¤ª¨ ¯à¨¡«¨-�¥¨ï ®¯¥à â®à ¬¨ ª« áá  W , ® ¬¥â®¤ ¤®ª § â¥«ìáâ¢  ¬®�¥â ¡ëâì¯à¨¬¥¥ ¨ ª ¤àã£¨¬ ¯®á«¥¤®¢ â¥«ì®áâï¬ «¨¥©ëå ¯®«®�¨â¥«ìëå®¯¥à â®à®¢.�¥®à¥¬  18. Ǒãáâì f ®¯à¥¤¥«¥    [a; b℄, ¨ Ln(f ; x) { ¯®á«¥¤®¢ â¥«ì-®áâì «¨¥©ëå ¯®«®�¨â¥«ìëå ®¯¥à â®à®¢ ª« áá  W , â® ¥áâì ã¤®-¢«¥â¢®àï¥â ãá«®¢¨ï¬:

Ln(1; x) = 1 (18.1)
Ln( (t − x)f(t); x) = v(x)

n

d

dx
Ln(f(t); x), (18.2)£¤¥ v(x)   «¨â¨ç¥áª ï ¯®«®�¨â¥«ì ï äãªæ¨ï, ¯à¨¨¬ îé ï
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61¥®âà¨æ â¥«ìë¥ § ç¥¨ï   [a; b℄.�á«¨ f ∈ C[a; b℄ , â®
|Ln(f ; x)−f(x)| ≤ 2ω

(

f ; 1√
n

)

(1 + √

v(x)) (18.3)�á«¨ f ∈ C1[a; b℄, â®
|Ln(f ; x) − f(x)| ≤ ω

(

f ′; 1√
n

)

v(x) + √

v(x)√
n (18.4)�á«¨ f ∈ C2[a; b℄, â®

|Ln(f ; x) − f(x)| ≤ ω

(

f ′′; 1√
n

)

V (x)
n

+ ‖f ′′‖v(x)2n
,(18.5)£¤¥ V (x) ¥ª®â®à ï   «¨â¨ç¥áª ï äãªæ¨ï, ¢ëà � ¥¬ ï ç¥à¥§ v(x).�á«¨ f ∈ C2[a; b℄, â® lim

n→∞
n
(

Ln(f ; x) − f(x)) = 12f ′′(x)v(x) (18.6)(� ª ¢¨¤® ¨§ ¥à ¢¥áâ¢ (18.3), (18.4), (18.5) ¯®àï¤®ª ¯à¨¡«¨�¥¨ï¤«ï ¤¨ää¥à¥æ¨àã¥¬ëå äãªæ¨© «ãçè¥, ç¥¬ ¤«ï ¥¯à¥àë¢ëå,  ¤«ï ¤¢ �¤ë ¤¨ää¥à¥æ¨àã¥¬ëå { ç¥¬ ¤«ï ¤¨ää¥à¥æ¨àã¥¬ëå. � ¨§á®®â®è¥¨ï (18.6) ª®â®à®¥ ï¢«ï¥âáï   «®£®¬ â¥®à¥¬ë �®à®®¢áª®©,á«¥¤ã¥â, çâ® ¯à¨ ¤ «ì¥©è¥¬ ¯®¢ëè¥¨¨ £« ¤ª®áâ¨ äãªæ¨© ¯®àï¤®ª¯à¨¡«¨�¥¨ï ã�¥ ¥ ã«ãçè ¥âáï.)�®ª-¢® (18.3). � ª ¡ë«® ãáâ ®¢«¥® ¢ §2.4 Ln(t; x) = x ¨ Ln(t2; x) =
x2 + v(x)

n
. Ǒà¨¬¥ïï â¥®à¥¬ã 7, ¯®«ãç ¥¬, çâ®

|Ln(f ; x) − f(x)| ≤ 2ω

(

f ; √v(x)
n

)

≤ 2ω

(

f ; 1√
n

)

(1 + √

v(x))¨ (18.3) ¤®ª § ®.
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62�®ª-¢® (18.4). Ǒãáâì â¥¯¥àì f ∈ C1[0, 1℄. Ǒ® ä®à¬ã«¥ � £à �  f(t) −
f(x) = f ′(ξ)(t − x), £¤¥ ξ «¥�¨â ¬¥�¤ã t ¨ x. �âªã¤ 

f(t) − f(x) = f ′(x)(t − x) + [f ′(ξ) − f ′(x)℄(t − x),
Ln(f(t) − f(x); x) = f ′(x)Ln(t − x; x) + Ln([f ′(ξ) − f ′(x)℄(t − x); x).(18.7)�á«¨ |ξ − x| >

1√
n

, â®
|f(ξ) − f(x)| ≤ ω(f ; |ξ − x|) = ω(f ; 1√

n
·
√

n|ξ − x|) ≤
≤ (1 + √

n|ξ − x|)ω(f ; 1√
n

) ≤ (1 + √
n|t − x|)ω(f ; 1√

n
).�á«¨ |ξ − x| ≤ 1√

n
, â® |f(ξ)− f(x)| ≤ ω(f ; |ξ − x|) ≤ ω(f ; 1√

n
), ¨ ¢ «î¡®¬á«ãç ¥ ¬®�® ãâ¢¥à�¤ âì, çâ®

|f(ξ) − f(x)| ≤ (1 + √
n|t − x|)ω(f ; 1√

n
) (18.8)� ª ª ª

Ln(1; x) = 1,

Ln(t − x; x) = Ln(t; x) − xLn(1; x) = x − x = 0 ¨
Ln

((t − x)2; x) = Ln(t2; x) − 2xLn(t; x) + x2Ln(1; x) == x2 + v(x)
n

− 2x2 + x2 = v(x)
n¨§ (18.7) ¨ (18.8) ¯®«ãç ¥¬, çâ®

|Ln(f(t); x) − f(x)| = |Ln(f(t); x) − f(x)Ln(1; x)| == |Ln(f(t) − f(x); x)| ≤ Ln(|f ′(ξ) − f ′(x)| |t − x|; x)≤
≤ Ln

((1 + √
n|t − x|)|t − x|; x)

ω(f ′; 1√
n

) == ω(f ′; 1√
n

) [

Ln(|t − x|; x) + √
nLn((t − x)2; x)] ≤

≤ ω
(

f ′; 1√
n

)[

√

Ln((t − x)2; x)Ln(1; x) + √
nLn((t − x)2; x)] == ω

(

f ′; 1√
n

)

√

v(x) + v(x)√
n¨ (18.4) ¤®ª § ®.СА
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63�®ª-¢® (18.5). Ǒãáâì â¥¯¥àì f ∈ C2[0, 1℄. Ǒ® ä®à¬ã«¥ �¥©«®à 
f(t) = f(x) + f ′(x)(t− x) + 12f ′′(x)(t− x)2 + 12 (f ′′(ξ) − f ′′(x)) (t− x)2,£¤¥ ξ «¥�¨â ¬¥�¤ã t ¨ x. �âªã¤ 

Ln(f(t) − f(x); x) == f ′(x)Ln(t − x; x) + f ′′(x)2 Ln((t − x)2; x)++ 12Ln

([f ′′(ξ) − f ′′(x)℄(t − x)2; x) == f ′′(x)v(x)2n
+ 12Ln

([f ′′(ξ) − f ′′(x)℄(t − x)2; x)

, (18.9)®âªã¤  ¨ ¨§ (18.8) ¯®«ãç ¥¬
|Ln(f(t); x) − f(x)| ≤ ‖f ′′‖v(x)2n

+ 12Ln(|f ′′(ξ) − f ′′(x)| (t − x)2; x) ≤
≤ ‖f ′′‖v(x)2n

+ 12Ln

((1 + √
n|t − x|)(t − x)2; x)

ω(f ′′; 1√
n

) == ‖f ′′‖v(x)2n
+ 12ω(f ′′; 1√

n
)[Ln((t − x)2; x)++ √

nLn(|t − x|(t − x)2; x)] ≤(¯à¨¬¥ï¥¬ ª ¯®á«¥¤¥¬ã á« £ ¥¬®¬ã ¥à ¢¥áâ¢® �®è¨-�ãïª®¢áª®£®)
≤ ‖f ′′‖v(x)2n

+ 12ω
(

f ′′; 1√
n

)[

Ln((t − x)2; x)++ √
n
√

Ln((t − x)2; x)Ln((t − x)4; x)] (18.10)� ª ã�¥ ®â¬¥ç «®áì, Ln((t − x)2; x) = v(x)
n

.Ǒ®¤áç¨â ¥¬ Ln((t − x)4; x). �§ (18.2) á«¥¤ã¥â, çâ®
Ln(tk; x) = xLn(tk−1; x) + v(x)

n

d

dx
Ln(tk−1; x),СА
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64¯®íâ®¬ã, ¯®áª®«ìªã Ln(t2; x) = x2 + v(x)
n

Ln(t3; x) = x3 + 3xv(x)
n

+ v(x)v′(x)
n2¨

Ln(t4; x) = x

(

x3 + 3xv(x)
n

+ v(x)v′(x)
n2 ) ++ v(x)

n

(

x3 + 3xv(x)
n

+ v(x)v′(x)
n2 )′ == x4 + 6x2v(x)

n
+ 4xv(x)v′(x) + 3v2(x)

n2 + v(x)v′2(x) + v2(x)v′′(x)
n3Ǒ®íâ®¬ã

Ln((t − x)4; x) = Ln(t4; x) − 4xLn(t3; x) + 6x2Ln(t2; x)−
− 4x3Ln(t; x) + x4Ln(1; x) == 3v2(x)

n2 + v(x)v′2(x) + v2(x)v′′(x)
n3Ǒ®¤áâ ¢«ïï ¯®«ãç¥ë¥ ¢ëà �¥¨ï ¢ (18.10), ¯®«ãç ¥¬

|Ln(f(t); x) − f(x)| ≤
≤ ‖f ′′‖v(x)2n

+ 12ω
(

f ′′; 1√
n

)

(

v(x)
n

++ √

v(x)√3v2(x)
n2 + v(x)v′2(x) + v2(x)v′′(x)

n3 ) == ‖f ′′‖v(x)2n
+ 1

n
ω
(

f ′′; 1√
n

)

(

v(x)2 ++ √

v(x)2 √3v2(x) + v(x)v′2(x) + v2(x)v′′(x)
n

)¨ (18.5) ¤®ª § ®.СА
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65�®ª-¢® (18.6). � ª á«¥¤ã¥â ¨§ (18.9)
Ln(f(t) − f(x); x) − f ′′(x)v(x)2n

= 12Ln

([f ′′(ξ) − f ′′(x)℄(t − x)2; x)

,£¤¥ ξ «¥�¨â ¬¥�¤ã t ¨ x. Ǒà®¢®¤ï â ª¨¥ �¥ à ááã�¤¥¨ï, ª ª ¨ ¯à¨¤®ª § â¥«ìáâ¢¥ (18.5), ¯®«ãç ¥¬
∣

∣

∣
Ln(f(t); x) − f(x) − f ′′(x)v(x)2n

∣

∣

∣
≤

≤ 1
n

ω
(

f ′′; 1√
n

)

(

v(x)2 + √

v(x)2 √3v2(x) + v(x)v′2(x) + v2(x)v′′(x)
n

)¨«
∣̈

∣

∣
n
(

Ln(f(t); x) − f(x)) − 12f ′′(x)v(x)∣∣
∣
≤

≤ ω
(

f ′′; 1√
n

)

(

v(x)2 + √

v(x)2 √3v2(x) + v(x)v′2(x) + v2(x)v′′(x)
n

)� ¯®á«¥¤¥¬ ¥à ¢¥áâ¢¥ ¯à ¢ ï ç áâì áâà¥¬¨âáï ª ã«î ¯à¨ n → ∞,§ ç¨â ¨ «¥¢ ï ç áâì áâà¥¬¨âáï ª ã«î, ®âªã¤  ¨ á«¥¤ã¥â ¯®á«¥¤¥¥ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë.
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66
§3.3 ��������� ��������� Ǒ������Ǒ���������� Ǒ�������������������������� Ǒ������������ �Ǒ��������� ª ¡ë«® ¯®ª § ® ¢ $3.1-3.2, ®¯¥à â®àë �¥àèâ¥©  "¯«®å¨¥" ¢ á¬ëá-«¥ ¯®àï¤ª  ¯à¨¡«¨�¥¨ï. �®£ãâ «¨ ¤àã£¨¥ «¨¥©ë¥ ¯®«®�¨â¥«ì-ë¥ ®¯¥à â®àë ¤ ¢ âì ¯®àï¤®ª ¯à¨¡«¨�¥¨ï, ãª § ë© ¢ â¥®à¥¬ å��¥ªá® ? � íâ®¬ ¯ à £à ä¥ ¡ã¤¥â ¯®«ãç¥ ®â¢¥â   íâ®â ¢®¯à®á.�¥®à¥¬  19 (�®à®¢ª¨) Ǒãáâì Ln {«¨¥©ë¥ ¯®«®�¨â¥«ìë¥ ®¯¥à â®-àë, ®¯à¥¤¥«¥ë¥   C2π. �®£¤ lim

n→∞
n2{‖Ln(1; x) − 1‖ + ‖Ln(os t; x) − os x‖++ ‖Ln(sin t; x) − sin x‖

}

6= 0(â.¥. ¯®àï¤®ª ¯à¨¡«¨�¥¨ï âà¨£®®¬¥âà¨ç¥áª¨¬¨ «¨¥©ë¬¨ ¯®«®-�¨â¥«ìë¬¨ ®¯¥à â®à ¬¨ ¥ «ãçè¥, ç¥¬ 1
n2 ).�®ª § â¥«ìáâ¢® à §®¡ì¥¬   «¥¬¬ë, ®¡®§ ç¨¢

an = ‖Ln(1; x) − 1‖
bn = ‖Ln(os t; x) − os x‖
cn = ‖Ln(sin t; x) − sin x‖�¥¬¬  1. ‖Ln(| sin t|; x) − | sin x|‖ ≤

√2‖Ln(1; x)‖√an + bn + cn + an�®ª-¢®.
|Ln(| sin t|; x) − | sin x| | ≤

≤ |Ln(| sin t|; x) − Ln(| sin x|; x)| + |Ln(| sin x|; x) − | sin x| | ≤
≤ Ln(| | sin t| − | sin x| |; x) + |Ln(1; x) − 1| ≤â.ª. | | sin t| − | sin x| | ≤ | sin t − sin x| = |2 os t + x2 sin t − x2 | ≤

≤ 2| sin t − x2 |, ¯®«ãç ¥¬
≤ 2Ln(| sin t − x2 |; x) + an ≤ 2√

Ln(sin2 t − x2 ; x)√Ln(1; x) + an(19.1)СА
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67�æ¥¨¬ ®â¤¥«ì® ¯¥à¢®¥ ¯®¤ª®à¥®¥ ¢ëà �¥¨¥:
Ln(sin2 t − x2 ; x) = Ln(1 − os(t − x)2 ; x) == 12Ln(1 − os t os x − sin t sin x) == 12 {Ln(1; x) − os xLn(os t; x) − sin xLn(sin t; x)} == 12{

Ln(1; x) − 1 + os x(os x − Ln(os t; x) )++ sin x(sin x − Ln(sin t; x) )} ≤ 12{an + bn + cn}¨, ¯®¤áâ ¢«ïï íâã ®æ¥ªã ¢ (19.1), ¯®«ãç¨¬ âà¥¡ã¥¬®¥.�¥¬¬  2. Ǒãáâì Vn { áã¬¬ë � ««¥-Ǒãáá¥ , â®£¤ 
|Vn(| sin t|; 0)| >

1
πn

.�®ª-¢®. � §«®�¨¬ | sin t| ¢ àï¤ �ãàì¥:
a0 = 1

π

π
∫

−π

| sin t| dt = 2
π

π
∫0 sin x dx = 4

π
;

ak = 1
π

π
∫

−π

| sin t| os kt dt = 2
π

π
∫0 sin t os kt dt == 1

π

π
∫0 {sin(k + 1)t − sin(k − 1)t} dt == 1

π

{

−os(k + 1)π
k + 1 + 1

k + 1 + os(k − 1)π
k − 1 − 1

k − 1} == {

k ç¥â®¥ 1
π

{ 2
k+1 − 2

k−1}= − 4
π(k2−1) ,

k ¥ç¥â®¥ 1
π{0 + 0} = 0;

bk = 1
π

π
∫

−π

| sin t| sin kt dt = 0 (¢ á¨«ã ç¥â®áâ¨ äãªæ¨¨).СА
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68� ª¨¬ ®¡à §®¬ ç áâ ï áã¬¬  àï¤  �ãàì¥ ¤«ï äãªæ¨¨ | sin t| ¨¬¥¥â¢¨¤: �n(| sin t|; x) = 2
π
− 4

π

[n/2℄
∑

k=1 os 2kx4k2 − 1 (19.2)�§ (19.2) á«¥¤ã¥â, ¢®-¯¥à¢ëå,�2n−1(| sin t|; 0) = 2
π
− 4

π

n−1
∑

k=1 12 { 12k − 1 − 12k + 1} == 2
π
− 42π

{1 − 13 + 13 − 15 + ... + 12(n − 1) − 1 − 12(n − 1) + 1} == 2
π

12n − 1 = 1
π(n − 1/2) >

1
πn

,¢®-¢â®àëå, �n ã¡ë¢ ¥â á à®áâ®¬ n, á«¥¤®¢ â¥«ì® ¤«ï k ≤ 2n − 1�k(| sin t|; 0) > 1
πn . Ǒ®íâ®¬ã

Vn(| sin t|; 0) = 1
n

2n−1
∑

k=n

�k(| sin t|; 0) >
1
n

2n−1
∑

k=n

1
πn

= 1
πn

,çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.�¥¬¬  3. ET
n (| sin x|) > 14πn .�®ª-¢®. Ǒãáâì tn { ¬®£®ç«¥ ¯®àï¤ª  ¥ ¢ëè¥ n,  ¨¬¥¥¥ ãª«®ïî-é¨©áï ®â äãªæ¨¨ | sin x|. �®£¤  ¤«ï áã¬¬ � ««¥-Ǒãáá¥  Vn(tn; x) ≡

tn(x). Ǒ®íâ®¬ã
‖Vn(| sin t|; x) − | sin x| ‖ ≤

≤ ‖Vn(| sin t|; x) − Vn(tn; x)‖ + ‖tn(x) − | sin x| ‖ == ‖Vn(| sin t| − tn; x)‖ + ‖tn(x) − | sin x| ‖ =â.ª. ¯® á¢®©áâ¢ã áã¬¬ � ««¥ − Ǒãáá¥  ‖Vn(f ; x)‖ ≤ 3‖f‖,= 3‖ | sin x|−tn‖+‖tn(x)−| sin x| ‖ = 4‖tn(x)−| sin x| ‖ = 4En(| sin x|).�âªã¤  ¯®«ãç ¥¬
En(| sin x|) ≥ 14‖Vn(| sin t|; x) − | sin x| ‖ ≥ 14 |Vn(| sin t|; 0) − | sin 0| | == 14 |Vn(| sin t|; 0)| >

14πn
,çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.СА
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69�®ª § â¥«ìáâ¢® â¥®à¥¬ë 19. Ǒãáâì n2(an + bn + cn) → 0. �§ «¥¬¬ 1 ¨ 2¨¬¥¥¬14πn
< ET

n (| sin x|) ≤ ‖Ln(| sin t|; x) − | sin x| ‖ ≤

≤
√2‖Ln(1; x)‖√an + bn + cn + an,®âªã¤  14π

<
√2‖Ln(1; x)‖√n2(an + bn + cn) + nan� ¯®«ãç¥®¬ ¥à ¢¥áâ¢¥ ¯à ¢ ï ç áâì áâà¥¬¨âáï ª ã«î ¯à¨ n →

∞,   «¥¢ ï { áâà®£® ¯®«®�¨â¥«ì ï ª®áâ â . Ǒ®«ãç¥®¥ ¯à®â¨¢®-à¥ç¨¥ ¤®ª §ë¢ ¥â â¥®à¥¬ã.�¥®à¥¬  20. (�®à®¢ª¨) Ǒãáâì Ln {«¨¥©ë¥ ¯®«®�¨â¥«ìë¥ ®¯¥à -â®àë, ®¯à¥¤¥«¥ë¥   C[a, b℄. �®£¤ lim
n→∞

n2(‖Ln(1; x) − 1‖ + ‖Ln(t; x) − x‖ + ‖Ln(t2; x) − x2‖) 6= 0,(â.¥. ¯®àï¤®ª ¯à¨¡«¨�¥¨ï  «£¥¡à ¨ç¥áª¨¬¨ «¨¥©ë¬¨ ¯®«®�¨-â¥«ìë¬¨ ®¯¥à â®à ¬¨ ¥ «ãçè¥ 1
n2 ).�®ª-¢®. �¡®§ ç¨¬

an = ‖Ln(1; x) − 1‖
bn = ‖Ln(t; x) − x‖

cn = ‖Ln(t2; x) − x2‖
M = max{|a|, |b|}�¬¥¥¬:

|Ln(|t|; x) − |x| | ≤ |Ln(|t|; x) − Ln(|x|; x)| + |Ln(|x|; x) − |x| | ≤
≤ Ln(| |t| − |x| |; x) + |x| |Ln(1; x) − 1| ≤

≤ Ln(|t−x|; x)+M |Ln(1; x)−1| ≤ √

Ln(1; x)√Ln((t − x)2; x)+Man == √

Ln(1; x)√Ln(t2; x) − 2xLn(t; x) + x2Ln(1; x) + Man ==√

Ln(1; x)√(Ln(t2; x)−x2)+2x(x−Ln(t; x))+x2(Ln(1; x)−1)+Man≤
≤

√

Ln(1; x)√cn + 2Mbn + M2an + Man.� ¯®áª®«ìªã EA
n (|x|) ≤ ‖Ln(|t|; x) − |x| ‖, ¯®«ãç ¥¬

EA
n (|x|) ≤ √

Ln(1; x)√cn + 2Mbn + M2an + Man. (20.1)СА
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70� ¤àã£®© áâ®à®ë, ¢ â¥®à¥¬¥ 19 ¡ë«® ¯®ª § ®, çâ®
ET

n (| sin x|) >
14πn

.�«¥¤®¢ â¥«ì®, ¤«ï «î¡®£® âà¨£®®¬¥âà¨ç¥áª®£® ¯®«¨®¬  ¯®àï¤ª ¥ ¢ëè¥ n max
x

| | sin x| − tn(x)| >
14πn

=⇒max
x

| | os(x − π2 ) − tn(x)| = max
y

| | os y − tn(y + π2 )| >
14πn

.� ª¨¬ ®¡à §®¬, äãªæ¨ï | os y| ¥ ¯à¨¡«¨� ¥âáï ¨ª ª¨¬ âà¨£®®-¬¥âà¨ç¥áª¨¬ ¯®«¨®¬®¬ á ®âª«®¥¨¥¬ ¬¥ìè¥, ç¥¬ 14πn , ¨ â¥¬ ¡®«¥¥¥ ¯à¨¡«¨� ¥âáï ç¥âë¬ âà¨£®®¬¥âà¨ç¥áª¨¬ ¯®«¨®¬®¬ á ®âª«®¥-¨¥¬ ¬¥ìè¥ ãª § ®£®. Ǒ®áª®«ìªã § ¬¥  y = aros z ¯¥à¥¢®¤¨â
| os y| = |z|,   ç¥âë© âà¨£®®¬¥âà¨ç¥áª¨© ¯®«¨®¬ ¢  «£¥¡à ¨ç¥-áª¨© ¬®£®ç«¥, ¯®«ãç ¥¬, çâ® |z| ¥ ¯à¨¡«¨� ¥âáï  «£¥¡à ¨ç¥áª¨¬¬®£®ç«¥®¬ á ®âª«®¥¨¥¬ ¬¥ìè¥, ç¥¬ 14πn , â® ¥áâì

EA
n (|x|) >

14πn
. (20.2)�§ á®®â®è¥¨© (20.1) ¨ (20.2) ¯®«ãç ¥¬:14πn

<
√

‖Ln(1; x)‖√cn + 2Mbn + M2an + Man,14π
<

√

‖Ln(1; x)‖√n2(cn + 2Mbn + M2an) + Mann.¨ ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë ®¡ï§ â¥«ì® ¢ë¯®«ï¥âáï, â ª ª ª ¨ ç¥ ¢ ¯®-«ãç¥®¬ ¥à ¢¥áâ¢¥ ¯à ¢ ï ç áâì áâà¥¬¨âáï ª ã«î,   «¥¢ ï ç áâì¥áâì ¥®âà¨æ â¥«ì ï ª®áâ â .� ª á«¥¤ã¥â ¨§ â¥®à¥¬ 19 ¨ 20, «¨¥©ë¥ ¯®«®�¨â¥«ìë¥ ®¯¥à â®àë å®-à®è®, á â®çª¨ §à¥¨ï ¯®àï¤ª , ¬®£ãâ ¯à¨¡«¨� âì ¥¯à¥àë¢ë¥, ¤¨ä-ä¥à¥æ¨àã¥¬ë¥ ¨ ¤¢ �¤ë ¤¨ää¥à¥æ¨àã¥¬ë¥ äãªæ¨¨. �á«¨ �¥¡à âì ¡®«¥¥ £« ¤ª¨¥ äãªæ¨¨, â® ¯®àï¤®ª ¯à¨¡«¨�¥¨ï ¥ ã«ãçè -¥âáï. �«¥¤®¢ â¥«ì®, ¤«ï ã«ãçè¥¨ï ¯®àï¤ª  ¥®¡å®¤¨¬® ®âª § âìáï®â ¯®«®�¨â¥«ì®áâ¨ ®¯¥à â®à®¢, ® â®£¤  § ç¨â¥«ì® ãá«®�ïîâáïãá«®¢¨ï áå®¤¨¬®áâ¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ ®¯¥à â®à®¢ ª äãªæ¨¨.СА
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71
§3.4 Ǒ����� �������� Ǒ�������������Ǒ��������, ������ ������������������ Ǒ������ Ǒ����������Ǒãáâì f ∈ C12π. Ǒ® â¥®à¥¬¥ ��¥ªá®   ¨«ãçè¨© ¯®àï¤®ª ¯à¨¡«¨�¥¨ï  íâ®¬ ª« áá¥ 1

n . Ǒà¨¬¥à®¬ «¨¥©®£® ¯®«®�¨â¥«ì®£® ®¯¥à â®à ,¤ îé¥£® â ª®© ¯®àï¤®ª ¬®�¥â á«ã�¨âì An(f ; x). �¥©áâ¢¨â¥«ì®, ¯à¨¤®ª § â¥«ìáâ¢¥ ¯¥à¢®© â¥®à¥¬ë ��¥ªá®  ¡ë«® ¯®ª § ®, çâ®
‖An(f ; x) − f‖ ≤ ω(f ; 1

n
),®âªã¤  ¤«ï f ∈ C12π ¯®«ãç ¥¬:

‖An(f ; x) − f‖ ≤ ‖f ′‖ 1
nǑãáâì f ∈ C22π. Ǒ® â¥®à¥¬¥ ��¥ªá®   ¨«ãçè¨© ¯®àï¤®ª ¯à¨¡«¨�¥¨ï  íâ®¬ ª« áá¥ 1

n2 . Ǒà¨¬¥à®¬ «¨¥©®£® ¯®«®�¨â¥«ì®£® ®¯¥à â®à ,¤ îé¥£® â ª®© ¯®àï¤®ª â ª �¥ ¬®�¥â á«ã�¨âì An(f ; x). �®ª �¥¬íâ®.� ª ¡ë«® ¯®ª § ®, ®¯¥à â®à An ¬®�¥â ¡ëâì § ¯¨á  ¢ ¢¨¤¥:
An(f ; x) = 1

π

π
∫

−π

f(t)un(t − x) dt,£¤¥
un(t) = 12 + n

∑

k=1 ρn,k os kt, ρn,1 = os π

n + 2 ,¯à¨ç¥¬ (a) 1 = 1
π

π
∫

−π

un(t) dt;(b) An(os t; x) = ρn,1 os x;(c) 1
π

π
∫

−π

|t|un(t) dt ≤ π22n + 4СА
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72�ë¯®«¨¬ ¢ ¨â¥£à «¥, ®¯à¥¤¥«ïîé¥¬ ®¯¥à â®à, § ¬¥ã y = t − x:
An(f ; x) = 1

π

π−x
∫

−π−x

f(x + y)un(y) dy,¨ ¥é¥ ®¤ã § ¬¥ã z = −y:
An(f ; x) = − 1

π

−π+x
∫

π+x

f(x − z)un(z) dz.� á¨«ã ¯¥à¨®¤¨ç®áâ¨ ¯®¤¨â¥£à «ìëå ¢ëà �¥¨©, ¯®«ãç¨¬:
An(f ; x) = 1

π

π
∫

−π

f(x + t)un(t) dt ¨ An(f ; x) = 1
π

π
∫

−π

f(x − t)un(t) dt

⇓

An(f ; x) = 12π

π
∫

−π

{f(x + t) + f(x − t)}un(t) dt

⇓

An(f ; x) − f(x) = 12π

π
∫

−π

{f(x + t) + f(x − t) − 2f(x)}un(t) dtǑ® ä®à¬ã«¥ � £à �   ©¤ãâáï ξ1 ∈ [x, x + t℄ ¨ ξ2 ∈ [x− t, x℄ â ª¨¥, çâ®
|f(x+ t)+f(x− t)−2f(x)| = | ( f(x+ t)−f(x) )−( f(x)−f(x− t) ) | == |f ′(ξ1)t − f ′(ξ2)t| ≤ |t|ω(f ′, 2|t|) ≤ |t|(1 + 2n|t|)ω(f ′,

1
n

).Ǒ®íâ®¬ã
|An(f ; x) − f(x)| ≤ 12π

π
∫

−π

|t|(1 + 2n|t|)ω(f ′,
1
n

)un(t) dt == ω(f ′,
1
n

){ 12π

π
∫

−π

|t|un(t) dt + n

π

π
∫

−π

t2un(t) dt
}
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73�§ (á)¨¬¥¥¬ 12π

π
∫

−π

|t|un(t) dt ≤ π22(2n + 4) .�«ï 0 ≤ x ≤ π/2 ¨¬¥¥â ¬¥â® ¥à ¢¥áâ¢® x ≤ π2 sin x, ¯®íâ®¬ã
n

π

π
∫

−π

t2un(t) dt = 4n

π

π
∫

−π

(

t2)2
un(t) dt ≤ 4n

π

π
∫

−π

π24 sin2 t2un(t) dt == nπ2 π
∫

−π

(1 − os t)un(t) dt == nπ22 { 1
π

π
∫

−π

un(t) dt − 1
π

π
∫

−π

os tun(t − 0) dt
}== nπ22 {

An(1; x) − An(os t; 0)}== nπ22 {1 − os π

n + 2}= nπ2 sin2 π2(n + 2) ≤ nπ44(n + 2)2� ª¨¬ ®¡à §®¬
|An(f ; x) − f(x)| ≤ ω(f ′,

1
n

){ π22(2n + 4) + nπ44(n + 2)2}== 1
n

ω(f ′,
1
n

){ π24 + 8/n
+ π44(1 + 4/n + 4/n2)}

≤ 1
n

ω(f ′,
1
n

) onst .� â ª ª ª f ∈ C22π, ω(f ′, 1
n ) ≤ ‖f ′′‖ 1

n , ¯®íâ®¬ã
|An(f ; x) − f(x)| ≤ onst ‖f ′′‖

n2 ,çâ® ¨ ®§ ç ¥â, çâ® ¯®àï¤®ª ¯à¨¡«¨�¥¨ï äãªæ¨© ¨§ C22π ¥áâì 1
n2 .� ¬¥®© x = arosy ®¯¥à â®à An(f ; x) ¯¥à¥¢®¤¨âáï ¢  «£¥¡à ¨ç¥áª¨©¬®£®ç«¥ ¯®àï¤ª  n, ª®â®àë© ¬®�¥â á«ã�¨âì ¯à¨¬¥à®¬ ®¯¥à â®à ,¤ îé¥£® ¯®àï¤®ª ¯à¨¡«¨�¥¨ï 1

n ¤«ï f ∈ C[0, 1℄, ¨ ¯®àï¤®ª 1
n2 ¤«ï

f ∈ C1[0, 1℄.СА
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74� ª¨¬ ®¡à §®¬ ¯®ª § ®, çâ® áãé¥áâ¢ãîâ «¨¥©ë¥ ¯®«®�¨â¥«ìë¥ ®¯¥-à â®àë, ¤ îé¨¥  ¨«ãçè¨© ¢®§¬®�ë© ¯®àï¤®ª ¯à¨¡«¨�¥¨ï ¤«ï¤¨ää¥à¥æ¨àã¥¬ëå ¨ ¤¢ �¤ë ¤¨ää¥à¥æ¨àã¥¬ëå äãªæ¨©. (�«ïâà¨�¤ë ¤¨ää¥à¥æ¨àã¥¬ëå äãªæ¨© â ª¨å ®¯¥à â®à®¢, ª ª á«¥¤ã-¥â ¨§ â¥®à¥¬ 19 ¨ 20, ¥ áãé¥áâ¢ã¥â.)
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����� 4.��������� Ǒ������ Ǒ����������

§4.1 �Ǒ���������Ǒ����������������� Mn,m(f ; x)� ª ¡ë«® ãáâ ®¢«¥® ¢ëè¥, «¨¥©ë¥ ¯®«®�¨â¥«ìë¥ ®¯¥à â®àë ¨¬¥-îâ  ¨¡®«¥¥ ¢ëá®ª¨© ¯®àï¤®ª ¯à¨¡«¨�¥¨ï   ª« áá¥ ¤¢ �¤ë ¤¨ä-ä¥à¥æ¨àã¥¬ëå äãªæ¨©, ¨ íâ®â ¯®àï¤®ª ¥ ã«ãçè ¥âáï ¯à¨ ¯®¢ë-è¥¨¨ £« ¤ª®áâ¨ äãªæ¨¨. �â® áãé¥áâ¢¥ë© ¥¤®áâ â®ª «¨¥©ëå¯®«®�¨â¥«ìëå ®¯¥à â®à®¢.� ¤àã£®© áâ®à®ë «¨¥©ë¥ ¯®«®�¨â¥«ìë¥ ®¯¥à â®àë ¨¬¥îâ ®ç¥ì¯à®áâë¥ ¨ «¥£ª® ¯à®¢¥àï¥¬ë¥ ãá«®¢¨ï, ®¡¥á¯¥ç¨¢ îé¨¥ áå®¤¨¬®áâì¯®á«¥¤®¢ â¥«ì®áâ¨ ®¯¥à â®à®¢ ª â®�¤¥áâ¢¥®¬ã   ¢á¥¬ ª« áá¥ ¥-¯à¥àë¢ëå äãªæ¨©. �â®, ¥á®¬¥®, ¥ ¬¥¥¥ áãé¥áâ¢¥®¥ ¯à¥-¨¬ãé¥áâ¢® «¨¥©ëå ¯®«®�¨â¥«ìëå ®¯¥à â®à®¢ ª ª  ¯¯ à â  ¯à¨-¡«¨�¥¨ï.Ǒ®íâ®¬ã ¢®§¨ª ¥â ¨¤¥ï, ¨á¯®«ì§ãï «¨¥©ë¥ ¯®«®�¨â¥«ìë¥ ®¯¥à â®-àë, ¯®áâà®¨âì ¯®á«¥¤®¢ â¥«ì®áâ¨, ¤ îé¨¥ ¡®«¥¥ ¢ëá®ª¨© ¯®àï¤®ª¯à¨¡«¨�¥¨ï ¤«ï m à § ¤¨ää¥à¥æ¨àã¥¬ëå äãªæ¨©, ç¥¬ ¨áå®¤ë¥®¯¥à â®àë. � íâ®¬ ¯ à £à ä¥ ¡ã¤¥â à áá¬®âà¥  ®¤  ¨§ â ª¨å ª®-áâàãªæ¨©, ¯®áâà®¥ ï ¯® ª« ááã ®¯¥à â®à®¢, à áá¬®âà¥ëå ¢ §2.4,® ¨§« £ ¥¬ë¥ ¨�¥ ¨¤¥¨ ¨ ¬¥â®¤ë ¬®£ãâ ¡ëâì ¯à¨¬¥¥ë ¨ ¤«ï¤àã£¨å «¨¥©ëå ¯®«®�¨â¥«ìëå ®¯¥à â®à®¢.Ǒãáâì m ∈ N, f ∈ Cm[a; b℄. � ª ¨ ¢ §2.4 Ln(f ; x) { ¯®á«¥¤®¢ â¥«ì®áâì«¨¥©ëå ¯®«®�¨â¥«ìëå ®¯¥à â®à®¢ ª« áá  W , â® ¥áâì ã¤®¢«¥â¢®-àï¥â ãá«®¢¨ï¬:
Ln(1; x) = 1,

Ln( (t − x)f(t); x) = v(x)
n

d

dx
Ln(f(t); x),СА
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76£¤¥ v(x)   «¨â¨ç¥áª ï ¯®«®�¨â¥«ì ï äãªæ¨ï, ¯à¨¨¬ îé ï ¥-®âà¨æ â¥«ìë¥ § ç¥¨ï   [a; b℄.� áá¬®âà¨¬ ®¯¥à â®àë:
Mn,1(f ; x) = Mn,2(f ; x) = Ln(f ; x),¤«ï m > 2
Mn,m(f ; x) = Ln(f ; x) − m−1

∑

k=2 1
k!Ln

((t − x)k; x)

Mn,m−k(f (k); x).(�«ï ç áâ®£® á«ãç ï, ª®£¤  Ln íâ® ®¯¥à â®àë �¥àèâ¥©  ¤«ï m =3 ãª §  ï ¯®á«¥¤®¢ â¥«ì®áâì ®¯¥à â®à®¢ ¡ë«  ¯®áâà®¥  á ¬¨¬�¥àèâ¥©®¬ ([ ℄),   ¤«ï m > 3 à áá¬®âà¥  �¨¤¥áª¨¬ ([ ℄).)
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77
§4.2 ��Ǒ������������ ������¥¬¬  1. �«ï m ∈ N

Ln

((t − x)m+1; x) = v(x)
n

[

d

dx
Ln

((t − x)m; x) + mLn

((t − x)m−1; x)].�®ª-¢®. �¡®§ ç¨¬ l(tk) = Ln(tk; x). � á¨«ã «¨¥©®áâ¨ ®¯¥à â®à  Ln

Ln

((t − x)m+1; x) = m+1
∑

k=0 (

m + 1
k

)(−x)m+1−kl(tk).â ª ª ª (

m

k

) + (

m

k − 1) = m!
k!(m − k)! + m!(k − 1)!(m − k + 1)! == m!(k − 1)!(m − k)! (1

k
+ 1

m − k + 1) = (m + 1)!
k!(m + 1 − k)! = (

m + 1
k

)

Ln

((t − x)m+1; x) = (

m + 10 )(−x)m+1 + (

m + 1
m + 1)

l(tm+1)++ m
∑

k=1(

m

k

)(−x)m+1−kl(tk) + m
∑

k=1(

m

k − 1)(−x)m+1−kl(tk) =
= (

m0 )(−x)m+1 + (

m

m

)

l(tm+1) + m
∑

k=1(

m

k

)(−x)m+1−kl(tk)++ m−1
∑

k=0 (

m

k

)(−x)m−kl(tk+1) == m
∑

k=0(

m

k

)(−x)m+1−kl(tk) + m
∑

k=0(

m

k

)(−x)m−kl(tk+1) =СА
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78¨§ ãá«®¢¨©   ®¯¥à â®àë Ln á«¥¤ã¥â, çâ®
Ln(tk+1; x) = xLn(tk; x) + v(x)

n

d

dx
Ln(tk; x),¯®íâ®¬ã= m

∑

k=0(

m

k

)(−x)m+1−kl(tk) + m
∑

k=0(

m

k

)(−x)m−kxl(tk)++ m
∑

k=0(

m

k

)(−x)m−k v(x)
n

d

dx
l(tk) == m

∑

k=0(

m

k

)(−x)m−k v(x)
n

d

dx
l(tk) =Ǒ®áª®«ìªã

d

dx

(

xm−kl(tk)) = (m − k)xm−k−1l(tk) + xm−k d

dx
l(tk)¯®«ãç ¥¬= v(x)

n

[

m
∑

k=0(

m

k

)(−1)m−k d

dx

(

xm−kl(tk))++ m
∑

k=0(

m

k

)(m − k)(−x)m−k−1l(tk)] =�â¬¥â¨¬, çâ® ¢ ¯®á«¥¤¥© áã¬¬¥ á« £ ¥¬®© ¯à¨ k = m à ¢® ã«î, ¨
(

m

k

)(m − k) = m!
k!(m − k)! (m − k) = m!

k!(m − 1 − k)! = (

m − 1
k

)

m¯®íâ®¬ã= v(x)
n

[

d

dx

(

m
∑

k=0(

m

k

)(−1)m−kxm−kl(tk))++ m−1
∑

k=0 (

m − 1
k

)

m(−x)m−k−1l(tk)] =СА
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79= v(x)
n

[

d

dx
Ln

(

m
∑

k=0(

m

k

)(−1)m−kxm−ktk; x)++ Ln

(

m−1
∑

k=0 (

m − 1
k

)

m(−x)m−k−1tk; x)] == v(x)
n

[

d

dx
Ln

((t − x)m; x) + mLn

((t − x)m−1; x)],çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.�¥¬¬  2. �«ï m ≥ 2
Ln ((t − x)m; x) = Vm(x)

n[m+12 ℄ ,£¤¥ V1(x) = 0, V2(x) = v(x),
Vm(x) = v(x)(n[m−12 ℄−[m2 ℄ d

dx
Vm−1(x)+(m−1)Vm−2(x)) ¯à¨ m ≥ 3.�®ª-¢®. Ǒ® «¥¬¬¥ 1

Ln

((t − x)2; x) = v(x)
n

[

d

dx
Ln(t − x; x) + Ln(1; x)] = v(x)

n¨ ¤®ª §ë¢ ¥¬®¥ ãâ¢¥à�¤¥¨¥ ¢ë¯®«¥®.Ǒãáâì ®® ¢ë¯®«¥® ¤® ¥ª®â®à®£® m ¢ª«îç¨â¥«ì®. �®£¤ , ¯à¨¬¥ïï«¥¬¬ã 1, ¯®«ãç¨¬
Ln

((t − x)m+1; x) == v(x)
n

[

d

dx
Ln

((t − x)m; x) + mLn

((t − x)m−1; x)] == v(x)
n

[

d

dx

Vm(x)
n[m+12 ℄ + m

Vm−1(x)
n[m2 ℄ ] == v(x)

n1+[m2 ℄[ d

dx

Vm(x)
n[m+12 ℄−[m2 ℄ + mVm−1(x)] == v(x)

n[m+22 ℄[n[m2 ℄−[m+12 ℄ d

dx
Vm(x) + mVm−1(x)]¨ ¤®ª §ë¢ ¥¬®¥ ãâ¢¥à�¤¥¨¥ ¢ë¯®«¥® â ª �¥ ¨ ¤«ï m + 1.СА

РА
ТО
ВС
КИ
Й ГО

СУ
ДА
РС
ТВ
ЕН
НЫ
Й УН

ИВ
ЕР
СИ
ТЕ
Т И
МЕ
НИ

 Н
. Г

. Ч
ЕР
НЫ
ШЕ
ВС
КО
ГО



80�¥¬¬  3. �«ï m ≥ 2
Ln (|t − x|m; x) ≤ V ∗

m(x)
n

m2 ,£¤¥
V ∗

m(x) = {

Vm(x), ¥á«¨ m ç¥â®¥,
√

V2m−2(x)v(x), ¥á«¨ m ¥ç¥â®¥,
Vm(x) { â® �¥, çâ® ¨ ¢ «¥¬¬¥ 2.�®ª-¢®. �á«¨ m ç¥â®¥, â®

Ln (|t − x|m; x) = Ln ((t − x)m; x) = («¥¬¬  2) = Vm(x)
n[m+12 ℄ = Vm(x)

n
m2 .�á«¨ m ¥ç¥â®¥, â®

Ln (|t − x|m; x) = Ln

(

|t − x|m−1|t − x|; x)

≤(¥à ¢¥áâ¢® �®è¨-�ãïª®¢áª®£®)
≤

√

Ln ((t − x)2m−2; x) Ln ((t − x)2; x) = √

V2m−2(x)
n[ 2m−12 ℄ √

v(x)
n

== √

V2m−2(x)v(x)
n
12 [m− 12 ℄+ 12 = √

V2m−2(x)v(x)
n
12 (m−1)+ 12 = √

V2m−2(x)v(x)
n

m2 .�â® ¨ âà¥¡®¢ «®áì ¤®ª § âì.�¥¬¬  4. �¡®§ ç¨¬Rn,m(f ; x) = 1
m!Ln

(

(

f (m)(ξ)−f (m)(x))(t−x)m; x),£¤¥ ξ «¥�¨â ¬¥�¤ã t ¨ x. �®£¤ 
|Rn,m(f ; x)| ≤ 1

n
m2 m!(V ∗

m(x) + V ∗
m+1(x))ω(f (m); 1√

n
),£¤¥ Vm(x) { â® �¥, çâ® ¨ ¢ «¥¬¬¥ 3.
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81�®ª-¢®. � ª ¡ë«® ¯®ª § ® ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 18 (á¬. (18.8)),
|f (m)(ξ) − f (m)(x)| ≤ (1 + √

n|t − x|)ω(f (m); 1√
n

).Ǒ®íâ®¬ã
|Rn,m(f ; x)| ≤ 1

m!Ln

((1 + √
n|t − x|)(|t − x|m; x)

ω(f (m); 1√
n

) == 1
m![Ln

(

|t−x|m; x)+√
nLn

(

|t−x|m+1; x)

]

ω(f (m); 1√
n

) ≤ («¥¬¬  3)
≤ 1

m![V ∗
m(x)
n

m2 + √
nV ∗

m+1(x)
n

m+12 ]

ω(f (m); 1√
n

) == 1
n

m2 m!(V ∗
m(x) + V ∗

m+1(x))ω(f (m); 1√
n

),çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.
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82
§4.3 Ǒ������ Ǒ�����������Ǒ��������� Mn,m(f ; x)�¥®à¥¬  21. �«ï f ∈ Cm−1[a; b℄, m ∈ N

|Mn,m(f ; x) − f(x)| ≤ 1
n

m−12 Am(x)ω (

f (m−1); 1√
n

)

,£¤¥ Am(x) {   «¨â¨ç¥áª ï äãªæ¨ï, § ¤  ï á«¥¤ãîé¨¬ ®¡à §®¬:
A1(x) = 2(1 + √

v(x)),
A2(x) = 2(v(x) + √

v(x)),¤«ï m ≥ 3 Am(x) = m−1
∑

k=2 Vk(x)Am−k(x)
k! n[ k+12 ℄− k2 + V ∗

m−1(x) + V ∗
m(x)(m − 1)! ,

V1(x) = 0,

V2(x) = v(x),¤«ï m ≥ 3 Vm(x) = v(x)(n[m−12 ℄−[m2 ℄ d

dx
Vm−1(x) + (m − 1)Vm−2(x)),

V ∗
m(x) = {

Vm(x), ¥á«¨ m ç¥â®¥,
√

V2m−2(x)v(x), ¥á«¨ m ¥ç¥â®¥,�®ª-¢®. Ǒà¨¬¥ïï ª à §«®�¥¨î äãªæ¨¨ f(x) ¯® ä®à¬ã«¥ �¥©«®à ®¯¥à â®à Ln, ãç¨âë¢ ï, çâ® Ln(1; x) = 1 ¨ Ln(t − x; x) = 0, ¯®«ãç¨¬:
Ln(f(t); x) = f(x) + m

∑

k=2 f (k)(x)
k! Ln

((t − x)k; x) + Rn,m(f ; x), (21.1)£¤¥ Rn,m(f ; x) { â® �¥, çâ® ¨ ¢ «¥¬¬¥ 4.�§ ®¯à¥¤¥«¥¨ï ®¯¥à â®à  Mn,m ¤«ï f ∈ C2[a; b℄
Mn,3(f ; x) = Ln(f ; x) − 12Ln

((t − x)2; x)

Ln(f ′′; x)СА
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83� ¢ á¨«ã (21.1)
Ln(f(t); x) = f(x) + f ′′(x)2 Ln

((t − x)2; x) + Rn,2(f ; x)Ǒ®íâ®¬ã
Mn,3(f ; x) − f(x) = 12[

f ′′(x) − Ln(f ′′; x)]Ln

((t − x)2; x) + Rn,2(f ; x)�§ â¥®à¥¬ë 18 ¨ «¥¬¬ë 4 ¯®«ãç ¥¬
|Mn,3(f ; x)−f(x)| ≤ ω

(

f ′′; 1√
n

)

[ (1 + √

v(x) )v(x)
n

+ V ∗2 (x) + V ∗3 (x)2n

](21.2)¨ ¯®áª®«ìªã
A3(x) = |V2(x)|2n[3/2℄−1A1(x) + V ∗2 (x) + V ∗3 (x)2 == (1 + √

v(x) )v(x) + V ∗2 (x) + V ∗3 (x)2 ,(21.2) à ¢®á¨«ì® ãâ¢¥à�¤¥¨î â¥®à¥¬ë ¤«ï m = 3.� «®£¨ç® ¤«ï f ∈ C3[a; b℄
Mn,4(f ; x) − f(x) = 12[

f ′′(x) − Ln(f ′′; x)]Ln

((t − x)2; x)++ 13![f ′′′(x) − Ln(f ′′′; x)]Ln

((t − x)3; x) + Rn,3(f ; x)Ǒà¨¬¥ïï ª ¯¥à¢®¬ã á« £ ¥¬®¬ã ®æ¥ªã (18.4), ª® ¢â®à®¬ã (18.3),  ª âà¥âì¥¬ã «¥¬¬ã 4, á ãç¥â®¬ «¥¬¬ë 2, ¯®«ãç¨¬
|Mn,4(f ; x) − f(x)| ≤ ω

(

f ′′; 1√
n

)

[

v(x) + √

v(x)2√n

v(x)
n

++ 1 + √

v(x)3! |V3(x)|
n2 + V ∗3 (x) + V ∗4 (x)3! n3/2 ] (21.3)СА
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84¨ ¯®áª®«ìªã
A4(x) = |V2(x)|2! n[3/2℄−1A2(x) + |V3(x)|3! n[4/2℄−3/2A1(x) + V ∗3 (x) + V ∗4 (x)3! == v(x)(v(x) + √

v(x))2 + |V3(x)|(1 + √

v(x))3√n
+ V ∗3 (x) + V ∗4 (x)3!(21.3) à ¢®á¨«ì® ãâ¢¥à�¤¥¨î â¥®à¥¬ë ¤«ï m = 4.Ǒà¥¤¯®«®�¨¬, çâ® ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë ¢ë¯®«¥® ¤® ¥ª®â®à®£® m¢ª«îç¨â¥«ì®. �®£¤  ¤«ï f ∈ Cm[a; b℄   «®£¨ç® ¯à¥¤ë¤ãé¥¬ã ¨§(21.1) ¨ ®¯à¥¤¥«¥¨ï ®¯¥à â®à  Mn,m ¯®«ãç ¥¬:

Mn,m+1(f ; x) − f(x) == m
∑

k=2 1
k![f (k)(x) − Mn,m+1−k(f (k); x)]Ln

((t − x)k; x) + Rn,m(f ; x),(21.4)®âªã¤ 
|Mn,m+1(f ; x) − f(x)| ≤ m

∑

k=2 Am+1−k(x)|Vk(x)|
k! n[ k+12 ℄nm+1−k2 ω

(

f (m); 1√
n

) ++ V ∗
m(x) + V ∗

m+1(x)
n

m2 m! ω

(

f (m); 1√
n

) = Am+1(x)
nm/2 ω

(

f (m); 1√
n

)

.�«¥¤®¢ â¥«ì®, ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë ¢ë¯®«¥® ¤«ï «î¡®£® m.�¥®à¥¬  22. �«ï f ∈ Cm[a; b℄, m ∈ Nlim
n→∞

n[m+12 ℄(Mn,m(f ; x) − f(x)) = f (m)(x)Vm(x)
m! ,â® ¥áâì ¯®àï¤®ª ¯à¨¡«¨�¥¨ï ®¯¥à â®à ¬¨ Mn,m(f ; x) ¥ «ãçè¥, ç¥¬1

n[m+12 ℄ .�®ª-¢®. �§ ®¯à¥¤¥«¥¨ï ®¯¥à â®à  Mn,m ¨ (21.1) ¥¯®áà¥¤áâ¢¥® á«¥-¤ã¥â, çâ®
Mn,m(f ; x) − f(x) − f (m)(x)

m! Ln

((t − x)m; x) == m−1
∑

k=2 1
k!Ln

((t − x)k; x)

[

f (k)(x) − Mn,m−k(f (k); x)] + Rn,m(f ; x)(22.1)СА
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85�æ¥¨¬ ¯à ¢ãî ç áâì ¥à ¢¥áâ¢  (22.1). � ãç¥â®¬ «¥¬¬ 2, 4 ¨ â¥®-à¥¬ë 21 ¯®«ãç ¥¬:
∣

∣

∣

∣

∣

m−1
∑

k=2 1
k!Ln

((t − x)k; x)

[

f (k)(x) − Mn,m−k(f (k); x)] + Rn,m(f ; x)∣∣∣
∣

∣

≤

≤
m−1
∑

k=2 1
k! |Vk(x)|

n[ k+12 ℄ Am−k(x)
n

m−k−12 ω

(

f (m−1); 1√
n

) ++ V ∗
m(x) + V ∗

m+1(x)
n

m2 m! ω

(

f (m); 1√
n

)

,çâ® áâà¥¬¨âáï ª ã«î ¯à¨ n → ∞. �«¥¤®¢ â¥«ì®, ¨ ¯à ¢ ï ç áâì¥à ¢¥áâ¢  (22.1) áâà¥¬¨âáï ª ã«î ¯à¨ n → ∞, â® ¥áâì, á ãç¥â®¬«¥¬¬ë 2,lim
n→∞

n[m+12 ℄(Mn,m(f ; x) − f(x)) = n[m+12 ℄ f (m)(x)
m! Ln

((t − x)m; x) == f (m)(x)Vm(x)
m! ,çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.
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86
����������Ǒ®¤¢®¤ï ¨â®£¨, ®¡®§ ç¨¬ ¥é¥ à § ®á®¢ë¥ ¬®¬¥âë ¨§«®�¥-®© â¥®à¨¨.�á®¢ ï § ¤ ç  â¥®à¨¨ ¯à¨¡«¨�¥¨ï { ¯à¨¡«¨�¥¨¥ äãªæ¨¨ «£¥¡à ¨ç¥áª¨¬ ¬®£®ç«¥®¬ ¨«¨ âà¨£®®¬¥âà¨ç¥áª¨¬ ¯®«¨®¬®¬§ ¤ ®£® ¯®àï¤ª . � ª á«¥¤ã¥â ¨§ â¥®à¥¬ �¥©¥àèâà áá , íâ  § ¤ ç ¨¬¥¥â à¥è¥¨¥, â® ¥áâì «î¡ ï ¥¯à¥àë¢ ï äãªæ¨ï ¬®�¥â ¡ëâì á«î¡®© â®ç®áâìî ¯à¨¡«¨�¥   «£¥¡à ¨ç¥áª¨¬ ¬®£®ç«¥®¬ ¨«¨ âà¨-£®®¬¥âà¨ç¥áª¨¬ ¯®«¨®¬®¬.�®ç®áâì ¯à¨¡«¨�¥¨ï § ¢¨á¨â ®â áâ¥¯¥¨ ¬®£®ç«¥  ¨«¨ ¯®-«¨®¬  ¨ ¤¨ää¥à¥æ¨ «ìëå á¢®©áâ¢ ¯à¨¡«¨� ¥¬®© äãªæ¨¨. � ªá«¥¤ã¥â ¨§ â¥®à¥¬ ��¥ªá® , ¥á«¨ äãªæ¨ï p à § ¤¨ää¥à¥æ¨àã¥¬ ,â® ¥¥ ¬®�® ¯à¨¡«¨§¨âì  «£¥¡à ¨ç¥áª¨¬ ¨«¨ âà¨£®®¬¥âà¨ç¥áª¨¬¯®«¨®¬®¬ ¯®àï¤ª  n á â®ç®áâìî 1

np
.� ª  ¯¯ à â ¯à¨¡«¨�¥¨ï ¨á¯®«ì§ãîâ ¯®á«¥¤®¢ â¥«ì®áâì ®¯¥-à â®à®¢, â® ¥áâì ¬®£®ç«¥®¢ ¨«¨ ¯®«¨®¬®¢ ¯®àï¤ª  n, ª®íää¨æ¨-¥âë ª®â®àëå  å®¤ïâáï ¯® ¯à¨¡«¨� ¥¬®© äãªæ¨¨.�á«®¢¨ï áå®¤¨¬®áâ¨ íâ®© ¯®á«¥¤®¢ â¥«ì®áâ¨ ®¯¥à â®à®¢ ª â®�-¤¥áâ¢¥®¬ã, ¨«¨, ¯® áãâ¨, ª ¨áå®¤®© äãªæ¨¨ ¬®£ãâ ¡ëâì ¤®áâ -â®ç® á«®�ë¬¨ (ª ª,  ¯à¨¬¥à, ãá«®¢¨ï áå®¤¨¬®áâ¨ ç áâëå áã¬¬àï¤  �ãàì¥).� ¨¡®«¥¥ ¯à®áâ®© ¢¨¤ íâ¨ ãá«®¢¨ï ¨¬¥îâ ¤«ï á«ãç ï ¯®«®�¨-â¥«ìëå ®¯¥à â®à®¢, â® ¥áâì ¯à¨¨¬ îé¨å ¯®«®�¨â¥«ìë¥ § ç¥¨ï  ¯®«®�¨â¥«ìëå äãªæ¨ïå.�â¨ ãá«®¢¨ï áä®à¬ã«¨à®¢ ë ¢ â¥®à¥¬ å �®à®¢ª¨ , ¨§ ª®â®-àëå á«¥¤ã¥â, çâ® ¥á«¨ ¯®á«¥¤®¢ â¥«ì®áâì «¨¥©ëå ¯®«®�¨â¥«ìëå®¯¥à â®à®¢ áå®¤¨âáï ª äãªæ¨¨ ¤«ï âà¥å äãªæ¨©, ®¡à §ãîé¨å á¨-áâ¥¬ã �¥¡ëè¥¢ , â® íâ  ¯®á«¥¤®¢ â¥«ì®áâì áå®¤¨âáï ª äãªæ¨¨ ¤«ï«î¡®© ¥¯à¥àë¢®© äãªæ¨¨, ¯à¨ç¥¬ ¨ ãá«®¢¨¥ ¯®«®�¨â¥«ì®áâ¨, ¨ãá«®¢¨¥ �¥¡ëè¥¢  áãé¥áâ¢¥ë. Ǒà¨¬¥à ¬¨ á¨áâ¥¬ë �¥¡ëè¥¢  ¬®-£ãâ á«ã�¨âì äãªæ¨¨ 1, x, x2 ¤«ï  «£¥¡à ¨ç¥áª¨å ¬®£®ç«¥®¢ ¨«¨1, sin x, os x ¤«ï âà¨£®®¬¥âà¨ç¥áª¨å ¯®«¨®¬®¢.СА
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87�á®¢ë¬ ¥¤®áâ âª®¬ «¨¥©ëå ¯®«®�¨â¥«ìëå ®¯¥à â®à®¢ï¢«ï¥âáï â®â ä ªâ, çâ® ¨å ¯®àï¤®ª ¯à¨¡«¨�¥¨ï ¥ ¬®�¥â ¡ëâì ¢ë-è¥ 1
n2 ¤ �¥ ¤«ï p à § (p > 2) ¤¨ää¥à¥æ¨àã¥¬ëå äãªæ¨©. Ǒà¨ç¥¬¨ íâ®â ¯®àï¤®ª ¤®áâ¨£ ¥âáï ¤ «¥ª® ¥ ¢á¥¬¨ ®¯¥à â®à ¬¨. � ç áâ-®áâ¨,  ¨¡®«¥¥ ¨§¢¥áâë¥ ¨§ «¨¥©ëå ¯®«®�¨â¥«ìëå ®¯¥à â®à®¢{ ¬®£®ç«¥ë �¥àèâ¥©  { ¤ îâ ¯®àï¤®ª ¯à¨¡«¨�¥¨ï ¥ ¢ëè¥,ç¥¬ 1
n

(â¥®à¥¬  �®à®®¢áª®©). �® ¬®�® ¯à¨¢¥áâ¨ ¯à¨¬¥à ¯®á«¥¤®-¢ â¥«ì®áâ¨ «¨¥©ëå ¯®«®�¨â¥«ìëå ®¯¥à â®à®¢, ª®â®àë¥ ¤®áâ ¢-«ïîâ ®¯â¨¬ «ìë©, á â®çª¨ §à¥¨ï â¥®à¥¬ ��¥ªá®  ¯®àï¤®ª ¯à¨-¡«¨�¥¨ï ¤«ï ª« áá®¢ ¥¯à¥àë¢ëå, ¤¨ää¥à¥æ¨àã¥¬ëå ¨ ¤¢ �¤ë¤¨ää¥à¥æ¨àã¥¬ëå äãªæ¨©.�«ï ¯®¢ëè¥¨ï ¯®àï¤ª  ¯à¨¡«¨�¥¨ï ¬®�® à áá¬®âà¥âì ª®-áâàãªæ¨¨, ï¢«ïîé¨¥áï ¯® áãâ¨ «¨¥©ë¬¨ ª®¬¡¨ æ¨ï¬¨ ¨áå®¤ëå®¯¥à â®à®¢. �â¨ ª®áâàãªæ¨¨ â ª �¥ ï¢«ïîâáï «¨¥©ë¬¨ ®¯¥à â®-à ¬¨, ® ã�¥ ¯¥à¥áâ îâ ¡ëâì ¯®«®�¨â¥«ìë¬¨, ®¤ ª® á®åà ïîâ®ç¥ì ¬®£¨¥ á¢®©áâ¢  ¯®«®�¨â¥«ìëå ®¯¥à â®à®¢. � ¥á«¨ ¨áå®¤ë¥«¨¥©ë¥ ¯®«®�¨â¥«ìë¥ ®¯¥à â®àë ã¤®¢«¥â¢®àï«¨ ãá«®¢¨ï¬ â¥®-à¥¬ �®à®¢ª¨  ® áå®¤¨¬®áâ¨, â® ¨ ¯®áâà®¥ ï ãª § ë¬ ¬¥â®¤®¬¯®á«¥¤®¢ â¥«ì®áâì ®¯¥à â®à®¢ â®�¥ ¡ã¤¥â ¯à¨¡«¨� âì äãªæ¨î á¡®«¥¥ ¢ëá®ª¨¬ ¯®àï¤ª®¬ â®ç®áâ¨.
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