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3��Ǒ���� �����Ǒ������ ��������¯à¥¤¥«¥¨¥ ¨ ®¡®§ ç¥¨¥ ¬ âà¨æë ¨ ¥¥ í«¥¬¥â®¢�¢ ¤à â ï ¬ âà¨æ , £« ¢ ï ¨ ¯®¡®ç ï ¤¨ £® «ì�¤¨¨ç ï ¬ âà¨æ �ã«¥¢ ï ¬ âà¨æ �Ǒ������ ��� ����������«®�¥¨¥ ¬ âà¨æ�¬®�¥¨¥ ¬ âà¨æë   ç¨á«®�¬®�¥¨¥ ¬ âà¨æ. �®¬¬ãâ¨àãîé¨¥ ¬ âà¨æë�à á¯®¨à®¢ ¨¥�¢®©áâ¢  ®¯¥à æ¨©  ¤ ¬ âà¨æ ¬¨ (¤®ª-¢®)Ǒ�����������Ǒ¥à¥áâ ®¢ª  n ç¨á¥«�¨á«® ¯¥à¥áâ ®¢®ª�¢¥àá¨¨ ¨ â¨¯ ¯¥à¥áâ ®¢®ª�¥®à¥¬  ®¡ ¨§¬¥¥¨¨ â¨¯  ¯¥à¥áâ ®¢ª¨ (¤®ª-¢®)�Ǒ���������� � �� ��������Ǒ®ïâ¨¥ ®¯à¥¤¥«¨â¥«ï�¯à¥¤¥«¨â¥«ì ¥¤¨¨ç®© ¬ âà¨æë (¤®ª-¢®)�¯à¥¤¥«¨â¥«ì âà á¯®¨à®¢ ®© ¬ âà¨æë�¯à¥¤¥«¨â¥«ì ¯à®¨§¢¥¤¥¨ï ¬ âà¨æ�¯à¥¤¥«¨â¥«ì á ã«¥¢®© áâà®ª®© ¨«¨ áâ®«¡æ®¬ (¤®ª-¢®)Ǒ¥à¥áâ ®¢ª  áâà®ª ¨«¨ áâ®«¡æ®¢ ®¯à¥¤¥«¨â¥«ï (¤®ª-¢®)�¯à¥¤¥«¨â¥«ì á ®¤¨ ª®¢ë¬¨ áâà®ª ¬¨ ¨«¨ áâ®«¡æ ¬¨ (¤®ª-¢®)�¯à¥¤¥«¨â¥«ì á® áâà®ª®©, ¯à¥¤áâ ¢«¥®© áã¬¬ ¬¨ (¤®ª-¢®)�«®�¥¨¥ ¨ ¢ëç¨â ¨¥ áâà®ª ¨«¨ áâ®«¡æ®¢ ®¯à¥¤¥«¨â¥«ï (¤®ª-¢®)�ë¥á¥¨¥ ¬®�¨â¥«ï ¨§ áâà®ª¨ ¨«¨ áâ®«¡æ  ®¯à¥¤¥«¨â¥«ï (¤®ª-¢®)� §«®�¥¨¥ ®¯à¥¤¥«¨â¥«ï ¯® í«¥¬¥â ¬ áâà®ª¨ ¨«¨ áâ®«¡æ �¯à¥¤¥«¨â¥«ì âà¥ã£®«ì®© ¬ âà¨æë (¤®ª-¢®)СА
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4���������� �Ǒ������������ëç¨á«¥¨¥ ®¯à¥¤¥«¨â¥«¥© ¢â®à®£® ¯®àï¤ª  (¤®ª-¢®)�ëç¨á«¥¨¥ ®¯à¥¤¥«¨â¥«¥© âà¥âì¥£® ¯®àï¤ª  (¤®ª-¢®)�ëç¨á«¥¨¥ ®¯à¥¤¥«¨â¥«¥© ¯à®¨§¢®«ì®£® ¯®àï¤ª  ( «£®à¨â¬)������ � ���� ��������¯à¥¤¥«¥¨ï ¬¨®à , à £  ¨ ¡ §¨á®£® ¬¨®à  ¬ âà¨æë�¥®à¥¬  ® ¡ §¨á®¬ ¬¨®à¥ (¤®ª-¢®)�¥®à¥¬ë,®¡«¥£ç îé¨¥  å®�¤¥¨¥ à £  ¬ âà¨æë�¥â®¤  å®�¤¥¨ï à £  ¬ âà¨æë ( «£®à¨â¬)�������� �������Ǒ®ïâ¨¥ ®¡à â®© ¬ âà¨æë�¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç®¥ ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï ®¡à â®© ¬ âà¨-æë (¤®ª-¢®)ä®à¬ã«  ¤«ï í«¥¬¥â®¢ ®¡à â®© ¬ âà¨æë (¤®ª-¢®)�¢®©áâ¢  ®¡à â®© ¬ âà¨æë�«£®à¨â¬  å®�¤¥¨ï ®¡à â®© ¬ âà¨æë� âà¨çë¥ ãà ¢¥¨ï������� �������� ���������Ǒ®ïâ¨¥ «¨¥©®© á¨áâ¥¬ë, ®¤®à®¤®© ¨ ¥®¤®à®¤®© á¨áâ¥¬ëǑ®ïâ¨¥ à¥è¥¨ï á¨áâ¥¬ëǑ®ïâ¨¥ á®¢¬¥áâ®©, ¥á®¢¬¥áâ®©, ¥âà¨¢¨ «ì® á®¢¬¥áâ®© ¨ ®¯à¥-¤¥«¥®© á¨áâ¥¬ë� âà¨ç ï § ¯¨áì «¨¥©®© á¨áâ¥¬ë�¥è¥¨¥ «¨¥©®© á¨áâ¥¬ë ¬¥â®¤®¬ � ãáá  ( «£®à¨â¬)Ǒà¨§ ª á®¢¬¥áâ®áâ¨ «¨¥©®© á¨áâ¥¬ë (¤®ª-¢®)Ǒà¨§ ª ¥âà¨¢¨ «ì®© á®¢¬¥áâ®áâ¨ ®¤®à®¤®© «¨¥©®© á¨áâ¥¬ë(¤®ª-¢®)�¥è¥¨¥ ª¢ ¤à âëå á¨áâ¥¬ «¨¥©ëå ãà ¢¥¨© ¬¥â®¤®¬ �à ¬¥à (¤®ª-¢®)СА
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5������������� ��������Ǒ������ �������
• � âà¨æ¥© à §¬¥à  m × n (ç¨â ¥âáï "í¬   í")  §ë¢ ¥âáï â ¡«¨æ ç¨á¥«, à á¯®«®�¥ëå ¢ m áâà®ª ¨ n áâ®«¡æ®¢.� ¯à¨¬¥à, ¬ âà¨æ  à §¬¥à  2× 3: ( 0 2 4

−1 3 5)�«¥¬¥â ¬ âà¨æë (ç¨á«®), áâ®ïé¨© ¢ i-®© áâà®ª¥ ¨ j-®¬ áâ®«¡æ¥ ®¡®-§ ç ¥âáï aij (bij , cij ¨ â.¤.). � ¬¨ ¬ âà¨æë ®¡®§ ç îâáï ¯à®¯¨áë¬¨¡ãª¢ ¬¨: A, B, C.... � ¯¨áì A = (aij)mn ®§ ç ¥â ¬ âà¨æã A à §¬¥à 
m × n á í«¥¬¥â ¬¨ aij , £¤¥ i = 1, 2, ..., m; j = 1, 2, .., n.
• �¢ ¤à â®© ¬ âà¨æ¥© à §¬¥à  n  §ë¢ ¥âáï ¬ âà¨æ , á®áâ®ïé ï ¨§
n áâà®ª ¨ n áâ®«¡æ®¢.�« ¢ ï ¤¨ £® «ì ª¢ ¤à â®© ¬ âà¨æë à §¬¥à  n×n { íâ® í«¥¬¥âë
a11, a22, ..., ann:







⊗ ◦ ... ◦
◦ ⊗ ... ◦
... ... ... ...
◦ ◦ ... ⊗





Ǒ®¡®ç ï ¤¨ £® «ì ª¢ ¤à â®© ¬ âà¨æë à §¬¥à  n × n { íâ® í«¥-¬¥âë a1n, a2n−1, ..., an1:






◦ ... ◦ ⊗
◦ ... ⊗ ◦
... ... ... ...
⊗ ... ◦ ◦







• �¤¨¨ç®© ¬ âà¨æ¥©  §ë¢ ¥âáï ª¢ ¤à â ï ¬ âà¨æ , í«¥¬¥âë ª®-â®à®© ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã«¥:
eij = { 1 ¥á«¨ i = j0 ¥á«¨ i 6= j(�® ¥áâì ¯® £« ¢®© ¤¨ £® «¨ áâ®ïâ ¥¤¨¨æë,   ¢á¥ ®áâ «ìë¥ í«¥-¬¥âë { ã«¨.)� ¯à¨¬¥à, 



1 0 00 1 00 0 1

 { ¥¤¨¨ç ï ¬ âà¨æ  âà¥âì¥£® ¯®àï¤ª .�¤¨¨ç ï ¬ âà¨æ  ®¡®§ ç ¥âáï E.
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6
• �ã«¥¢®© ¬ âà¨æ¥©  §ë¢ ¥âáï ¬ âà¨æ  («î¡®£® à §¬¥à ) ¢á¥ í«¥¬¥-âë ª®â®à®© { ã«¨.�ã«¥¢ ï ¬ âà¨æ  ®¡®§ ç ¥âáï O.�Ǒ������ ��� ���������
• �«®�¥¨¥ ¬ âà¨æ.�ã¬¬®© ¤¢ãå ¬ âà¨æ A ¨ B ®¤¨ ª®¢®£® à §¬¥à   §ë¢ ¥âáï ¬ âà¨æ 
C, í«¥¬¥âë ª®â®à®© ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã«¥ cij = aij+bij . (� âà¨æëà §®£® à §¬¥à  áª« ¤ë¢ âì ¥«ì§ï).Ǒ¨èãâ C = A+B. � «®£¨ç® ®¯à¥¤¥«ï¥âáï ®¯¥à æ¨ï A − B.� ¯à¨¬¥à: ( 1 0 −12 3 1 )+( 2 −1 3

−4 3 0) == ( 1 + 2 0− 1 −1 + 32− 4 3 + 3 1 + 0 ) = ( 3 −1 2
−2 6 1).

• �¬®�¥¨¥ ¬ âà¨æë   ç¨á«®.Ǒà®¨§¢¥¤¥¨¥¬ ¬ âà¨æë A ¨ ç¨á«  α  §ë¢ ¥âáï ¬ âà¨æ  C â®£® �¥à §¬¥à , çâ® ¨ ¬ âà¨æ  A á í«¥¬¥â ¬¨ cij = αaij .Ǒ¨èãâ C = αA.� ¯à¨¬¥à: 2( 1 0 −12 3 1 ) = ( 2 · 1 2 · 0 2 · −12 · 2 2 · 3 2 · 1 ) = ( 2 0 −24 6 2 ).
• �¬®�¥¨¥ ¬ âà¨æ.Ǒà®¨§¢¥¤¥¨¥¬ ¬ âà¨æë A à §¬¥à  m×n ¨ ¬ âà¨æë B à §¬¥à  n×p §ë¢ ¥âáï ¬ âà¨æ  C à §¬¥à  m× p, í«¥¬¥âë ª®â®à®© ®¯à¥¤¥«ïîâáï¯® ä®à¬ã«¥ cij = n

∑

k=1 aikbkj .Ǒ¨èãâ C = AB.� ¯à¨¬¥à: ( 1 2 03 −1 1)





2 −14 50 3 

 == ( 1 · 2 + 2 · 4 + 0 · 0 1(−1) + 2 · 5 + 0 · 33 · 2− 1 · 4 + 1 · 0 3(−1)− 1 · 5 + 1 · 3) = ( 10 92 −5)

.�á«¨ ç¨á«® áâ®«¡æ®¢ ¬ âà¨æë A ¥ á®¢¯ ¤ ¥â á ç¨á«®¬ áâà®ª ¬ âà¨-æë B, â® ¯à®¨§¢¥¤¥¨¥ AB ¥ ®¯à¥¤¥«¥®.�«ï ª¢ ¤à âëå ¬ âà¨æ ®¤®£® à §¬¥à  ¢ ®¡é¥¬ á«ãç ¥ AB 6= BA.СА
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7� ¯à¨¬¥à: ( 1 2
−1 1) ( 0 34 5) = ( 1 · 0 + 2 · 4 1 · 3 + 2 · 5

−1 · 0 + 1 · 4 −1 · 3 + 1 · 5) == ( 8 134 2 ),® ( 0 34 5) ( 1 2
−1 1) = ( 0 · 1− 3 · 1 0 · 2 + 3 · 14 · 1− 5 · 1 4 · 2 + 5 · 1) = (

−3 3
−1 13).�â¬¥â¨¬, çâ® áãé¥áâ¢ãîâ ¬ âà¨æë â ª¨¥, çâ® AB = BA. � ª¨¥¬ âà¨æë  §ë¢ îâáï ª®¬¬ãâ¨àãîé¨¬¨.

• �à á¯®¨à®¢ ¨¥.�«ï ¬ âà¨æë A à §¬¥à  m × n âà á¯®¨à®¢ ®©  §ë¢ ¥âáï ¬ â-à¨æ  C à §¬¥à  n × m á í«¥¬¥â ¬¨ cij = aji.Ǒ¨èãâ C = AT . � ¯à¨¬¥à: ( 1 2 03 −1 1)T = 



1 32 −10 1 

.
• �¢®©áâ¢  ®¯¥à æ¨©  ¤ ¬ âà¨æ ¬¨.1. A+B = B +A2. (A+B) + C = A+ (B + C)3. A+O = A4. A − A = O5. 1 · A = A6. (αβ)A = α(βA)7. (α + β)A = αA+ βB8. α(A+B) = αA+ αB9. α(AB) = (αA)B10. A(B + C) = AB +AC11. A(BC) = (AB)C12. AE = EA = A13. AO = OA = O14. (A+B)T = AT +BT15. (AB)T = BT AT�®ª-¢® ¢á¥å á¢®©áâ¢ ¯à®¢®¤¨âáï ¯® ®¤®© ¨ â®© �¥ áå¥¬¥: ¤®ª §ë-¢ ¥âáï, çâ® ¬ âà¨æ , ï¢«ïîé ïáï à¥§ã«ìâ â®¬ ¢ëç¨á«¥¨ï «¥¢®© ç áâ¨à ¢¥áâ¢ , ¨ ¬ âà¨æ , ï¢«ïîé ïáï à¥§ã«ìâ â®¬ ¢ëç¨á«¥¨ï ¯à ¢®© ç -áâ¨ à ¢¥áâ¢ , ¨¬¥îâ ®¤¨ ª®¢ãî à §¬¥à®áâì ¨ í«¥¬¥âë, áâ®ïé¨¥ ¢
i-®© áâà®ª¥ ¨ j-®¬ áâ®«¡æ¥ ®¡¥¨å ¬ âà¨æ à ¢ë. �«ï ¯à¨¬¥à  ¤®ª �¥¬®¤® á¢®©áâ¢®.
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8���-�� 15. Ǒãáâì ¬ âà¨æ  A à §¬¥à  m×n, B { à §¬¥à  n× p, â®-£¤  ¨å ¯à®¨§¢¥¤¥¨¥ ¨¬¥¥â à §¬¥à m×p,   ¬ âà¨æ , âà á¯®¨à®¢  ïª ¯à®¨§¢¥¤¥¨î («¥¢ ï ç áâì à ¢¥áâ¢ ) { p × m. �¯à ¢  áâ®¨â ¯à®¨§-¢¥¤¥¨¥ ¬ âà¨æë à §¬¥à  p × n (âà á¯®¨à®¢ ®© ª B) ¨ ¬ âà¨æëà §¬¥à  n×m (âà á¯®¨à®¢ ®© ª A), â® ¥áâì ¬ âà¨æ  â ª�¥, ª ª ¨á«¥¢ , à §¬¥à  p × m.Ǒ®ª �¥¬ â¥¯¥àì à ¢¥áâ¢® í«¥¬¥â®¢:( (AB)T )ij = (AB)ji = ∑

k

ajkbkj = ∑

k

(AT )kj(BT )ik == ∑

k

(BT )ik(AT )kj = (BT AT )ij .¨ á¢®©áâ¢® ¤®ª § ®.Ǒ�����������
• Ǒ¥à¥áâ ®¢ª  n ç¨á¥«.Ǒãáâì ¬ë ¨¬¥¥¬ n ç¨á¥«: 1, 2, 3, ..., n. Ǒ®¬¥ï¥¬ ¬¥áâ ¬¨ ª ª¨¥-¨¡ã¤ì ¤¢  ¨§ ¨å. �ë ¯®«ãç¨¬  ¡®à â¥å �¥ á ¬ëå ç¨á¥«, ® § -¯¨á ëå ¢ ¤àã£®¬ ¯®àï¤ª¥, ¨«¨ ¯¥à¥áâ ®¢ªã. Ǒ®¬¥ï¢ ¬¥áâ ¬¨ ¥é¥ª ªãî-«¨¡® ¯ àã ç¨á¥«, ¬ë ¯®«ãç¨¬ ¥é¥ ®¤ã ¯¥à¥áâ ®¢ªã ¨ â.¤. � �-¤ãî ¯¥à¥áâ ®¢ªã ¡ã¤¥¬ ®¡®§ ç âì (i1, ..., in), £¤¥ ik { ®¤® ¨§ ç¨á¥« ®â1 ¤® n, áâ®ïé¥¥ ¢ ¤ ®© ¯¥à¥áâ ®¢ª¥   k-®¬ ¬¥áâ¥.
•�¨á«® ¯¥à¥áâ ®¢®ª.Ǒ®¤áç¨â ¥¬ ª®«¨ç¥áâ¢® ¢á¥å ¢®§¬®�ëå ¯¥à¥áâ ®¢®ª. �ë ¨¬¥¥¬ ná¢®¡®¤ëå ¬¥áâ,   ª®â®àë¥  ¬  ¤® à á¯à¥¤¥«¨âì n ç¨á¥«. Ǒ¥à¢®¥ç¨á«® ¬ë ¬®�¥¬ § ¯¨á âì   «î¡®¥ ¬¥áâ®, â® ¥áâì ¤«ï ¥£® à á¯®«®�¥-¨ï ¨¬¥¥âáï n à §«¨çëå ¢ à¨ â®¢. � ¯¨è¥¬ ¯¥à¢®¥ ç¨á«®   ®¤® ¨§¬¥áâ. �«ï à á¯®«®�¥¨ï ¢â®à®£® ç¨á«  ã  á ®áâ ¥âáï n − 1 á¢®¡®¤®¥¬¥áâ®, ¯®áª®«ìªã ®¤® ¨§ ¬¥áâ ã�¥ § ïâ® ¯¥à¢ë¬ ç¨á«®¬. � ç¨â, ¤«ïª �¤®£® à á¯®«®�¥¨ï ¯¥à¢®£® ç¨á«  ¬ë ¨¬¥¥¬ n−1 ¢ à¨ â à á¯®«®-�¥¨ï ¢â®à®£® ç¨á« . � ª¨¬ ®¡à §®¬, ¤«ï à á¯®«®�¥¨ï ¯¥à¢ëå ¤¢ãåç¨á¥« ¬ë ¨¬¥¥¬ n(n − 1) à §«¨çëå ¢ à¨ â®¢.� á¯®«®�¨¬ ª ª¨¬-«¨¡® ¨§ ¢ à¨ â®¢ ¯¥à¢ë¥ ¤¢  ç¨á« . �«ï à á¯®-«®�¥¨ï âà¥âì¥£® ã  á ¨¬¥¥âáï n− 2 á¢®¡®¤ëå ¬¥áâ . � ç¨â, ¯¥à¢ë¥âà¨ ç¨á«  ¬ë ¬®�¥¬ à á¯®«®�¨âì n(n−1)(n−2) à §«¨çë¬¨ á¯®á®¡ ¬¨.
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9Ǒà®¤®«� ï à ááã�¤¥¨ï, ¯®«ãç¨¬, çâ® ¢á¥ n ç¨á¥« ¬®�® à á¯®«®�¨âì  n ¬¥áâ ®¤¨¬ ¨§ n(n − 1)(n − 2)...3 · 2 · 1 à §«¨çëå á¯®á®¡®¢. �â®ç¨á«® ®¡®§ ç ¥âáï n! (ç¨â ¥âáï "í-ä ªâ®à¨ «") ¨ à ¢® ª®«¨ç¥áâ¢ã¢á¥å ¯¥à¥áâ ®¢®ª ¨§ n ç¨á¥«.
• �¢¥àá¨¨ ¨ â¨¯ ¯¥à¥áâ ®¢ª¨.� áá¬®âà¨¬ ª ªãî-¨¡ã¤ì ¨§ ¯¥à¥áâ ®¢®ª. �ã¤¥¬ £®¢®à¨âì, çâ® ¤¢ ç¨á«  ¨§ íâ®© ¯¥à¥áâ ®¢ª¨ ®¡à §ãîâ ¨¢¥àá¨î, ¥á«¨ ¡®«ìè¥¥ ç¨á«® áâ®-¨â à ìè¥ ¬¥ìè¥£®. � ¯à¨¬¥à ¢ ¯¥à¥áâ ®¢ª¥ ¯ïâ¨ ç¨á¥« (2,4,1,5,3)¨¢¥àá¨¨ ®¡à §ãîâ ç¨á«  2 ¨ 1, 4 ¨ 1, 4 ¨ 3, 5 ¨ 3. �¨á«® ¨¢¥àá¨© ¢ ¯¥à¥-áâ ®¢ª¥ (i1, ..., in) ¡ã¤¥¬ ®¡®§ ç âì N(i1, ..., in). � ª N(2, 4, 1, 5, 3) = 4.�ã¤¥¬ £®¢®à¨âì, çâ® ¥ª®â®à ï ¯¥à¥áâ ®¢ª  ï¢«ï¥âáï ¯¥à¥áâ ®¢ª®©ç¥â®£® â¨¯ , ¥á«¨ ®  ¨¬¥¥â ç¥â®¥ ç¨á«® ¨¢¥àá¨© ¨ ¯¥à¥áâ ®¢ª®©¥ç¥â®£® â¨¯ , ¥á«¨ ®  ¨¬¥¥â ¥ç¥â®¥ ç¨á«® ¨¢¥àá¨©.
• �¥®à¥¬  ®¡ ¨§¬¥¥¨¨ â¨¯  ¯¥à¥áâ ®¢ª¨.�������. �á«¨ ¢ ¥ª®â®à®© ¯¥à¥áâ ®¢ª¥ ¯®¬¥ïâì ¬¥áâ ¬¨ ¤¢ í«¥¬¥â , â® ¥¥ â¨¯ ¨§¬¥¨âìáï   ¯à®â¨¢®¯®«®�ë©.���-��. Ǒ®¬¥ï¥¬ ¬¥áâ ¬¨ ¤¢  á®á¥¤¨å í«¥¬¥â  ¢ ¯¥à¥áâ ®¢ª¥.Ǒà¨ íâ®¬ áâ ¥â ¨«¨   ®¤ã ¨¢¥àá¨î ¡®«ìè¥, ¥á«¨ à ìè¥ ¢ë¡à  ï ¬¨ ¯ à  ¨¢¥àá¨î ¥ ®¡à §®¢ë¢ « , ¨«¨   ®¤ã ¨¢¥àá¨î ¬¥ìè¥,¥á«¨ ®¡à §®¢ë¢ « . � «î¡®¬ á«ãç ¥ â¨¯ ¯¥à¥áâ ®¢ª¨ ¨§¬¥¨âáï.Ǒãáâì â¥¯¥àì âà¥¡ã¥âáï ¯®¬¥ïâì ¬¥áâ ¬¨ ¤¢  ¥ á®á¥¤¨å í«¥¬¥â 
ai ¨ aj . Ǒãáâì ¤«ï ®¯à¥¤¥«¥®áâ¨ i < j. � ¬¥â¨¬, çâ® çâ®¡ë ¯¥à¥áâ -¢¨âì í«¥¬¥â ai   j-®¥ ¬¥áâ®,  ¬ ¯®âà¥¡ã¥âáï j−i à § ¯®á«¥¤®¢ â¥«ì®¯®¬¥ïâì ¥£® ¬¥áâ ¬¨ á á®á¥¤¨¬ í«¥¬¥â®¬. Ǒ®á«¥ íâ®£® aj ®ª �¥âáï  j−1-®¬ ¬¥áâ¥ ¨ ¤«ï â®£®, çâ®¡ë ¯¥à¥áâ ¢¨âì ¥£®   i-®¥ ¬¥áâ®, ¯®âà¥-¡ã¥âáï j − i − 1 à § ¯®á«¥¤®¢ â¥«ì® ¯®¬¥ïâì ¥£® ¬¥áâ ¬¨ á á®á¥¤¨¬í«¥¬¥â®¬. �á¥£® ¬ë 2j − 2i − 1 à § ¯®¬¥ï«¨ ¬¥áâ ¬¨ á®á¥¤¨¥ í«¥-¬¥âë, á«¥¤®¢ â¥«ì® ¯¥à¥áâ ®¢ª  ¥ç¥â®¥ ç¨á«® à § ¬¥ï«  â¨¯, çâ®à ¢®á¨«ì® âà¥¡ã¥¬®¬ã ãâ¢¥à�¤¥¨î.СА
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10�Ǒ���������� � �� ��������
• �¯à¥¤¥«¨â¥«¥¬ ª¢ ¤à â®© ¬ âà¨æë A à §¬¥à  n  §ë¢ ¥âáï ç¨á«®detA (¨«¨ |A|), ®¯à¥¤¥«ï¥¬®¥ ¯® ä®à¬ã«¥detA = ∑(−1)N(i1,...,in)a1i1a2i2 ...anin

,£¤¥ áã¬¬  ¡¥à¥âáï ¯® ¢á¥¬ ¢®§¬®�ë¬ ¯¥à¥áâ ®¢ª ¬ (i1, ..., in), (n! á« -£ ¥¬ëå),   N(i1, ..., in) { ç¨á«® ¨¢¥àá¨©.
• �¯à¥¤¥«¨â¥«ì ¥¤¨¨ç®© ¬ âà¨æë.�á¯®«ì§ãï ®¯à¥¤¥«¥¨¥, ¢ëç¨á«¨¬ ®¯à¥¤¥«¨â¥«ì ¥¤¨¨ç®© ¬ âà¨-æë. Ǒ®áª®«ìªã a1i1a2i2 ...anin

6= 0 â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ¢á¥ ¬®�¨â¥-«¨ ®â«¨çë ®â ã«ï, â® ¥áâì ï¢«ïîâáï ç¨á« ¬¨ (¥¤¨¨æ ¬¨), áâ®ïé¨¬¨  £« ¢®© ¤¨ £® «¨, ¯®«ãç ¥¬, çâ® ¢á¥ á« £ ¥¬ë¥ ¢ áã¬¬¥, ®¡à §ãî-é¥© ®¯à¥¤¥«¨â¥«ì, ¡ã¤ãâ à ¢ë ã«î, ªà®¬¥ á« £ ¥¬®£® a11a22...ann =1. Ǒà¨ç¥¬ ç¨á«® ¨¢¥àá¨© §¤¥áì à ¢® ã«î. �«¥¤®¢ â¥«ì®, á« £ ¥-¬®¥ ¡¥à¥âáï á® § ª®¬ "+" ¨ ®¯à¥¤¥«¨â¥«ì ¥¤¨¨ç®© ¬ âà¨æë «î¡®£®¯®àï¤ª  à ¢¥ 1.
• �¯à¥¤¥«¨â¥«ì âà á¯®¨à®¢ ®© ¬ âà¨æë.�¯à¥¤¥«¨â¥«ì ¥ ¬¥ï¥âáï ¯à¨ âà á¯®¨à®¢ ¨¨: detAT = detA.���-��. á   ¬ ® á â ® ï â ¥ « ì  ®�§ íâ®£® á¢®©áâ¢  á«¥¤ã¥â, çâ® áâà®ª¨ ¨ áâ®«¡æë ®¯à¥¤¥«¨â¥«ï à ¢-®¯à ¢ë ¨ ¢á¥ á¢®©áâ¢  ¤«ï áâà®ª, á¯à ¢¥¤«¨¢ë ¨ ¤«ï áâ®«¡æ®¢.
• �¯à¥¤¥«¨â¥«ì ¯à®¨§¢¥¤¥¨ï ¬ âà¨æ.�¯à¥¤¥«¨â¥«ì ¯à®¨§¢¥¤¥¨ï à ¢¥ ¯à®¨§¢¥¤¥¨î ®¯à¥¤¥«¨â¥«¥©:detAB = detA detB.���-��. á   ¬ ® á â ® ï â ¥ « ì  ®
• �¯à¥¤¥«¨â¥«ì á ã«¥¢®© áâà®ª®© (áâ®«¡æ®¬).�¯à¥¤¥«¨â¥«ì, ã ª®â®à®£® áâà®ª  (áâ®«¡¥æ) á®áâ®¨â ¨§ ã«¥©, à ¢¥ã«î.���-��. �«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç® ®â¬¥â¨âì, çâ® ¢ íâ®¬ á«ã-ç ¥ ¢ ª �¤®¬ á« £ ¥¬®¬ áã¬¬ë, ®¡à §ãîé¥© ®¯à¥¤¥«¨â¥«ì, ¡ã¤¥â ã«¥-¢®© ¬®�¨â¥«ì.
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11
• Ǒ¥à¥áâ ®¢ª  áâà®ª (áâ®«¡æ®¢) ®¯à¥¤¥«¨â¥«ï.�á«¨ ¢ ®¯à¥¤¥«¨â¥«¥ ¯¥à¥áâ ¢¨âì ¤¢¥ áâà®ª¨ (áâ®«¡æ ), â® ®¯à¥¤¥«¨-â¥«ì ¨§¬¥¨â § ª.���-��. Ǒ® ®¯à¥¤¥«¥¨î detA = ∑(−1)N(i1,...,in)a1i1a2i2 ...anin

.Ǒ®¬¥ï¥¬ ¬¥áâ ¬¨ ¤¢¥ áâà®ª¨ (áâ®«¡æ ). Ǒà¨ íâ®¬, ¢®-¯¥à¢ëå, ¢ª �¤®¬ á« £ ¥¬®¬ áã¬¬ë ¤¢  ¬®�¨â¥«ï, á®®â¢¥âáâ¢ãîé¨¥ ¯¥à¥áâ ¢-«¥ë¬ áâà®ª ¬ (áâ®«¡æ ¬), ¯®¬¥ïîâáï ¬¥áâ ¬¨, ®âç¥£® § ç¥¨¥ á -¬®£® ¯à®¨§¢¥¤¥¨ï ¥ ¨§¬¥¨âáï,   ¢®-¢â®àëå, ¢ ¯¥à¥áâ ®¢ª¥ (i1, ..., in)¤¢  í«¥¬¥â , á®®â¢¥âáâ¢ãîé¨¥ ®¬¥à ¬ ¯¥à¥áâ ¢«¥ëå áâà®ª (áâ®«¡-æ®¢), ¯®¬¥ïîâáï ¬¥áâ ¬¨, ®âç¥£® â¨¯ ¯¥à¥áâ ®¢ª¨ ¨§¬¥¨âáï   ¯à®-â¨¢®¯®«®�ë©, á«¥¤®¢ â¥«ì®, ª �¤®¥ á« £ ¥¬®¥ áã¬¬ë ¯®¬¥ï¥â § ª.
• �¯à¥¤¥«¨â¥«ì á ®¤¨ ª®¢ë¬¨ áâà®ª ¬¨ (áâ®«¡æ ¬¨).�¯à¥¤¥«¨â¥«ì á ®¤¨ ª®¢ë¬¨ áâà®ª ¬¨ (áâ®«¡æ ¬¨) à ¢¥ ã«î.���-��. Ǒ®¬¥ï¥¬ ¬¥áâ ¬¨ ®¤¨ ª®¢ë¥ áâà®ª¨ (áâ®«¡æë). � ®¤®©áâ®à®ë ®¯à¥¤¥«¨â¥«ì ¥ ¨§¬¥¨âáï,   á ¤àã£®© áâ®à®ë ® ¤®«�¥ ¯®-¬¥ïâì § ª   ¯à®â¨¢®¯®«®�ë©. �â® ¢®§¬®�® «¨èì ¢ â®¬ á«ãç ¥,¥á«¨ ®¯à¥¤¥«¨â¥«ì à ¢¥ ã«î.
• �¯à¥¤¥«¨â¥«ì á® áâà®ª®© (áâ®«¡æ®¬), ¯à¥¤áâ ¢«¥®© áã¬¬ ¬¨.�á«¨ ¢ ¬ âà¨æ¥ A ¢ i-®© áâà®ª¥ (áâ®«¡æ¥) ¢á¥ í«¥¬¥âë ¯à¥¤áâ ¢«¥ëáã¬¬ ¬¨, â® detA = detA1 + detA2, £¤¥ ¬ âà¨æë A1 ¨ A2 ®â«¨ç îâáï®â ¬ âà¨æë A â®«ìª® i-®© áâà®ª®© (áâ®«¡æ®¬): ã ¬ âà¨æë A1 ¢ i-®©áâà®ª¥ (áâ®«¡æ¥) áâ®ïâ ¯¥à¢ë¥ á« £ ¥¬ë¥ áã¬¬,   ã ¬ âà¨æë A2 { ¢â®àë¥á« £ ¥¬ë¥.���-�� (¤«ï áâà®ª, ¤«ï áâ®«¡æ®¢   «®£¨ç®). Ǒãáâì ¤«ï ®¯à¥¤¥-«¥®áâ¨ ã ¬ âà¨æë A áã¬¬ ¬¨ ¯à¥¤áâ ¢«¥  ¯¥à¢ ï áâà®ª . Ǒ® ®¯à¥-¤¥«¥¨îdetA = ∑(−1)N(i1,...,in)(a1i1 + b1i1)a2i2 ...anin

== ∑(−1)N(i1,...,in)a1i1a2i2 ...anin
+∑(−1)N(i1,...,in)b1i1a2i2 ...anin

== detA1 + detA2
• �«®�¥¨¥ áâà®ª (áâ®«¡æ®¢) ®¯à¥¤¥«¨â¥«ï.� ç¥¨¥ ®¯à¥¤¥«¨â¥«ï ¥ ¨§¬¥¨âìáï, ¥á«¨ ®¤ã áâà®ªã (áâ®«¡¥æ)§ ¬¥¨âì   áã¬¬ã ¨«¨ à §®áâì íâ®© áâà®ª¨ (áâ®«¡æ ) ¨ «î¡®© ¤àã£®©
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12áâà®ª¨ (áâ®«¡æ ) ®¯à¥¤¥«¨â¥«ï. (� á«ãç ¥ à §®áâ¨ § ¬¥ïâì á«¥¤ã¥ââã áâà®ªã (áâ®«¡¥æ), ¨§ ª®â®à®© ¢ëç¨â «¨.)���-��. � ¬¥¨¬ ¢ ®¯à¥¤¥«¨â¥«¥ i-ãî áâà®ªã (áâ®«¡¥æ)   ¥¥ áã¬-¬ã á j-®© áâà®ª®© (áâ®«¡æ®¬). Ǒ® ¯à¥¤ë¤ãé¥¬ã á¢®©áâ¢ã ¯®«ãç¥ë©®¯à¥¤¥«¨â¥«ì à ¢¥ áã¬¬¥ ¨áå®¤®£® ®¯à¥¤¥«¨â¥«ï ¨ ®¯à¥¤¥«¨â¥«ï, á¤¢ã¬ï ®¤¨ ª®¢ë¬¨ áâà®ª ¬¨ (áâ®«¡æ ¬¨), â® ¥áâì à ¢®£® ã«î.
• �ë¥á¥¨¥ ¬®�¨â¥«ï ¨§ áâà®ª¨ (áâ®«¡æ ).�á«¨ ¢ ®¯à¥¤¥«¨â¥«¥ ¢á¥ í«¥¬¥âë ®¤®© áâà®ª¨ (áâ®«¡æ ) à §¤¥«¨âì  α, â® § ç¥¨¥ ®¯à¥¤¥«¨â¥«ï ã¬¥ìè¨âìáï ¢ α à §.���-��. � ª �¤®¥ á« £ ¥¬®¥ áã¬¬ë, á®áâ ¢«ïîé¥© ®¯à¥¤¥«¨â¥«ì,¢å®¤¨â ¯® ®¤®¬ã í«¥¬¥âã ¥ª®â®à®© áâà®ª¨ (áâ®«¡æ ). Ǒ®íâ®¬ã ¥á«¨à §¤¥«¨âì ¢á¥ í«¥¬¥âë íâ®© áâà®ª¨ (áâ®«¡æ )   α, ª �¤®¥ á« £ ¥¬®¥áã¬¬ë, á®áâ ¢«ïîé¥© ®¯à¥¤¥«¨â¥«ì, ã¬¥ìè¨âìáï ¢ α à §. � ç¨â ¨á ¬  áã¬¬  ã¬¥ìè¨âáï ¢ α à §.
• � §«®�¥¨¥ ®¯à¥¤¥«¨â¥«ï ¯® í«¥¬¥â ¬ áâà®ª¨ (áâ®«¡æ ).� áá¬®âà¨¬ aij { í«¥¬¥â ¬ âà¨æë n-£® ¯®àï¤ª . �ëç¥àª¥¬ ¢ íâ®©¬ âà¨æ¥ i-ãî áâà®ªã ¨ j-ë© áâ®«¡¥æ. �áâ ¥âáï ¬ âà¨æ  ¯®àï¤ª  n −1. �¡®§ ç¨¬ ¥¥ ®¯à¥¤¥«¨â¥«ì Dij . �¥«¨ç¨  (−1)i+jDij  §ë¢ ¥âáï «£¥¡à ¨ç¥áª¨¬ ¤®¯®«¥¨¥¬ í«¥¬¥â  aij .�������. �¯à¥¤¥«¨â¥«ì ¬ âà¨æë à ¢¥ áã¬¬¥ ¯à®¨§¢¥¤¥¨© í«¥-¬¥â®¢ ®¤®© áâà®ª¨   ¨å  «£¥¡à ¨ç¥áª¨¥ ¤®¯®«¥¨ï. �® ¥áâìdetA = ai1(−1)i+1Di1 + ai2(−1)i+2Di2 + ...+ ain(−1)i+nDin.�â  ä®à¬ã«   §ë¢ ¥âáï ä®à¬ã«®© à §«®�¥¨ï ®¯à¥¤¥«¨â¥«ï ¯® í«¥-¬¥â ¬ áâà®ª¨.�«ï áâ®«¡æ®¢   «®£¨ç®.���-��. á   ¬ ® á â ® ï â ¥ « ì  ®Ǒà¨¬¥à. � §«®�¨âì ®¯à¥¤¥«¨â¥«ì ¯® í«¥¬¥â ¬ ¢â®à®© áâà®ª¨:

∣

∣

∣

∣

∣

∣

∣

1 2 3 42 3 4 53 4 5 64 5 6 7 ∣

∣

∣

∣

∣

∣

∣

= 2(−1)2+1 ∣

∣

∣

∣

∣

∣

2 3 44 5 65 6 7 ∣

∣

∣

∣

∣

∣

+ 3(−1)2+2 ∣

∣

∣

∣

∣

∣

1 3 43 5 64 6 7 ∣

∣

∣

∣

∣

∣

++ 4(−1)2+3 ∣

∣

∣

∣

∣

∣

1 2 43 4 64 5 7 ∣

∣

∣

∣

∣

∣

+ 5(−1)2+4 ∣

∣

∣

∣

∣

∣

1 2 33 4 54 5 6 ∣

∣

∣

∣

∣

∣
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• �¯à¥¤¥«¨â¥«ì âà¥ã£®«ì®© ¬ âà¨æë.�á«¨ ã ¬ âà¨æë ¢á¥ í«¥¬¥âë ¨�¥ £« ¢®© ¤¨ £® «¨ à ¢ë ã«î,â® ¥¥ ®¯à¥¤¥«¨â¥«ì à ¢¥ ¯à®¨§¢¥¤¥¨î í«¥¬¥â®¢ £« ¢®© ¤¨ £® «¨.���-��. � §«®�¨¬ ®¯à¥¤¥«¨â¥«ì âà¥ã£®«ì®© ¬ âà¨æë ¯®àï¤ª  n¯® ¯¥à¢®© áâà®ª¥:

∣

∣

∣

∣

∣

∣

∣

a11 a12 ... a1n0 a22 ... a2n

.. .. ... ..0 0 ... ann

∣

∣

∣

∣

∣

∣

∣

= a11 ∣

∣

∣

∣

∣

∣

a22 ... a2n

.. ... ..0 ... ann

∣

∣

∣

∣

∣

∣�¯à¥¤¥«¨â¥«ì ¯®«ãç¨¢è¥©áï âà¥ã£®«ì®© ¬ âà¨æë ¯®àï¤ª  n − 1®¯ïâì à §«®�¨¬ ¯® ¯¥à¢®© áâà®ª¥. Ǒ®¢â®àïï ®¯¥à æ¨¨. n à §, ¯®«ã-ç¨¬ âà¥¡ã¥¬®¥.���������� �Ǒ�����������
• �ëç¨á«¥¨¥ ®¯à¥¤¥«¨â¥«¥© ¢â®à®£® ¯®àï¤ª .�á¯®«ì§ãï ®¯à¥¤¥«¥¨¥, ¯®¤áç¨â ¥¬ ®¯à¥¤¥«¨â¥«ì ¤«ï ª¢ ¤à â®©¬ âà¨æë à §¬¥à  2. �«ï n = 2 ¬ë ¨¬¥¥¬ ¢á¥£® ¤¢¥ ¯¥à¥áâ ®¢ª¨: (1,2)¨ (2,1). � ¯¥à¢®© ¨§ ¨å 0 ¨¢¥àá¨©, ¢® ¢â®à®© { ®¤ . �«¥¤®¢ â¥«ì®detA = (−1)0a11a22 + (−1)1a12a21 = a11a22 − a12a21.� ¯à¨¬¥à ∣

∣

∣

∣

1 42 3 ∣

∣

∣

∣

= 1 · 3− 4 · 2 = −5.
• �ëç¨á«¥¨¥ ®¯à¥¤¥«¨â¥«¥© âà¥âì¥£® ¯®àï¤ª .�ëç¨á«¨¬ ®¯à¥¤¥«¨â¥«ì ¤«ï ª¢ ¤à â®© ¬ âà¨æë à §¬¥à  3. Ǒ®-áª®«ìªã 3! = 6, ¬ë ¨¬¥¥¬ 6 à §«¨çëå ¯¥à¥áâ ®¢®ª. �à¨ ¯¥à¥áâ ®¢ª¨á ç¥âë¬ ç¨á«®¬ ¨¢¥àá¨©: (1,2,3), (2,3,1), (3,1,2) (0, 2 ¨ 2 ¨¢¥àá¨¨ á®-®â¢¥âáâ¢¥®); ¨ âà¨ ¯¥à¥áâ ®¢ª¨ á ¥ç¥âë¬ ç¨á«®¬ ¨¢¥àá¨©: (3,2,1),(2,1,3), (1,3,2) (3, 1 ¨ 1 ¨¢¥àá¨ï á®®â¢¥âáâ¢¥®). Ǒ®íâ®¬ã ¢ áã¬¬¥ ¨§ä®à¬ã«ë ¤«ï ¢ëç¨á«¥¨ï ®¯à¥¤¥«¨â¥«ï ¢ íâ®¬ á«ãç ¥ ¡ã¤¥â âà¨ á« £ -¥¬ëå á® § ª®¬ "+" ¨ âà¨ á« £ ¥¬ëå á® § ª®¬ "-":detA = a11a22a33 + a12a23a31 + a13a21a32 − a31a22a31 − a12a21a33 −

a11a23a32.СА
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14�å¥¬ â¨ç® ä®à¬ã«ã ¤«ï ¢ëç¨á«¥¨ï ®¯à¥¤¥«¨â¥«ï âà¥âì¥£® ¯®àï¤-ª  ¬®�® ¨§®¡à §¨âì â ª:
|A| = 
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◦ ⊗ ◦
◦ ◦ ⊗



+
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◦ ◦ ⊗
⊗ ◦ ◦



+



◦ ◦ ⊗
⊗ ◦ ◦
◦ ⊗ ◦



−

−





◦ ◦ ⊗
◦ ⊗ ◦
⊗ ◦ ◦



 −





◦ ⊗ ◦
⊗ ◦ ◦
◦ ◦ ⊗



 −





⊗ ◦ ◦
◦ ◦ ⊗
◦ ⊗ ◦





• �ëç¨á«¥¨¥ ®¯à¥¤¥«¨â¥«ï ¯à®¨§¢®«ì®£® ¯®àï¤ª .Ǒà¨¢¥¤¥ ï ¢ëè¥ â¥®à¥¬  ® à §«®�¥¨¨ ®¯à¥¤¥«¨â¥«ï ¯® í«¥¬¥â ¬áâà®ª¨ ¨«¨ áâ®«¡æ  ¯®§¢®«ï¥â á¢®¤¨âì ¢ëç¨á«¥¨¥ ®¯à¥¤¥«¨â¥«ï n-£®¯®àï¤ª  ª ¢ëç¨á«¥¨î ®¯à¥¤¥«¨â¥«¥© n − 1-£® ¯®àï¤ª . �«ï ã¯à®é¥-¨ï ¢ëç¨á«¥¨© ¯à¥�¤¥, ç¥¬ ¯à¨¬¥ïâì íâã â¥®à¥¬ã, á«¥¤ã¥â, á®¡«î¤ ïà ¢¥áâ¢®, ¯à¥®¡à §®¢ âì ¨áå®¤ë© ®¯à¥¤¥«¨â¥«ì â ª, çâ®¡ë ¢ ¯®«ãç¨¢-è¥¬áï ®¯à¥¤¥«¨â¥«¥ ¢ ª ª®©-«¨¡® áâà®ª¥ ¨«¨ áâ®«¡æ¥ ¡ë«® ª ª ¬®�®¡®«ìè¥ ã«¥© (¢á¥, ªà®¬¥ ®¤®£®). �â®£® ¬®�® ¤®¡¨âìáï áª« ¤ë¢ ï¨«¨ ¢ëç¨â ï áâà®ª¨ (áâ®«¡æë) ®¯à¥¤¥«¨â¥«ï, ¨ ¢ë®áï ¬®�¨â¥«¥© ¨§áâà®ª¨ (áâ®«¡æ ) §  § ª ®¯à¥¤¥«¨â¥«ï (¯® á¢®©áâ¢ ¬ ®¯à¥¤¥«¨â¥«ï ¥£®§ ç¥¨¥ ¯à¨ íâ®¬ ¥ ¨§¬¥¨âìáï).� ¯à¨¬¥à: ∣

∣

∣

∣

∣

∣

∣

2 1 1 11 2 1 11 1 2 11 1 1 2 ∣

∣

∣

∣

∣

∣

∣

= ( ¢ëçâ¥¬ ¨§ ¯¥à¢®©áâà®ª¨ ¢â®àãî ) == ∣

∣

∣

∣

∣

∣

∣

1 −1 0 01 2 1 11 1 2 11 1 1 2 ∣

∣

∣

∣

∣

∣

∣

= ( ¯à¨¡ ¢¨¬ ª® ¢â®à®¬ãáâ®«¡æã ¯¥à¢ë© ) = ∣

∣

∣

∣

∣

∣

∣

1 0 0 01 3 1 11 2 2 11 2 1 2 ∣

∣

∣

∣

∣

∣

∣

== ( à §«®�¨¬ ¯® í«¥¬¥â ¬¯¥à¢®© áâà®ª¨ ) = 1(−1)1+1 ∣

∣

∣

∣

∣

∣

3 1 12 2 12 1 2 ∣

∣

∣

∣

∣

∣

== ( ¢ëçâ¥¬ ¨§ ¢â®à®©áâà®ª¨ âà¥âìî ) = ∣

∣

∣

∣

∣

∣

3 1 10 1 −12 1 2 ∣

∣

∣

∣

∣

∣

= ( ¯à¨¡ ¢¨¬ ª® ¢â®à®¬ãáâ®«¡æã âà¥â¨© ) == ∣

∣

∣

∣

∣

∣

3 2 10 0 −12 3 2 ∣

∣

∣

∣

∣

∣

= ( à §«®�¨¬ ¯® í«¥¬¥â ¬¢â®à®© áâà®ª¨ ) == −1(−1)2+3 ∣

∣

∣

∣

3 22 3 ∣

∣

∣

∣

= 3 · 3− 2 · 2 = 5.
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15������ � ���� �������
• � áá¬®âà¨¬ ¬ âà¨æã A ¯à®¨§¢®«ì®£® à §¬¥à  (¥ ®¡ï§ â¥«ì® ª¢ ¤-à âãî). �ëç¥àª¥¬ ¨§ ¥¥ ¥áª®«ìª® áâà®ª ¨ áâ®«¡æ®¢, çâ®¡ë ®áâ «®áìà®¢® k áâà®ª ¨ k áâ®«¡æ®¢. �¯à¥¤¥«¨â¥«ì ®áâ ¢è¥©áï ª¢ ¤à â®© ¬ â-à¨æë  §ë¢ ¥âáï ¬¨®à®¬ k-®£® ¯®àï¤ª  ¬ âà¨æë A.
• � £®¬ ¬ âà¨æë A  §ë¢ ¥âáï  ¨¡®«ìè¨© ¯®àï¤®ª ¥ à ¢®£® ã«î¬¨®à .
•Ǒãáâì k { à £ ¬ âà¨æë A. � §¨áë¬ ¬¨®à®¬ ¬ âà¨æë A  §ë¢ ¥âáï«î¡®© ¥ã«¥¢®© ¬¨®à ¯®àï¤ª  k.
• �¥®à¥¬  ® ¡ §¨á®¬ ¬¨®à¥.�î¡ ï áâà®ª  ¬ âà¨æë A ¬®�¥â ¡ëâì ¯à¥¤áâ ¢«¥  ª ª «¨¥© ïª®¬¡¨ æ¨ï áâà®ª, ¢å®¤ïé¨å ¢ ¡ §¨áë© ¬¨®à. (� «®£¨ç®¥ ãâ¢¥à-�¤¥¨¥ ¨¬¥¥â ¬¥áâ® ¨ ¤«ï áâ®«¡æ®¢.)���-��. Ǒãáâì ¬ âà¨æ  A ¨¬¥¥â à £ k ¨ ¬ë å®â¨¬ ¯à¥¤áâ ¢¨âì¢ ¢¨¤¥ «¨¥©®© ª®¬¡¨ æ¨¨ áâà®ª ¡ §¨á®£® ¬¨®à  i-ãî áâà®ªã ¬ â-à¨æë A. �¥ ã¬¥ìè ï ®¡é®áâ¨, ¬®�® áç¨â âì, çâ® ¡ §¨áë© ¬¨®àáâ®¨â ¢ «¥¢®¬ ¢¥àå¥¬ ã£«ã ¬ âà¨æë A. � áá¬®âà¨¬ ª¢ ¤à âãî ¬ â-à¨æã B ¯®àï¤ª  k + 1, á®áâ ¢«¥ãî ¨§ k áâà®ª ¨ áâ®«¡æ®¢ ¡ §¨á®£®¬¨®à , i-®© áâà®ª¨ ¬ âà¨æë A (¥ ¢á¥© áâà®ª¨,   â¥å ¥¥ í«¥¬¥â®¢, ª®-â®àë¥ ¢å®¤ïâ ¢ áâ®«¡æë, ®¡à §ãîé¨¥ ¡ §¨áë© ¬¨®à) ¨ j-®£® áâ®«¡æ ¬ âà¨æë A (¥ ¢á¥£® áâ®«¡æ ,   â¥å ¥£® í«¥¬¥â®¢, ª®â®àë¥ ¢å®¤ïâ ¢áâà®ª¨, ®¡à §ãîé¨¥ ¡ §¨áë© ¬¨®à ¨ i-ãî áâà®ªã).�á«¨ i- ï áâà®ª  ¬ âà¨æë A ¢å®¤¨«  ¢ ¡ §¨áë© ¬¨®à, â® ¢ ¯®áâà®-¥®¬  ¬¨ ®¯à¥¤¥«¨â¥«¥ ¥áâì ¤¢¥ ®¤¨ ª®¢ë¥ áâà®ª¨ ¨ ® à ¢¥ ã«î.�á«¨ i- ï áâà®ª  ¬ âà¨æë A ¥ ¢å®¤¨«  ¢ ¡ §¨áë© ¬¨®à, â® ¯®áâà®¥-ë©  ¬¨ ®¯à¥¤¥«¨â¥«ì ï¢«ï¥âáï ¬¨®à®¬ k + 1-®£® ¯®àï¤ª  ¬ âà¨æë
A ¨ ¤®«�¥ à ¢ïâìáï ã«î, ¯®áª®«ìªã à £ ¬ âà¨æë A à ¢¥ k. �«¥-¤®¢ â¥«ì® ¢ «î¡®¬ á«ãç ¥ detB = 0.� §«®�¨¬ ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë B ¯® í«¥¬¥â ¬ ¯®á«¥¤¥£® áâ®«¡-æ  (ª®â®àë© ï¢«ï¥âáï ç áâìî j-®£® áâ®«¡æ  ¬ âà¨æë A):detB = c1a1j + c2a2j + ...+ ckakj + ck+1aij = 0,СА
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16£¤¥ c1, ...ck+1 { ¥ª®â®àë¥ ç¨á« . � ¬¥â¨¬ , çâ® ª®íää¨æ¨¥â ck+1 áâ®ç®áâìî ¤® § ª  á®¢¯ ¤ ¥â á ¡ §¨áë¬ ¬¨®à®¬, á«¥¤®¢ â¥«ì®, ®â-«¨ç¥ ®â ã«ï. � §¤¥«¨¢   ¥£®, ¯®«ãç¨¬:
aij = −

c1
ck+1 a1j −

c2
ck+1 a2j ... −

ck

ck+1 akj�ë ¯à¥¤áâ ¢¨«¨ í«¥¬¥â aij ¢ ¢¨¤¥ «¨¥©®© ª®¬¡¨ æ¨¨ í«¥¬¥-â®¢, ¢å®¤ïé¨å ¢ ¡ §¨áë© ¬¨®à, ¯à¨ç¥¬ ª®íää¨æ¨¥âë ¥ § ¢¨áïâ ®â®¬¥à  ¢ë¡à ®£® áâ®«¡æ . �«¥¤®¢ â¥«ì®, ¢áî i-ãî áâà®ªã ¬®�®¯à¥¤áâ ¢¨âì ª ª «¨¥©ãî ª®¬¡¨ æ¨î áâà®ª ¡ §¨á®£® ¬¨®à .
• �¥®à¥¬ë, ®¡«¥£ç îé¨¥  å®�¤¥¨¥ à £  ¬ âà¨æë.�á®¢ë¢ ïáì   á¢®©áâ¢ å ®¯à¥¤¥«¨â¥«¥©, ¬®�® áä®à¬ã«¨à®¢ âì¯à ¢¨«  ¯à¥®¡à §®¢ ¨ï ¬ âà¨æë, á®åà ïîé¨¥ ¥¥ à £:1. � £ ¬ âà¨æë ¥ ¨§¬¥¨âáï, ¥á«¨ ¯®¬¥ïâì ¬¥áâ ¬¨ ¤¢¥ ¥¥ áâà®ª¨(áâ®«¡æ ).2. � £ ¬ âà¨æë ¥ ¨§¬¥¨âáï, ¥á«¨ ¢á¥ í«¥¬¥âë ¥¥ áâà®ª¨ (áâ®«¡æ )ã¬®�¨âì   ç¨á«®, ®â«¨ç®¥ ®â ã«ï.3. � £ ¬ âà¨æë ¥ ¨§¬¥¨âáï, ¥á«¨ ¨§ ¬ âà¨æë ¢ëç¥àªãâì ã«¥¢ãîáâà®ªã (áâ®«¡¥æ).4. �á«¨ ¢ ¬ âà¨æ¥ ¥áâì ¤¢¥ ¯à®¯®àæ¨® «ìëå áâà®ª¨ (áâ®«¡æ ), â®à £ ¬ âà¨æë ¥ ¨§¬¥¨âáï ¯à¨ ¢ëç¥àª¨¢ ¨¨ ®¤®© ¨§ ¨å.5. � £ ¬ âà¨æë ¥ ¨§¬¥¨âáï, ¥á«¨ ®¤ã áâà®ªã (áâ®«¡¥æ) § ¬¥¨âì¥¥ áã¬¬®© á ¤àã£®© áâà®ª®© (áâ®«¡æ®¬).�¥©áâ¢¨â¥«ì®, ¢á¥ íâ¨ ¯à¥®¡à §®¢ ¨ï ¯¥à¥¢®¤ïâ ã«¥¢ë¥ ®¯à¥¤¥«¨-â¥«¨ ¢ ã«¥¢ë¥,   ¥ã«¥¢ë¥ { ¢ ¥ã«¥¢ë¥.
• �¥â®¤ ¢ëç¨á«¥¨ï à £  ¬ âà¨æë á®áâ®¨â ¢ â®¬, çâ®, ¯à¨¬¥ïï ãª -§ ë¥ ¯à¥®¡à §®¢ ¨ï, ¯à¨¢®¤ïâ ¬ âà¨æã ª ¢¨¤ã













a11 a12 a13 ... a1n a1n+1 ... a1m0 a22 a23 ... a2n a2n+1 ... a2m0 0 a33 ... a3n a3n+1 ... a3m... ... ... . . . ... ... ...
...0 0 0 ... ann ann+1 ... anm













,¯®áª®«ìªã ¢ íâ®¬ á«ãç ¥ «¥£ª® ãª § âì ¥ã«¥¢®© ¬¨®à: ¥£® ®¡à §ãîâ¯¥à¢ë¥ n áâ®«¡æ®¢. (�¤¥áì ¯®¤à §ã¬¥¢ ¥âáï, çâ® n ≤ m. �á«¨ ®ª �¥âáï,
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17çâ® n > m, â® á«¥¤ã¥â á ç «  âà á¯®¨à®¢ âì ¬ âà¨æã, çâ® â®�¥¥ ¬¥ï¥â à £, ¯®áª®«ìªã ®¯à¥¤¥«¨â¥«¨ âà á¯®¨à®¢ ëå ¬ âà¨æà ¢ë.)�â¬¥â¨¬, çâ® ¢á¥£¤  ¬®�® ¯à¨¢¥áâ¨ ¯à®¨§¢®«ìãî ¬ âà¨æã ª ãª -§ ®¬ã áâã¯¥ç â®¬ã ¢¨¤ã,  ¯à¨¬¥à á«¥¤ãîé¨¬ á¯®á®¡®¬:¢ëçâ¥¬ ¯¥à¢ãî áâà®ªã, ã¬®�¥ãî   ¯®¤å®¤ïé¨© ¬®�¨â¥«ì ¨§¢á¥å ®áâ «ìëå, çâ®¡ë ¯®«ãç¨âì ã«¨ ¢ ¯¥à¢®¬ áâ®«¡æ¥ á® ¢â®à®© ¯®¯®á«¥¤îî áâà®ªã;¢ëçâ¥¬ ¢â®àãî áâà®ªã, ã¬®�¥ãî   ¯®¤å®¤ïé¨© ¬®�¨â¥«ì ¨§¢á¥å ®áâ «ìëå, ªà®¬¥ ¯¥à¢®©, çâ®¡ë ¯®«ãç¨âì ã«¨ ¢® ¢â®à®¬ áâ®«¡æ¥ áâà¥âì¥© ¯® ¯®á«¥¤îî áâà®ªã (¯®«ãç¥ë¥ à ¥¥ ã«¨ ¢ ¯¥à¢®¬ áâ®«¡æ¥¯à¨ íâ®¬ ¥ "¯®àâïâáï", â ª ª ª ®â ¨å ¡ã¤¥¬ ®â¨¬ âì â¥ �¥ ã«¨;¨ â ª ¤ «¥¥, á¯ãáª ïáì ¯® áâà®ª ¬ ¢¨§, ¯®«ãç¨¬ âà¥¡ã¥¬®¥.Ǒà¨¬¥à.










1 0 2 2 4 4 5 52 2 4 4 5 5 8 83 3 5 5 3 3 5 55 4 2 3 2 2 2 34 4 2 2 3 4 1 1









→¢ëçâ¥¬ ¨§ ¢â®à®© áâà®ª¨ ¯¥à¢ãî, ã¬®�¥ãî   2,¨§ âà¥âì¥© áâà®ª¨ { ¯¥à¢ãî, ã¬®�¥ãî   3,¨§ ç¥â¢¥àâ®© áâà®ª¨ { ¯¥à¢ãî, ã¬®�¥ãî   5,¨§ ¯ïâ®© áâà®ª¨ { ¯¥à¢ãî, ã¬®�¥ãî   4
→











1 0 2 2 4 4 5 50 2 0 0 −3 −3 −7 −70 3 −1 −1 −9 −9 −10 −100 4 −8 −7 −18 −18 −23 −220 4 −6 −6 −13 −12 −19 −19









→¢ëçâ¥¬ ¨§ âà¥âì¥© áâà®ª¨ ¢â®àãî, ã¬®�¥ãî   1,5,¨§ ç¥â¢¥àâ®© áâà®ª¨ { ¢â®àãî, ã¬®�¥ãî   2,¨§ ¯ïâ®© áâà®ª¨ { ¢â®àãî, ã¬®�¥ãî   2,
→











1 0 2 2 4 4 5 50 2 0 0 −3 −3 −7 −70 0 −1 −1 −4, 5 −4, 5 0, 5 0, 50 0 −8 −7 −12 −12 −9 −80 0 −6 −6 −7 −6 −5 −5 









→¯à¨¡ ¢¨¬ ª ç¥â¢¥àâ®© áâà®ª¥ âà¥âìî, ã¬®�¥ãî   -8,ª ¯ïâ®© { âà¥âìî, ã¬®�¥ãî   -6
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18
→











1 0 2 2 4 4 5 50 2 0 0 −3 −3 −7 −70 0 −1 −1 −4, 5 −4, 5 0, 5 0, 50 0 0 1 24 24 −13 −120 0 0 0 20 21 −8 −8 







Ǒ¥à¢ë¥ ¯ïâì áâ®«¡æ®¢ ¬ âà¨æë ®¡à §ãîâ ¥ã«¥¢®© ¬¨®à, á«¥¤®¢ -â¥«ì®, à £ ¬ âà¨æë 5.�  ¯à ªâ¨ª¥ á®¢á¥¬ ¥ ®¡ï§ â¥«ì® ¯®«ì§®¢ âìáï ¨¬¥® ®¯¨á ë¬¬¥â®¤®¬. �ãçè¥ ¢ëç¨â âì áâà®ªã ¨ áâ®«¡æë (¥ ®¡ï§ â¥«ì® á®á¥¤¨¥),¢ ª®â®àëå ¬®£® ®¤¨ ª®¢ëå í«¥¬¥â®¢,   § â¥¬ ¯¥à¥áâ ¢¨âì áâà®ª¨ ¨áâ®«¡æë, çâ®¡ë ¯®«ãç¨âì ã�®¥ à á¯®«®�¥¨¥ ã«¥©.Ǒà¨¬¥à.










5 8 2 5 2 6 2 50 2 0 1 0 2 0 110 7 5 5 3 5 6 25 4 2 3 2 2 2 34 4 2 2 3 4 1 1









→¢ëçâ¥¬ ¨§ ¯¥à¢®© áâà®ª¨ ç¥â¢¥àâãî¨ ¨§ âà¥âì¥© áâà®ª¨ ¯ïâãî
→











0 4 0 2 0 4 0 20 2 0 1 0 2 0 16 3 3 3 0 1 5 15 4 2 3 2 2 2 34 4 2 2 3 4 1 1









→¯®áª®«ìªã ¯¥à¢ ï áâà®ª  ¯à®¯®àæ¨® «ì ¢â®à®© (á ª®íää¨æ¨¥â®¬ 2) ¢ëç¥àª¥¬ ¥¥
→







0 2 0 1 0 2 0 16 3 3 3 0 1 5 15 4 2 3 2 2 2 34 4 2 2 3 4 1 1




→ã¬®�¨¬ âà¥â¨© áâ®«¡¥æ   2, ¨ ¢ëçâ¥¬ ¥£® ¨§ ¯¥à¢®£® áâ®«¡æ 

→







0 2 0 1 0 2 0 16 3 6 3 0 1 5 15 4 4 3 2 2 2 34 4 4 2 3 4 1 1




→







0 2 0 1 0 2 0 10 3 6 3 0 1 5 11 4 4 3 2 2 2 30 4 4 2 3 4 1 1




→¯¥à¥áâ ¢¨¬ âà¥âìî áâà®ªã   ¯¥à¢®¥ ¬¥áâ® ¨ ¯ïâë© áâ®«¡¥æ   ¢â®à®¥СА
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19
→







1 4 4 3 2 2 2 30 2 0 1 0 2 0 10 3 6 3 0 1 5 10 4 4 2 3 4 1 1




→







1 2 4 4 3 2 2 30 0 2 0 1 2 0 10 0 3 6 3 1 5 10 3 4 4 2 4 1 1




→¯®¬¥ï¥¬ ¬¥áâ ¬¨ ¢â®àãî ¨ ç¥â¢¥àâãî áâà®ª¨¨ ç¥â¢¥àâë© ¨ âà¥â¨© áâ®«¡¥æ

→







1 2 4 4 3 2 2 30 3 4 4 2 4 1 10 0 3 6 3 1 5 10 0 2 0 1 2 0 1




→







1 2 4 4 3 2 2 30 3 4 4 2 4 1 10 0 6 3 3 1 5 10 0 0 2 1 2 0 1



Ǒ®áª®«ìªã ¯¥à¢ë¥ ç¥âëà¥ áâ®«¡æ  ¯®«ãç¥®© ¬ âà¨æë ®¡à §ãîâ âà¥-ã£®«ìãî ¬ âà¨æã á ®¯à¥¤¥«¨â¥«¥¬ 1·3·6·2 6= 0, à £ ¨áå®¤®© ¬ âà¨æëà ¢¥ 4.�������� �������
• Ǒ®ïâ¨¥ ®¡à â®© ¬ âà¨æë.�á«¨ ¤«ï ª¢ ¤à âëå ¬ âà¨æ A ¨ B, ¨¬¥îé¨å ®¤¨ ª®¢ãî à §¬¥à-®áâì, AB = E ¨«¨ BA = E, â® ¬ âà¨æ  B  §ë¢ ¥âáï ®¡à â®© ª¬ âà¨æ¥ A ¨ ®¡®§ ç ¥âáï A−1.�â¬¥â¨¬, çâ® ¥á«¨ AB = E ¨ CA = E, â® B = C. �¥©áâ¢¨â¥«ì®,

B = EB = (CA)B = C(AB) = CE = C.�¡à â ï ¬ âà¨æ  áãé¥áâ¢ã¥â ¥ ¤«ï «î¡®© ª¢ ¤à â®© ¬ âà¨æë.� ¯à¨¬¥à, ®ç¥¢¨¤®, ã«¥¢ ï ¬ âà¨æ  ¥ ¬®�¥â ¨¬¥âì ®¡à âãî, ¯®-áª®«ìªã ¯à¨ ã¬®�¥¨¨ ¥¥   «î¡ãî ¤àã£ãî ¬ âà¨æã ¡ã¤¥¬ ¯®«ãç âìã«¥¢ãî,   ¥ ¥¤¨¨çãî.
• �¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç®¥ ãá«®¢¨¥ áãé¥áâ¢®¢ ¨ï. �®à¬ã«  ¤«ïí«¥¬¥â®¢ ®¡à â®© ¬ âà¨æë.�������. �«ï â®£®, çâ®¡ë ã ¬ âà¨æë A áãé¥áâ¢®¢ «  ®¡à â ï,¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë detA = 0. �®£¤ 

A−1 = 













A11detA A12detA ...
A1ndetA

A21detA A22detA ...
A2ndetA

. . . . . . . . . . . . . . . . . . . . . . . . .
An1detA An2detA ...

AnndetA














T

,£¤¥ Aij  «£¥¡à ¨ç¥áª®¥ ¤®¯®«¥¨¥ í«¥¬¥â  aij .
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20���-��. Ǒ®áª®«ìªã ¨¬¥¥â ¬¥áâ® ®ç¥¢¨¤ ï æ¥¯®çª  à ¢¥áâ¢:detA detA−1 = det(AA−1) = detE = 1,®¯à¥¤¥«¨â¥«ì ®¡à â®© ¬ âà¨æë, ¥á«¨ ®  áãé¥áâ¢ã¥â, ¤®«�¥ ¡ëâì®¡ï§ â¥«ì® ®â«¨ç¥ ®â ã«ï.� ¤àã£®© áâ®à®ë, ¯ãáâì detA 6= 0. � áá¬®âà¨¬ ¬ âà¨æã B á í«¥¬¥-â ¬¨
bij = (

AjidetA)

, (*)£¤¥ Aji {  «£¥¡à ¨ç¥áª®¥ ¤®¯®«¥¨¥ í«¥¬¥â  aji ¬ âà¨æë A. �®£¤ 
AB { íâ® ¬ âà¨æ  á í«¥¬¥â ¬¨

cij = ∑

k

aikbkj = ∑

k

aik

(

AjkdetA) = 1detA ∑

k

aikAjk.Ǒ®á«¥¤îî áã¬¬ã ¬®�® à áá¬ âà¨¢ âì ª ª à §«®�¥¨¥ ¥ª®â®à®£®®¯à¥¤¥«¨â¥«ï ¯® í«¥¬¥â ¬ j-®© áâà®ª¨ á í«¥¬¥â ¬¨ ai1, ai2, ..., ain,¯à¨ç¥¬ ¥á«¨ i = j, â® íâ® ¢ â®ç®áâ¨ ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë A, á«¥¤®¢ -â¥«ì®, ¤«ï «î¡®£® i cii = 1. �á«¨ �¥ i 6= j, â® ¢ íâ®¬ ®¯à¥¤¥«¨â¥«¥ ¥áâì¤¢¥ ®¤¨ ª®¢ë¥ áâà®ª¨ i- ï ¨ j- ï. �«¥¤®¢ â¥«ì®, ¤«ï i 6= j cij = 0.� ª¨¬ ®¡à §®¬, ¯à®¨§¢¥¤¥¨¥ AB íâ® ¬ âà¨æ , ã ª®â®à®© ¯® ¤¨ £® «¨áâ®ïâ ¥¤¨¨æë,   ¢á¥ ®áâ «ìë¥ í«¥¬¥âë { ã«¨. �® ¥áâì AB = E.� «®£¨ç® ¤®ª §ë¢ ¥âáï, çâ® BA = E.
• �¢®©áâ¢  ®¡à â®© ¬ âà¨æë.1. (A−1)−1 = A2. (α · A)−1 = 1

α
A−13. (A · B)−1 = B−1 · A−14. (A−1)T = (AT )−1

• �«£®à¨â¬  å®�¤¥¨ï ®¡à â®© ¬ âà¨æë.1. �ëç¨á«ï¥¬ ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë detA ¨ ã¡¥¤¨âìáï, çâ® ® ®â-«¨ç¥ ®â ã«ï (¢ ¯à®â¨¢®¬ á«ãç ¥ ¬ âà¨æ  ¥ ¨¬¥¥â ®¡à â®©).2. � å®¤¨¬ ç¨á«® λ = 1detA .3. �âà®¨¬ ¬ âà¨æã ‖Aij‖ ¨§  «£¥¡à ¨ç¥áª¨å ¤®¯®«¥¨© í«¥¬¥â®¢
aij .4. �à á¯®¨àã¥¬ ¬ âà¨æã ‖Aij‖, â¥¬ á ¬ë¬ ¯®«ãç ¥¬ ‖Aij‖
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215. �¬®� ¥¬ ª �¤ë© í«¥¬¥â ¬ âà¨æë ‖Aij‖
T   ç¨á«® λ. Ǒ®«ãç ¥¬®¡à âãî ¬ âà¨æã A−1.6. �«ï ¯à®¢¥àª¨ à¥§ã«ìâ â   å®¤¨¬ ¯à®¨§¢¥¤¥¨ï AA−1 ¨ (¨«¨)

A−1A. �á«¨ AA−1 = A−1A = E, â® ®¡à â ï ¬ âà¨æ   ©¤¥  ¢¥à®.
• � âà¨çë¥ ãà ¢¥¨ï.Ǒãáâì A { ¨§¢¥áâ ï ª¢ ¤à â ï ¬ âà¨æ  á ¥ã«¥¢ë¬ ®¯à¥¤¥«¨â¥-«¥¬, B { ¨§¢¥áâ ï ¬ âà¨æ  à §¬¥à  n × m, X { ¥¨§¢¥áâ ï ¬ âà¨æ .� áá¬®âà¨¬ ãà ¢¥¨¥

AX = B.�«ï â®£®, çâ®¡ë íâ® ãà ¢¥¨¥ ¨¬¥«® á¬ëá«, ¥®¡å®¤¨¬®, çâ®¡ë ¬ â-à¨æë A ¡ë«  ¯®àï¤ª  n. �¬®� ï ãà ¢¥¨¥ á«¥¢    ¬ âà¨æã A−1,¯®«ãç¨¬ à ¢¥áâ¢®:
X = A−1B,ª®â®à®¥ ®¯à¥¤¥«ï¥â ¬ âà¨æã X, ª ª ¬ âà¨æã à §¬¥à  n × m.� ¬¥â¨¬, çâ® ¤«ï ¯®å®�¥£® ãà ¢¥¨ï
XA = B.¬ âà¨æ  A ¤®«�  ¡ëâì ¯®àï¤ª  m. � ¤«ï  å®�¤¥¨ï X á«¥¤ã¥âã¬®�¨âì ãà ¢¥¨¥   A−1 á¯à ¢ ,   ¥ á«¥¢ , ª ª ¢ëè¥:

X = BA−1,�â® à ¢¥áâ¢® ®¯à¥¤¥«ï¥â ¬ âà¨æã X, ª ª ¬ âà¨æã à §¬¥à  m × m.Ǒà¨¬¥à. �¥è¨âì ãà ¢¥¨ï1. AX = B2. XA = B,
£¤¥ A = 



1 1 −12 1 01 −1 1 

 , B = 



1 −1 34 3 21 −2 5

 .�¥è¥¨¥: ¯®¤áç¨â ¥¬ ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë A:detA = 1 ·1 ·1+2 · (−1) · (−1)+1 ·0 ·1−1 ·1 · (−1)−2 ·1 ·1−1 · (−1) ·0 = 2.� ©¤¥¬ A−1:СА
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22
A−1 = 















12 ∣

∣

∣

∣

1 0
−1 1 ∣

∣

∣

∣

−
12 ∣

∣

∣

∣

1 −1
−1 1 ∣

∣

∣

∣

12 ∣

∣

∣

∣

1 −11 0 ∣

∣

∣

∣

−
12 ∣

∣

∣

∣

2 01 1 ∣

∣

∣

∣

12 ∣

∣

∣

∣

1 −11 1 ∣

∣

∣

∣

−
12 ∣

∣

∣

∣

1 −12 0 ∣

∣

∣

∣12 ∣

∣

∣

∣

2 11 −1 ∣

∣

∣

∣

−
12 ∣

∣

∣

∣

1 11 −1 ∣

∣

∣

∣

12 ∣

∣

∣

∣

1 12 1 ∣

∣

∣

∣

















=
= 



1/2 0 1/2
−1 1 −1
−3/2 1 −1/2

�¥è¥¨¥¬ ¯¥à¢®£® ãà ¢¥¨ï ¡ã¤¥â ¬ âà¨æ 
X = A−1B = 



1/2 0 1/2
−1 1 −1
−3/2 1 −1/2







1 −1 34 3 21 −2 5

 == 



12 + 0 + 12 − 12 + 0− 1 32 + 0 + 52
−1 + 4− 1 1 + 3 + 2 −3 + 2− 5
− 32 + 4− 12 32 + 3 + 1 − 92 + 2− 52 

=



1 − 32 42 6 −62 112 −5

�¥è¥¨¥¬ ¢â®à®£® ãà ¢¥¨ï ¡ã¤¥â ¬ âà¨æ 
X = BA−1 = 



1 −1 34 3 21 −2 5







1/2 0 1/2
−1 1 −1

−3/2 1 −1/2

 == 



12 + 1− 92 0− 1 + 3 12 + 1− 322− 3− 3 0 + 3 + 2 2− 3− 112 + 2− 152 0− 2 + 5 12 + 2− 52 

 = 



−3 2 0
−4 5 −2
−5 3 0 

������� �������� ���������
• �á®¢ë¥ ¯®ïâ¨ï. � áá¬®âà¨¬ á¨áâ¥¬ã «¨¥©ëå ãà ¢¥¨©:























a11x1 + a12x2 + ...+ a1nxn = b1
a21x2 + a22x2 + ...+ a2nxn = b2...
am1x1 + am2x2 + ...+ amnxn = bn,£¤¥ aij ¨ bi { ¨§¢¥áâë¥ ç¨á« , xi { ¨áª®¬ë¥ ¥¨§¢¥áâë¥. �¨á«  aij §ë¢ îâáï ª®íää¨æ¨¥â ¬¨ á¨áâ¥¬ë, bi { á¢®¡®¤ë¬¨ ç«¥ ¬¨.
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23�¨áâ¥¬   §ë¢ ¥âáï ®¤®à®¤®©, ¥á«¨ ¢á¥ bi = 0 ¨ ¥®¤®à®¤®© ¢¯à®â¨¢®¬ á«ãç ¥.�¥è¥¨¥¬ á¨áâ¥¬ë  §ë¢ ¥âáï ã¯®àï¤®ç¥ë©  ¡®à ç¨á¥«, ®¡à é -îé¨å ¢á¥ ãà ¢¥¨ï á¨áâ¥¬ë ¢ ¨áâ¨ë¥ à ¢¥áâ¢ .�¨áâ¥¬   §ë¢ ¥âáï á®¢¬¥áâ®©, ¥á«¨ ®  ¨¬¥¥â ¯® ªà ©¥© ¬¥à¥®¤® à¥è¥¨¥, ¨ ¥á®¢¬¥áâ®©, ¥á«¨ ã ¥¥ ¥â à¥è¥¨ï. �¨áâ¥¬   §ë-¢ ¥âáï ®¯à¥¤¥«¥®© ¥á«¨ ®  ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥.� áá¬®âà¨¬ ®¤®à®¤ãî á¨áâ¥¬ã. �ç¥¢¨¤®, çâ® íâ  á¨áâ¥¬  ¢á¥£¤ á®¢¬¥áâ , â ª ª ª ¥¥ à¥è¥¨¥¬ ï¢«ïîâáï ã«¨. �á«¨ ¯®¬¨¬® ã«¥-¢ëå à¥è¥¨© ã ®¤®à®¤®© á¨áâ¥¬ë ¨¬¥îâáï ¤àã£¨¥ à¥è¥¨ï, â® â ª ïá¨áâ¥¬   §ë¢ ¥âáï ¥âà¨¢¨ «ì® á®¢¬¥áâ¨¬®©.
• � âà¨ç ï § ¯¨áì á¨áâ¥¬ë.� á¨áâ¥¬®© «¨¥©ëå ãà ¢¥¨©  áá®æ¨¨àãîâ âà¨ ¬ âà¨æë:

A = 





a11 a12 ... a1n

a21 a22 ... a2n

... ... ... ...
am1 am2 ... amn






X = 







x1
x2...
xn









B = 







b1
b2...
bm







� á¤¥« ëå ®¡®§ ç¥¨ïå á¨áâ¥¬  «¨¥©ëå ãà ¢¥¨© ¬®�¥â ¡ëâì§ ¯¨á   ¢ ¬ âà¨ç®© ä®à¬¥:
AX = B.�¥©áâ¢¨â¥«ì®, i-ãî áâà®çªã á¨áâ¥¬ë ¬®�® à áá¬ âà¨¢ âì ª ª ¯à®¨§-¢¥¤¥¨¥ i-®© áâà®ª¨ ¬ âà¨æë A   áâ®«¡¥æ X.

• �¥è¥¨¥ á¨áâ¥¬ «¨¥©ëå ãà ¢¥¨© ¬¥â®¤®¬ � ãáá .� áá¬®âà¨¬ á¨áâ¥¬ã, ¢ ª®â®à®© ç¨á«® ãà ¢¥¨© ¥ ¯à¥¢ëè ¥â ç¨á«®¥¨§¢¥áâëå, â® ¥áâì m ≤ n. �¡®§ ç¨¬ A|B â ª  §ë¢ ¥¬ãî à áè¨-à¥ãî ¬ âà¨æã á¨áâ¥¬ë:
A|B = 





a11 a12 ... a1n b1
a21 a22 ... a2n b2
... ... ... ... ...

am1 am2 ... amn bm
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24�ë¯®«¨¢ ¯à¥®¡à §®¢ ¨ï, á®åà ïîé¨¥ à £ ¬ âà¨æë, ¯à¨¢¥¤¥¬ ¥¥ ªáâã¯¥ç â®¬ã ¢¨¤ã:
A′|B′ = 









d11 d12 ... d1s ... d1n c10 d22 ... d2s ... d2n c20 0 ... d3s ... d3n c3
... ... ... ... ... ... ...0 0 ... drs ... drn cr









(�¨á«® áâà®ª ¬®£«® ¨§¬¥¨âìáï §  áç¥â ¢ëç¥àª¨¢ ¨ï ã«¥¢ëå ¨ ¯à®-¯®àæ¨® «ìëå áâà®ª.) � ¯¨è¥¬ á¨áâ¥¬ã ãà ¢¥¨©, á®®â¢¥âáâ¢ãîéãî¯à¥®¡à §®¢ ®© ¬ âà¨æ¥:






















d11x1 + d12x2 + ...+ d1sxs + ...+ d1nxn = c1
d22x2 + ...+ d2sxs + ...+ d2nxn = c2...

drsxs + ...+ drnxn = cr�ç¥¢¨¤®, çâ® ¯®«ãç¥ ï á¨áâ¥¬  íª¢¨¢ «¥â  ¨áå®¤®©, â® ¥áâì ¬®-�¥áâ¢  à¥è¥¨© ®¡¥¨å á¨áâ¥¬ á®¢¯ ¤ îâ.�á«¨ ¢ ¯®á«¥¤¥© áâà®ª¥ á¨áâ¥¬ë ¢á¥ ª®íää¨æ¨¥âë à ¢ë ã«î,â® íâ  áâà®ª  ¨¬¥¥â ¢¨¤ 0 = cr, ®âªã¤  á«¥¤ã¥â, çâ® á¨áâ¥¬  ¥ ¨¬¥¥âà¥è¥¨©, â® ¥áâì ¥á®¢¬¥áâ . (cr 6= 0 â ª ª ª â®£¤  ¢áï áâà®ª  ¬ â-à¨æë A|B ®ª § « áì ¡ë ã«¥¢®© ¨ ¤®«�  ¡ë«  ¡ëâì ¢ëç¥àªãâ  ¯à¨¯à¥®¡à §®¢ ¨¨ ¬ âà¨æë.)�á«¨ ¢ ¯®á«¥¤¥© áâà®ª¥ ¥áâì å®âì ®¤¨ ¥ã«¥¢®© ª®íää¨æ¨¥â, â®á®®â¢¥âáâ¢ãîé ï ¥¬ã ¯¥à¥¬¥ ï ¬®�¥â ¡ëâì ¢ëà �¥  ç¥à¥§ ®áâ «ì-ë¥ n−s ¯¥à¥¬¥ëå. Ǒãáâì ¤«ï ®¯à¥¤¥«¥®áâ¨ drs 6= 0. �®£¤  á¨áâ¥¬ã¬®�® § ¯¨á âì ¢ ¢¨¤¥






















d11x1 = −d12x2 − ... − d1nxn + c1
d22x2 = −d23x3 − ... − d2nxn + c2...
drsxs = −drs+1xs+1 − ... − drnxn + crǑãáâì s < n. �ëà §¨¬ ¨§ ¯®á«¥¤¥£® ãà ¢¥¨ï xs ¨ ¯®¤áâ ¢¨¬ ¢®¢á¥ ®áâ «ìë¥. �§ ¯à¥¤¯®á«¥¤¥£® ãà ¢¥¨ï ¢ëà §¨¬ xs−1 ¨ ¯®¤áâ -¢¨¬ ¢® ¢á¥ ®áâ «ìë¥ ¨ â ª ¤ «¥¥. � ª¨¬ ®¡à §®¬ ¯¥à¥¬¥ë¥ x1, ..., xs
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25¡ã¤ãâ ¢ëà �¥ë ç¥à¥§ ¯¥à¥¬¥ë¥ xs+1, ..., xn. Ǒà¨¤ ¢ ï ¯¥à¥¬¥ë¬
xs+1, ..., xn ¯à®¨§¢®«ìë¥ ç¨á«®¢ë¥ § ç¥¨ï, ¡ã¤¥¬ ¯®«ãç âì á®®â¢¥â-áâ¢ãîé¨¥ § ç¥¨ï ®áâ «ìëå ¯¥à¥¬¥ëå. �«¥¤®¢ â¥«ì®  ¬¨  ©-¤¥® ¡¥áª®¥ç®¥ ¬®�¥áâ¢® à¥è¥¨©, § ¢¨áïé¥¥ ®â n − s ¯ à ¬¥âà®¢.�á«¨ �¥ ®ª § «®áì, çâ® s = n, â® ¨§ ¯®á«¥¤¥£® ãà ¢¥¨ï ®¤®§ ç-® ¢ëà � ¥âáï xn. Ǒ®¤áâ ¢«ïï ¯®«ãç¥®¥ § ç¥¨¥ ¢ ¯à¥¤¯®á«¥¤¥¥ãà ¢¥¨¥,  ©¤¥¬ xn−1 ¨ â ª ¤ «¥¥. �«¥¤®¢ â¥«ì® ¢ íâ®¬ á«ãç ¥ á¨-áâ¥¬  ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥.� áá¬®âà¨¬ á«ãç ©, ª®£¤  ¢ ¯à¥®¡à §®¢ ®© ¬ âà¨æ¥ A′ ç¨á«® áâà®ª¡®«ìè¥ ç¨á«  ¥¨§¢¥áâëå. �® ¥áâì ¢ ¬ âà¨æ¥ A′ ¯® ªà ©¥© ¬¥à¥ ¤¢¥¯®á«¥¤¨¥ áâà®ª¨ ¨¬¥îâ ¢¨¤







...0 0 ... 0 dr−1n cr−10 0 ... 0 drn cr





�á«¨ íâ¨ áâà®ª¨ ¯à®¯®àæ¨® «ìë, â® ®¤  ¨§ ¨å ¤®«�  ¡ëâì ¢ëç¥àª-ãâ . �á«¨ áâà®ª¨ ¥ ¯à®¯®àæ¨® «ìë, â® ®¨ ¤ îâ ¯à®â¨¢®à¥ç¨¢ë¥ãà ¢¥¨ï: dr−1nxn = cr−1 ¨ drnxn = cr, ®âªã¤  á«¥¤ã¥â, çâ® á¨áâ¥¬  ¥¨¬¥¥â à¥è¥¨©.Ǒà¨¬¥à. �¥è¨âì á¨áâ¥¬ã ãà ¢¥¨©


















x1 + x2 + x3 + x4 + x5 = 73x1 + 2x2 + x3 + x4 − 3x5 = −2
x2 + 2x3 + 2x4 + 6x5 = 235x1 + 4x2 + 3x3 + 3x4 − x5 = 12�ë¯¨è¥¬ à áè¨à¥ãî ¬ âà¨æã á¨áâ¥¬ë ¨ ¯à¨¢¥¤¥¬ ¥¥ ª áâã¯¥ç â®¬ã¢¨¤ã:







1 1 1 1 1 73 2 1 1 −3 −20 1 2 2 6 235 4 3 3 −1 12 




→¢ëçâ¥¬ ¨§ ¢â®à®© áâà®ª¨ ¯¥à¢ãî, ã¬®�¥ãî   3,¨§ ç¥â¢¥àâ®© { ¯¥à¢ãî, ã¬®�¥ãî   5

→







1 1 1 1 1 70 −1 −2 −2 −6 −230 1 2 2 6 230 −1 −2 −2 −6 −23




→
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26¯à¨¡ ¢¨¬ ª âà¥âì¥© áâà®ª¥ ¢â®àãî,   ¨§ ç¥â¢¥àâ®© ¢ëçâ¥¬ ¥¥ �¥
→







1 1 1 1 1 70 −1 −2 −2 −6 −230 0 0 0 0 00 0 0 0 0 0 




→¢ëç¥àª¥¬ ã«¥¢ë¥ áâà®ª¨ →

( 1 1 1 1 1 70 −1 −2 −2 −6 −23)� ¯¨è¥¬ á¨áâ¥¬ã, á®®â¢¥âáâ¢ãîéãî ¯®«ãç¥®© ¬ âà¨æ¥:
{

x1 + x2 + x3 + x4 + x5 = 7
− x2 − 2x3 − 2x4 − 6x5 = −23 =⇒=⇒ {

x1 = −x2 − x3 − x4 − x5 + 7
x2 = −2x3 − 2x4 − 6x5 + 23 =⇒=⇒ {

x1 = x3 + x4 + 5x5 − 16
x2 = −2x3 − 2x4 − 6x5 + 23�ë ¯®«ãç¨«¨ âà¥å¯ à ¬¥âà¨ç¥áª®¥ à¥è¥¨¥ á¨áâ¥¬ë.

• Ǒà¨§ ª á®¢¬¥áâ®áâ¨ á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©.�������. Ǒãáâì A { ¬ âà¨æ  á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©, A|B{ ¥¥ à áè¨à¥ ï ¬ âà¨æ . �«ï â®£®, çâ®¡ë á¨áâ¥¬  ¡ë«  á®¢¬¥áâ ,¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë à £ ¬ âà¨æë A ¡ë« à ¢¥ à £ã ¬ â-à¨æë A|B.���-��. Ǒà¥®¡à §ã¥¬ à áè¨à¥ãî ¬ âà¨æã á¨áâ¥¬ë ª áâã¯¥ç -â®¬ã ¢¨¤ã, ª ª íâ® ¤¥« «®áì ¢ ¬¥â®¤¥ � ãáá : A|B → A′|B′.�á«¨ á¨áâ¥¬  á®¢¬¥áâ , â® ¢ ¯®á«¥¤¥© áâà®ª¥ ¬ âà¨æë A′ ®¡ï§ -â¥«ì® ¥áâì ¥ã«¥¢ë¥ í«¥¬¥âë, á«¥¤®¢ â¥«ì® à £ ¬ âà¨æë A′ ¨ à £¬ âà¨æë A′|B′ à ¢ë ç¨á«ã áâà®ª íâ¨å ¬ âà¨æ. � § ç¨â ¨ à £ ¬ â-à¨æë A à ¢¥ à £ã ¬ âà¨æë A|B.�  ®¡®à®â, ¥á«¨ à £ ¬ âà¨æë A à ¢¥ à £ã ¬ âà¨æë A|B, â® à £¬ âà¨æë A′ à ¢¥ à £ã ¬ âà¨æë A′|B′, § ç¨â ¢ ¯®á«¥¤¥© áâà®ª¥ ¬ â-à¨æë A′ ®¡ï§ â¥«ì® ¥áâì ¥ã«¥¢ë¥ í«¥¬¥âë, ¯®íâ®¬ã áãé¥áâ¢ã¥â à¥-è¥¨¥ á¨áâ¥¬ë, ª®â®à®¥ ¬®�¥â ¡ëâì  ©¤¥® ¬¥â®¤®¬ � ãáá .СА
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27�á«¨ á¨áâ¥¬  ¥á®¢¬¥áâ , â® ¢ ¯®á«¥¤¥© áâà®ª¥ ¬ âà¨æë A′ ¢á¥ í«¥-¬¥âë à ¢ë ã«î,   ¢ ¯à¥¤¯®á«¥¤¥© áâà®ª¥ ®¡ï§ â¥«ì® ¥áâì ¥ã«¥-¢ë¥ í«¥¬¥âë, â ª ª ª ¨ ç¥ ¯®á«¥¤ïï ¨ ¯à¥¤¯®á«¥¤ïï áâà®ª  ¬ â-à¨æë A′|B′ ¡ë«¨ ¡ë ¯à®¯®àæ¨® «ìë (®¨ ®â«¨ç «¨áì ¡ë   ®¤¨ ¯®-á«¥¤¨© í«¥¬¥â) ¨ ®¤  ¨§ ¨å ¤®«�  ¡ë«  ¡ëâì ¢ëç¥àªãâ . �«¥¤®-¢ â¥«ì® à £ ¬ âà¨æë A′   ¥¤¨¨æã ¬¥ìè¥ à £  ¬ âà¨æë A′|B′. �§ ç¨â ¨ à £ ¬ âà¨æë A   ¥¤¨¨æã ¬¥ìè¥ à £  ¬ âà¨æë A|B.
• Ǒà¨§ ª ¥âà¨¢¨ «ì®© á®¢¬¥áâ®áâ¨ ®¤®à®¤®© á¨áâ¥¬ë «¨¥©-ëå ãà ¢¥¨©.�������. Ǒãáâì A { ¬ âà¨æ  ®¤®à®¤®© á¨áâ¥¬ë «¨¥©ëå ãà ¢-¥¨© à §¬¥à  m×n. �«ï â®£®, çâ®¡ë á¨áâ¥¬  ¡ë«  ¥âà¨¢¨ «ì  á®¢-¬¥áâ , ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë à £ ¬ âà¨æë A ¡ë« ¬¥ìè¥
n. ���-��. Ǒà¥®¡à §ã¥¬ ¬ âà¨æã á¨áâ¥¬ë ª áâã¯¥ç â®¬ã ¢¨¤ã A →

A′. � ¬¥â¨¬, çâ® ç¨á«® áâà®ª ¬ âà¨æë A′ ¥ ¬®�¥â ¡ëâì ¡®«ìè¥ ç¨á-«  ¥¨§¢¥áâëå, â ª ª ª â®£¤  ¯® ªà ©¥© ¬¥à¥ ¤¢¥ ¯®á«¥¤¨¥ áâà®ª¨¤®«�ë ¨¬¥âì ¢¨¤






...0 0 ... 0 dr−1n0 0 ... 0 drn





�â¨ áâà®ª¨ ¯à®¯®àæ¨® «ìë, á«¥¤®¢ â¥«ì® ®¤  ¤®«�  ¡ëâì ¢ë-ç¥àªãâ .�á«¨ ç¨á«® áâà®ª ¬ âà¨æë A′ ¢ â®ç®áâ¨ à ¢® ç¨á«ã ¥¨§¢¥áâëå,â® ¬¥â®¤®¬ � ãáá  ®¤®§ ç®  å®¤¨âáï ¥¤¨áâ¢¥®¥ (ã«¥¢®¥) à¥è¥-¨¥ á¨áâ¥¬ë. �«¥¤®¢ â¥«ì® ¤«ï â®£®, çâ®¡ë á¨áâ¥¬  ¨¬¥«  ¥ â®«ìª®ã«¥¢®¥ à¥è¥¨¥ ¥®¡å®¤¨¬®, çâ®¡ë ç¨á«® áâà®ª,   § ç¨â ¨ à £ ¬ â-à¨æë A′ ¤®«�ë ¡ëâì áâà®£® ¬¥ìè¥ ç¨á«  ¥¨§¢¥áâëå.Ǒà®¢®¤ï à ááã�¤¥¨ï ¢ ®¡à âãî áâ®à®ã, ¯®«ãç¨¬ ¤®ª § â¥«ìáâ¢®¤®áâ â®ç®áâ¨.���������. �«ï ª¢ ¤à â®© «¨¥©®© ®¤®à®¤®© á¨áâ¥¬ë ãà ¢-¥¨© ãâ¢¥à�¤¥¨¥ "à £ ¬ âà¨æë A ¬¥ìè¥ ç¨á«  ¥¨§¢¥áâëå" à ¢-®á¨«ì® âà¥¡®¢ ¨î detA = 0.СА
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28
• �¥è¥¨¥ ª¢ ¤à âëå á¨áâ¥¬ «¨¥©ëå ãà ¢¥¨© ¬¥â®¤®¬ �à ¬¥à .� áá¬®âà¨¬ á¨áâ¥¬ã «¨¥©ëå ãà ¢¥¨©, ¢ ª®â®à®© ç¨á«® ¥¨§¢¥áâ-ëå á®¢¯ ¤ ¥â á ç¨á«®¬ ãà ¢¥¨©. � ª ï á¨áâ¥¬  ¬®�¥â ¡ëâì § ¯¨á  ¬ âà¨çë¬ ãà ¢¥¨¥¬

AX = B,£¤¥ A { ª¢ ¤à â ï ¬ âà¨æ .�¡®§ ç¨¬ D = detA, D(xi) { ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë, ª®â®à ï ®â-«¨ç ¥âáï ®â ¬ âà¨æë A â®«ìª® â¥¬, çâ® ¢ ¥© i-ë© áâ®«¡¥æ § ¬¥¥áâ®«¡æ®¬ á¢®¡®¤ëå ç«¥®¢
D(xi) = ∣

∣

∣

∣

∣

∣

∣

a11 ... a1i−1 b1 a1i+1 ... a1n

a21 ... a2i−1 b2 a1i+1 ... a2n

... ... ... ... ... ... ...
an1 ... ani−1 bn ani+1 ... ann

∣

∣

∣

∣

∣

∣

∣Ǒãáâì D 6= 0. �®£¤  à¥è¥¨¥ á¨áâ¥¬ë ¬®�¥â ¡ëâì  ©¤¥® ¯® ä®à¬ã« ¬
xi = D(xi)

D
.���-��. � §«®�¨¬ ®¯à¥¤¥«¨â¥«ì D(xi) ¯® í«¥¬¥â ¬ i-®£® áâ®«¡æ ,ãç¨âë¢ ï, çâ®  «£¥¡à ¨ç¥áª®¥ ¤®¯®«¥¨¥ í«¥¬¥â  bk â® �¥ á ¬®¥, çâ®¨  «£¥¡à ¨ç¥áª®¥ ¤®¯®«¥¨¥ í«¥¬¥â  aki ¬ âà¨æë A:

xi = D(xi)
D

= b1A1i + ...bnAni

D
= A1i

D
b1 + ...+ Ani

D
bn == (A−1)i1b1 + ...+ (A−1)inbn,£¤¥ Aki {  «£¥¡à ¨ç¥áª®¥ ¤®¯®«¥¨¥ í«¥¬¥â  aki ¬ âà¨æë A. Ǒ®á«¥¤-ïï áã¬¬  ¥áâì ¥ çâ® ¨®¥, ª ª ¯à®¨§¢¥¤¥¨¥ i-®© áâà®ª¨ ¬ âà¨æë A−1  áâ®«¡¥æ B. �«¥¤®¢ â¥«ì®,

X = A−1B =⇒ AX = BǑà¨¬¥à: à¥è¨âì á¨áâ¥¬ã ãà ¢¥¨© 









x1 + 2x2 − x3 = 62x1 − x2 − 2x3 = 2
x1 + x3 = 4СА
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29�¥è¥¨¥.
D = ∣

∣

∣

∣

∣

∣

1 2 −12 −1 −21 0 1 ∣

∣

∣

∣

∣

∣

= ∣

∣

∣

∣

∣

∣

0 2 −10 −1 −22 0 1 ∣

∣

∣

∣

∣

∣

= 2 ∣

∣

∣

∣

2 −1
−1 −2 ∣

∣

∣

∣

= −10
D(x1) = ∣

∣

∣

∣

∣

∣

6 2 −12 −1 −24 0 1 ∣

∣

∣

∣

∣

∣

= ∣

∣

∣

∣

∣

∣

10 0 −52 −1 −24 0 1 ∣

∣

∣

∣

∣

∣

= −1 ∣

∣

∣

∣

10 −54 1 ∣

∣

∣

∣

= −30
D(x2) = ∣

∣

∣

∣

∣

∣

1 6 −12 2 −21 4 1 ∣

∣

∣

∣

∣

∣

= ∣

∣

∣

∣

∣

∣

0 6 −10 2 −22 4 1 ∣

∣

∣

∣

∣

∣

= 2 ∣

∣

∣

∣

6 −12 −2 ∣

∣

∣

∣

= −20
D(x3) = ∣

∣

∣

∣

∣

∣

1 2 62 −1 21 0 4 ∣

∣

∣

∣

∣

∣

= ∣

∣

∣

∣

∣

∣

1 2 22 −1 −61 0 0 ∣

∣

∣

∣

∣

∣

= ∣

∣

∣

∣

2 2
−1 −6 ∣

∣

∣

∣

= −10â ª¨¬ ®¡à §®¬ x1 = −30
−10 = 3, x2 = −20

−10 = 2, x3 = −10
−10 = 1.
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30��Ǒ���� ��� ������������(â¥®à¥â¨ç¥áª¨© ¬¨¨¬ã¬)1. �â® â ª®¥ ¬ âà¨æ ? Ǒà¨¢¥¤¨â¥ ¯à¨¬¥à.2. �â® â ª®¥ ¥¤¨¨ç ï ¬ âà¨æ ?3. � ª¨¥ ¬ âà¨æë ¬®�® áª« ¤ë¢ âì?4. � ª áª« ¤ë¢ âì ¬ âà¨æë? Ǒà¨¢¥¤¨â¥ ¯à¨¬¥à.5. � ª ã¬®�¨âì ¬ âà¨æã   ç¨á«®? Ǒà¨¢¥¤¨â¥ ¯à¨¬¥à.6. � ª¨¥ ¬ âà¨æë ¬®�® ¯¥à¥¬®� âì?7. � ª ã¬®�¨âì ¬ âà¨æã   ¬ âà¨æã? Ǒà¨¢¥¤¨â¥ ¯à¨¬¥à.8. �¥¬ã à ® ¯à®¨§¢¥¤¥¨¥ ¬ âà¨æë   ¥¤¨¨çãî?9. �â® â ª®¥ âà á¯®¨à®¢ ¨¥? Ǒà¨¢¥¤¨â¥ ¯à¨¬¥à.10. �¥¬ã à ¢  âà á¯®¨à®¢  ï ¬ âà¨æ  ¤«ï áã¬¬ë ¬ âà¨æ?11. �¥¬ã à ¢  âà á¯®¨à®¢  ï ¬ âà¨æ  ¤«ï ¯à®¨§¢¥¤¥¨ï ¬ âà¨æ?12. � ª  å®¤¨âáï ®¯à¥¤¥«¨â¥«ì ¤«ï ¬ âà¨æë ¢â®à®£® ¯®àï¤ª ? Ǒà¨-¢¥¤¨â¥ ¯à¨¬¥à.13. � ª  å®¤¨âáï ®¯à¥¤¥«¨â¥«ì ¤«ï ¬ âà¨æë âà¥âì¥£® ¯®àï¤ª ? Ǒà¨-¢¥¤¨â¥ ¯à¨¬¥à.14. �¥¬ã à ¢¥ ®¯à¥¤¥«¨â¥«ì ¥¤¨¨ç®© ¬ âà¨æë?15. � ª ï ¬ âà¨æ   §ë¢ ¥âáï âà¥ã£®«ì®© ¨ ç¥¬ã à ¢¥ ¥¥ ®¯à¥¤¥«¨-â¥«ì? Ǒà¨¢¥¤¨â¥ ¯à¨¬¥à.16. Ǒà¨ ª ª¨å ¤¥©áâ¢¨ïå á® áâà®ª ¬¨ ¨«¨ áâ®«¡æ ¬¨ ¬ âà¨æë § ç¥¨¥®¯à¥¤¥«¨â¥«ï ¥ ¬¥ï¥âáï?17. Ǒà¨ ª ª®¬ ¤¥©áâ¢¨¨ ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë ¬¥ï¥â § ª?18. � ª ¢ë¥áâ¨ ¬®�¨â¥«ì ¨§ áâà®ª¨ ¨«¨ áâ®«¡æ  ®¯à¥¤¥«¨â¥«ï? Ǒà¨-¢¥¤¨â¥ ¯à¨¬¥à.19. � ª ª¨å á«ãç ïå ¬®�® áà §ã áª § âì, çâ® ®¯à¥¤¥«¨âì ¬ âà¨æëà ¢¥ ã«î?20. �â® â ª®¥  «£¥¡à ¨ç¥áª®¥ ¤®¯®«¥¨¥ í«¥¬¥â  ¬ âà¨æë? Ǒà¨¢¥-¤¨â¥ ¯à¨¬¥à.21. � ª à §«®�¨âì ®¯à¥¤¥«¨â¥«ì ¯® í«¥¬¥â ¬ áâà®ª¨ ¨«¨ áâ®«¡æ ?Ǒà¨¢¥¤¨â¥ ¯à¨¬¥à.22. � ª¨¥ ¬ âà¨æë  §ë¢ îâáï ®¡à âë¬¨? � ª ®¡®§ ç ¥âáï ®¡à â- ï ¬ âà¨æ ?23. � ª ª®¬ á«ãç ¥ ¤«ï ¬ âà¨æë ¬®�®  ©â¨ ®¡à âãî?24. � ª  å®¤¨âáï ®¡à â ï ¬ âà¨æ ?
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3125. Ǒà¨¢¥¤¨â¥ ¯à¨¬¥à á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©.26. Ǒà¨¢¥¤¨â¥ ¯à¨¬¥à à¥è¥¨ï á¨áâ¥¬ë ¬¥â®¤®¬ � ãáá .27. � ª¨¥ á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨© ¬®�® à¥è âì ¬¥â®¤®¬ �à -¬¥à ?28. Ǒà¨¢¥¤¨â¥ ¯à¨¬¥à à¥è¥¨ï á¨áâ¥¬ë ¬¥â®¤®¬ �à ¬¥à .
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32��Ǒ���� ������ ��� ����������� ������� ®: A = 



1 3 22 1 3
−1 2 4

 , B = 



3 2 42 3 23 4 3

 , C = 



4 0 32 4 32 −1 3

 ,

D = 



324

 G = 





1 −1 0 32 3 3 23 3 2 43 0 −1 2




, F = (1 3 3), H = ( 2 22 4)

.�ë¯®«¨âì ¤¥©áâ¢¨ï á ¬ âà¨æ ¬¨:1. A+B − 2C2. A · B +B · A3. A · D4. F · D5. (5A+E) · B + CT�ëç¨á«¨âì6. detH7. detA8. detG9. � ©â¨ C−1, ¢ë¯®«¨âì ¯à®¢¥àªã.�¥è¨âì, ¥á«¨ ¬®�®, ¬ âà¨çë¥ ãà ¢¥¨ï:10. A · X = C11. X · B = C12. �¥è¨âì ¬¥â®¤®¬ �à ¬¥à  á¨áâ¥¬ã: 









x1 + x2 + x3 = 3
x1 + 4x2 + x3 = 6
x1 + x2 + 4x3 = 013. �¥è¨âì ¬¥â®¤®¬ � ãáá  á¨áâ¥¬ã: 

















2x1 − x2 + 3x3 + 4x4 = 54x1 − 2x2 + 5x3 + 6x4 = 76x1 − 3x2 + 7x3 + 8x4 = 93x1 − 4x2 + 9x3 + 10x4 = 11СА
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