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ÂÂÅÄÅÍÈÅ

Òåîðèÿ íåêîððåêòíûõ çàäà÷ � íàïðàâëåíèå ìàòåìàòèêè, ñâÿçàííîå ñ ñàìûìè

ðàçíîîáðàçíûìè ïðèêëàäíûìè ïðîáëåìàìè: èíòåðïðåòàöèåé ïîêàçàíèé ìíî-

ãèõ ôèçè÷åñêèõ ïðèáîðîâ, ãåîôèçè÷åñêèõ, ãåîëîãè÷åñêèõ, àñòðîíîìè÷åñêèõ

íàáëþäåíèé, îïòèìèçàöèåé óïðàâëåíèÿ è ïëàíèðîâàíèÿ, ñèíòåçîì àâòîìàòè-

÷åñêèõ ñèñòåì. Ðàçâèòèå òåîðèè íåêîððåêòíûõ çàäà÷ îáóñëîâëåíî ïîÿâëåíèåì

ñîâðåìåííîé âû÷èñëèòåëüíîé òåõíèêè.

Îáðàòíûå çàäà÷è ïðåäñòàâëÿþò ñîáîé òèïè÷íûé ïðèìåð íåêîððåêòíî ïî-

ñòàâëåííûõ çàäà÷, à èõ ðåøåíèå è ïðàêòè÷åñêîå èñïîëüçîâàíèå ñîïðÿæåíû

ñ îïðåäåëåííûìè òðóäíîñòÿìè. Â ïåðâóþ î÷åðåäü ýòî òðóäíîñòè ðàçðàáîò-

êè ìåòîäîâ è àëãîðèòìîâ, äàþùèõ âîçìîæíîñòü ïîëó÷àòü äîñòàòî÷íî òî÷íûå

è óñòîé÷èâûå ðåçóëüòàòû, òàê êàê ïðîèçâîëüíî ìàëûå îòêëîíåíèÿ âõîäíûõ

äàííûõ ìîãóò âûçâàòü áîëüøèå èçìåíåíèÿ ðåçóëüòàòîâ ðåøåíèÿ.

Ïðè ïîñòðîåíèè ìàòåìàòè÷åñêèõ ìîäåëèé ôèçè÷åñêèõ çàäà÷ ìû íåèçáåæ-

íî ñòàëêèâàåìñÿ ñ òåì, ÷òî èñõîäíûå äàííûå ýòèõ çàäà÷ âñåãäà çàäàíû ïðè-

áëèæåííî, ïîñêîëüêó ïîëó÷àþòñÿ â ðåçóëüòàòå èçåìðåíèé. Ïîýòîìó ôóíêöèè,

ÿâëÿþùèåñÿ èñõîäíûìè äàííûìè, íóæäàþòñÿ â ïðåäâàðèòåëüíîé ìàòåìàòè-

÷åñêîé ½îáðàáîòêå�. Î òîì, êàê ýòî ìîæíî ñäåëàòü, è èäåò ðå÷ü â äàííîé

ðàáîòå.

Äëÿ ðåøåíèÿ íåêîððåêòíûõ çàäà÷ íà ïðàêòèêå ïðèáåãàþò ê ÷èñëåííûì

ìåòîäàì.

Öåëüþ ðàáîòû ÿâëÿåòñÿ ìîäåëèðîâàíèå ôóíêöèè çàäàííîé ñ ïîãðåøíî-

ñòüþ è å¼ âîñòàíîâëåíèå ñ ïîìîùüþ ðàçíûõ îïåðàòîðîâ.

Â ïåðâîì ðàçäåëå ïðåäòàâëåíà ïîñòàíîâêà çàäà÷è è ÷èñëåííûé ýêñïåðè-

ìåíò ïî ðåøåíèþ çàäà÷è âîñòàíîâëåíèÿ íåïðåðûâíûõ ôóíêöèé.

Âî âòîðîì ðàçäåëå ïðåäñòàâëåíî ÷èñëåííîå ðåøåíèå äàííîé çàäà÷è.
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ÎÑÍÎÂÍÎÅ ÑÎÄÅÐÆÀÍÈÅ ÐÀÁÎÒÛ

Ïîñòàíîâêà çàäà÷è. Äàíî fδ(x) ∈ L2. Íóæíî íàéòè f̃δ ∈ C, ãäå δ:

||fδ(x)− f(x)||L2
≤ δ. (1)

||f̃δ(x)− f(x)||L2

δ→0
→ 0 . (2)

Îïåðàòîð Ñòåêëîâà.

Îïåðàòîð Ñòåêëîâà èìååò âèä:

Shf =
1

2h

∫ x+h

x−h
f(t)dt. (3)

Äëÿ ðåøåíèÿ çàäà÷è ñ ïîìîùüþ ýòîãî îïåðàòîðà íóæíî íàéòè Shfδ, òàê

êàê:

Shfδ = f̃δ(x). (4)

Íàéä¼ì îöåíêó äëÿ ôîðìóëû (2) ïîäñòàâèâ (4)

|Shfδ − f | = |Shfδ − Shf + Shf − f | ≤ |Shfδ − Shf |+ |Shf − f |. (5)

Ïåðâûé ìîäóëü â ïðàâîé ÷àñòè âûðàæåíèÿ (5) ìîæíî îöåíèòü ñëåäóþùèì

îáðàçîì:

|Shfδ − Shf | = |Sh(fδ − f)| =
1

2h

∣∣∣∣∫ x+h

x−h
(fδ(t)− f(t))dt

∣∣∣∣ . (6)

Ïî íå ðàâåíñòâó Êîøè � Áóíÿêîâñêîãî ïîëó÷àåì:

|Sh(fδ − f)| ≤
1

2h

√∫ x+h

x−h
(fδ(t)− f(t))2dt

√∫ x+h

x−h
dt. (7)
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Ïåðâûé êîðåíü åñòü íîðìà â L2. Ñëåäîâàòåëüíî ïîëó÷åì:

|Sh(fδ − f)| ≤
δ√
2h
. (8)

Ïóñòü f(x) ∈ LipM1. Òîãäà âòîðîé ìîäóëü â ïðàâîé ÷àñòè âûðàæåíèÿ (5)

ìîæíî îöåíèòü ìîäóëåì íåïðåðûâíîñòè ω(h).

|Shf − f | ≤ ω(h) ≤Mh. (9)

Ïîäñòàâëÿÿ â (5) ôîðìóëû (8),(9) ïîëó÷àåì:

|Shfδ − f | ≤
δ√
2h

+Mh. (10)

Íàéä¼ì çàâèñèìîñòü h(δ) òàêîå ÷òî:

1. h(δ)→ 0, δ → 0

2. |Shfδ − f | → 0, δ → 0

Íàéä¼ì ìèíèìóì ôîðìóëû (10):

ϕ(h, δ) =Mh+
δ√
2h

; (11)

ϕ
′

h(h, δ) = 0; (12)

M − δ

2
√
2h3

= 0; (13)

h(δ) =

(
δ

2
√
2

) 2
3

. (14)

Èíîãäà íàì íå èçâåñòíî ïðî ôóíêöèþ f(x) íè÷åãî êðîìå, ÷òî f(x) ïðî-

èçâîëüíàÿ íåïðåðûâíàÿ ôóíêöèÿ, òîãäà ìû âûáèðàåì h(δ) èç ñîîáðàæåíèé,

÷òî:

δ√
2h
→ 0, δ → 0. (15)

Îïåðàòîð Th.
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Îïåðàòîð Th èìååò âèä:

Thf = a(h)

∫ x+h

x−h
(h2 − (t− x)2)f(t)dt. (16)

a(h) èùåòñÿ èç ñîîáðàæåíèÿ ÷òî

Th1 ≡ 1. (17)

Th1 = a(h)

∫ x+h

x−h
(h2 − (t− x)2)dt = a(h)

4

3
h3 ≡ 1. (18)

Ñëåäîâàòåëüíî:

a(h) =
3

4h3
. (19)

Ïîäñòàâëÿÿ (19) â (16) ïîëó÷àåì:

Thf =
3

4h3

∫ x+h

x−h
(h2 − (t− x)2)f(t)dt. (20)

Äëÿ ðåøåíèÿ çàäà÷è ñ ïîìîùüþ ýòîãî îïåðàòîðà íóæíî íàéòè Thfδ, òàê

êàê:

Thfδ = f̃δ(x). (21)

Íàéä¼ì îöåíêó äëÿ ôîðìóëû (2) ïîäñòàâèâ (4)

|Thfδ − f | = |Thfδ − Thf + Thf − f | ≤ |Thfδ − Thf |+ |Thf − f |. (22)

Ïåðâûé ìîäóëü â ïðàâîé ÷àñòè âûðàæåíèÿ (22) ìîæíî îöåíèòü ñëåäóþ-

ùèì îáðàçîì:

|Thfδ − Thf | = |Th(fδ − f)| =
3

4h3

∣∣∣∣∫ x+h

x−h
(h2 − (t− x)2)(fδ(t)− f(t))dt

∣∣∣∣ . (23)
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Ïî íå ðàâåíñòâó Êîøè � Áóíÿêîâñêîãî ïîëó÷àåì:

|Th(fδ − f)| ≤
3

4h3

√∫ x+h

x−h
(fδ(t)− f(t))2dt

√∫ x+h

x−h
(h2 − (t− x)2)2dt. (24)

Ïåðâûé êîðåíü åñòü íîðìà â L2. Ñëåäîâàòåëüíî ïîëó÷åì:

|Th(fδ − f)| ≤
δ
√
3√

5h
. (25)

Ïóñòü f(x) ∈ LipM1. Òîãäà âòîðîé ìîäóëü â ïðàâîé ÷àñòè âûðàæåíèÿ (22)

ìîæíî îöåíèòü ìîäóëåì íåïðåðûâíîñòè ω(h).

|Thf − f | ≤ ω(h) ≤Mh. (26)

Ïîäñòàâëÿÿ â (22) ôîðìóëû (26),(25) ïîëó÷àåì:

|Thfδ − f | ≤
δ
√
3√

5h
+Mh. (27)

Íàéä¼ì çàâèñèìîñòü h(δ) òàêîå ÷òî:

1. h(δ)→ 0, δ → 0

2. |Thfδ − f | → 0, δ → 0

Íàéä¼ì ìèíèìóì ôîðìóëû (27):

ϕ(h, δ) =Mh+
δ
√
3√

5h
; (28)

ϕ
′

h(h, δ) = 0; (29)

M − δ
√
3

2
√
5h3

= 0; (30)

h(δ) =

(
δ

2

) 2
3
(
3

5

) 1
3

. (31)

Èíîãäà íàì íå èçâåñòíî ïðî ôóíêöèþ f(x) íè÷åãî êðîìå, ÷òî f(x) ïðî-

èçâîëüíàÿ íåïðåðûâíàÿ ôóíêöèÿ, òîãäà ìû âûáèðàåì h(δ) èç ñîîáðàæåíèé,
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÷òî:

δ
√
3√

5h
→ 0, δ → 0. (32)

Îïåðàòîð T
′

h.

T
′

hf = (Thf)
′

x =
3

2h3

∫ x+h

x−h
(t− x)f(t)dt. (33)

||T ′

hfδ − f
′|| ≤ ||T ′

hfδ − T
′

hf ||+ ||Thf
′ − f ′||. (34)

Ïåðâûé ìîäóëü â ïðàâîé ÷àñòè âûðàæåíèÿ (34) ìîæíî îöåíèòü ñëåäóþ-

ùèì îáðàçîì:

||T ′

hfδ − T
′

hf || ≤ ||T
′

h||δ. (35)

Ïîäñ÷èòàåì íîðìó â ïðàâîé ÷àñòè âûðàæåíèÿ (35):

||T ′

h|| =
3

4h3
max
a≤x≤b

√∫ x+h

x−h
(2(t− x))2dt =

√
3

2h3
. (36)

Ïóñòü f
′
(x) ∈ LipM1. Òîãäà âòîðîé ìîäóëü â ïðàâîé ÷àñòè âûðàæåíèÿ

(34) ìîæíî îöåíèòü ìîäóëåì íåïðåðûâíîñòè ω(h).

|Thf − f | ≤ ω(h) ≤Mh. (37)

Ïîäñòàâëÿÿ â (34) ôîðìóëû (36),(37) ïîëó÷àåì:

||T ′

hfδ − f
′|| ≤

√
3

2h3
δ +Mh. (38)

Íàéä¼ì çàâèñèìîñòü h(δ) òàêîå ÷òî:

1. h(δ)→ 0, δ → 0
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2. |T ′

hfδ − f
′| → 0, δ → 0

Íàéä¼ì ìèíèìóì ôîðìóëû (38):

ϕ(h, δ) =

√
3

2h3
δ +Mh; (39)

ϕ
′

h(h, δ) = 0; (40)

M − 3δ
√
3

2
√
2h5

= 0; (41)

h(δ) = δ
2
5

(
3

2

) 3
5

. (42)

Èíîãäà íàì íå èçâåñòíî ïðî ôóíêöèþ f
′
(x) íè÷åãî êðîìå, ÷òî f

′
(x) ïðî-

èçâîëüíàÿ íåïðåðûâíàÿ ôóíêöèÿ, òîãäà ìû âûáèðàåì h(δ) èç ñîîáðàæåíèé,

÷òî: √
3

2h3
δ → 0, δ → 0. (43)

Ìîäåëèðîâàíèå ôóíêöèè. Ìîäåëèðîâàåíèå ôóíêöèè ñ çàäàííîé ïî-

ãðåøíîñòüþ çàíèìàåò îäíî èç âàæíûõ ìåñò â íåêîððåêòíî ïîñòàâëåííûõ çà-

äà÷àõ. Èíîãäà ÷òî áû ïðîâåðèòü ìåòîä íå äîñòàòî÷íî åãî ïðîâåðèòü àíàëå-

òè÷åñêè íóæíî óäîñòîâåðèòüñÿ â ïðàâåëüíîñòè åãî ðàáîòû íà ïðèìåðàõ. Äëÿ

ýòîãî íóæíî ñíà÷àëî ñìîäåëèðîâàòü ôóíêöèþ ñ çàäàííîé ïîãðåøíîñòüþ è

òîëüêî ïîòîì ïðèìåíÿòü äëÿ íå¼ òî èëè èíîé ìåòîä âîñòàíîâëåíèÿ.

Ïóñòü f(x) ∈ C[a, b]. Ðàçîáüåì îòðåçîê íà n ÷àñòåé. [a, b] = {x0, x1, ..., xn},
ãäå xi - òî÷êè ðàçáèåíèé. Ôóíêöèþ f(x) çàìåíèì íàáîðîì åå çíà÷åíèé â óçëàõ

ò.å. f(x) = {f(x0), f(x1), ..., f(xn)}. Ñìîäåëèðóåì ôóíêöèþ fδ(x), êîòîðàÿ

áóäåò óäîâëåòâîðÿòü ñëåäóþùåìó íåðàâåíñòâó:

||fδ(x)− f(x)||L2
≤ δ. (44)

Ðàñïèøåì íîðìó â L2 ïî ôîðìóëå:

||f(x)||L2
=

√∫ a

b

f(x)2dx. (45)
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Ñëåäîâàòåëüíî ïîëó÷àåì:√∫ a

b

(fδ(x)− f(x))2dx ≤ δ. (46)

Äëÿ âû÷èñëåíèÿ èíòåãðàëà âîñïîëüçóåìñÿ êâàäðàòóðíîé ôîðìóëîé ïðÿìî-

óãîëüíèêîâ:

∫ a

b

f(x)dx ≈ b− a
n

n−1∑
i=0

f(xi). (47)

ãäå n - ÷èñëî ðàçáèåíèé îòðåçêà. Ïîëó÷àåì:√√√√b− a
n

n−1∑
i=0

(fδ(xi)− f(xi))2 ≤ δ. (48)

Ïðîâåä¼ì ìîäåëèðîâàíèå ôóíêöèè fδ(x). Ñíà÷àëî ðàññìîòðèì íàáîð çíà÷å-

íèé fδ(xi) ïî ôîðìóëå:

fδ(xi) = f(xi) + (−1)iAi, i = 0, 1, ..., n;Ai = random[0, δ]. (49)

Çàòåì èñïîðòèì íåêîòîðûå çíà÷åíèÿ fδ(xi) ñ ïîìîùüþ ½âñïëåñêîâ� â m òî÷-

êàõ.

fδ(xi) = f(xi) +Ni;Ni = Const.i = 0, 1, ...,m− 1. (50)

Ïîäñòàâèì â (48) fδ(xi) èç ôîðìóë (49) è (50). Òîãäà ïîëó÷àåì:√√√√b− a
n

(
n−m−1∑
i=0

A2
i +

m−1∑
j=0

N 2
j ) ≤ δ. (51)

Â ïåðâîé ñóììå ó÷àñòâóþò óçëû â êîòîðûõ íåò ½âñïëåñêîâ�. Âî âòîðîé ñóììå

j ïðèíèìàåò çíà÷åíèÿ òåõ i, äëÿ êîòîðûõ ñóùåñòâóþò ½âñïëåñêè�.
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Ïðîâåä¼ì ÷èñëåííûé ýêñïåðèìåíò äëÿ ôóíêöèè f(x) = x, a=0, b=1. Òîãäà

ôîðìóëà (51) ïðèìåò âèä:√√√√1

n
(
n−m−1∑
i=0

A2
i +

m−1∑
j=0

N 2
j ) ≤ δ. (52)

Çàäàåì n, δ. Âûáèðàåì Ni òàê ÷òîáû âûïîëíÿëàñü îöåíêà (52).

Çàêëþ÷åíèå

Â äàííîé ðàáîòå äëÿ ðåøåíèÿ çàäà÷è áûë âûáðàí îïåðàòîð Ñòåêëîâà. Íà åãî

ïðèìåðå áûëî ñäåëàíî ìîäåëèðîâàíèå ôóíêöèè ñ ïîãðåøíîñòü è å¼ âîñòàíîâ-

ëåíèå. Áûëî çàìå÷åíî, ÷òî ÷åì áîëüøå ó ìîäåëèðóåìîé ôóíêöèè ½âñïëåñêîâ�,

òåì õóæå îíà âîñòàíàâëèâàëàñü. È íàîáîðîò. Òàê æå áûëà ïîëó÷èíà çàêîíà-

ìåðíîñòü: ÷åì òî÷íåå âûáðàíî δ è ôîðìóëà äëÿ ñîãëàñîâàíèÿ h ñ δ òåì ëó÷øå

ïîëó÷àëèñü ðåçóëüòàòû âû÷èñëåíèÿ.
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