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ÂÂÅÄÅÍÈÅ

Èíòåãðàëüíûìè óðàâíåíèÿìè íàçûâàþò óðàâíåíèÿ îòíîñèòåëüíî íåèç-

âåñòíîé ôóíêöèè, ñîäåðæàùåéñÿ ïîä çíàêîì îïðåäåëåííîãî èíòåãðàëà. Ïðè-

ìåðîì èíòåãðàëüíîãî óðàâíåíèÿ ñëóæèò óðàâíåíèå Àáåëÿ∫ z

0

φ(η)√
z − η

dη = f(z),

Îáùèé âèä èíòåãðàëüíûõ óðàâíåíèé:

x(t) =

∫
D

K(t, s, x(s))ds+ f(t).

Ðàññìîòðèì îäèí èç îñíîâíûõ òèïîâ ëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé,

à èìåííî, ëèíåéíûå óðàâíåíèÿ Ôðåäãîëüìà âòîðîãî ðîäà:

x(t) = λ

∫ b

a

K(t, s)x(s)ds+ f(t).

Äëÿ èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà ïåðâîãî ðîäà:∫ b

a

K(t, s)x(s)ds = f(t).

Ïîäîáíûå óðàâíåíèÿ, õàðàêòåðèçóþùèåñÿ îòñóòñòâèåì îòäåëüíîãî ñëàãàå-

ìîãî x(t) (íå ñâÿçàííîãî èíòåãðàëîì), èìåþò áîëåå îãðàíè÷åííóþ ñôåðó ïðè-

ìåíåíèÿ, òàê êàê ÿâëÿþòñÿ íàèáîëåå òèïè÷íûìè ïðåäñòàâèòåëÿìè òàê íàçû-

âàåìûõ íåêîððåêòíî ïîñòàâëåííûõ (íåêîððåêòíûõ) çàäà÷.

Îñíîâíîå ñîäåðæàíèå ðàáîòû

Âûïóñêíàÿ êâàëèôèêàöèîííàÿ ðàáîòà ñîñòîèò èç ââåäåíèÿ, òåîðåòè÷åñêîé

ãëàâû, ïðîãðàììíîé ÷àñòè, çàêëþ÷åíèÿ è ñïèñêà èñïîëüçîâàííûõ èñòî÷íè-

êîâ.

Ãëàâà 1

Èíòåãðàëüíûå óðàâíåíèÿ Ôðåäãîëüìà âòîðîãî è ïåðâîãî ðîäà

Ïðåæäå, ÷åì íà÷àòü ðàññêàçûâàòü î ÷èñëåííûõ ìåòîäàõ ðåøåíèÿ óðàâ-

íåíèé Ôðåäãîëüìà âòîðîãî è ïåðâîãî ðîäà, ìû ðàññêàæåì îá îñîáåííîñòÿõ
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óðàâíåíèé Ôðåäãîëüìà ïåðâîãî ðîäà. Íà èõ ïðèìåðå îçíàêîìèìñÿ ñ êëàññîì

çàäà÷, êîòîðûå íàçûâàþòñÿ íåêîððåêòíûìè.

Çàäà÷è, íå èìåþùèå ðåøåíèÿ èëè èìåþùèå íåóñòîé÷èâûå, îòíîñèòåëü-

íî âõîäíûõ äàííûõ, ðåøåíèÿ, íàçûâàþòñÿ íåêîððåêòíûìè èëè íåêîððåêòíî

ïîñòàâëåííûìè.

Óðàâíåíèå Ôðåäãîëüìà ïåðâîãî ðîäà∫ b

a

K(x, s)φ(s)ds = f(x). (1.1)

ÿâëÿåòñÿ ïðèìåðîì íåêîððåêòíî ïîñòàâëåííîé çàäà÷è.

Ìåòîä êîëëîêàöèè

Ðàññìîòðèì èíòåãðàëüíîå óðàâíåíèå

R[y] ≡ y(x)− λ
∫ b

a

K(x, s)y(s)ds− f(x) = 0. (2.1)

Èùåì ïðèáëèæåííîå ðåøåíèå óðàâíåíèÿ (2.1) â âèäå ôóíêöèè âèäà

Yn = Φ(x, c1, c2, ..., cn) (2.2)

Ïîäñòàâèì âûðàæåíèå (2.2) â óðàâíåíèå (2.1) è ïîëó÷èì íåâÿçêó

R[Yn] = Yn(x)− λ
∫ b

a

K(x, s)Yn(s)ds− f(x). (2.3)

Åñëè y - òî÷íîå ðåøåíèå, òî, î÷åâèäíî, íåâÿçêà R[y] = 0.

Ïåðåéäåì òåïåðü ê êîíêðåòíîìó ìåòîäó ïîñòðîåíèÿ ïðèáëèæåííîãî ðåøå-

íèÿ Yn. Ïóñòü

Yn(x) = φ0(x) +
n∑

i=1

ciφi(x). (2.4)

Ïîäñòàâèì âûðàæåíèå (2.4) â ëåâóþ ÷àñòü óðàâíåíèÿ (2.1) è ïîëó÷èì íåâÿçêó

R[Yn] = φ0(x) +
n∑

i=1

ciφi(x)− f(x)− λ
∫ b

a

K(x, s)[φ0(s) +
n∑

i=1

ciφi(s)]ds.
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Ïîëó÷àåì àëãåáðàè÷åñêóþ ëèíåéíóþ ñèñòåìó óðàâíåíèé

n∑
i=n

ciψi(xj, λ) = −ψ0(xj, λ) (j = 1, 2, ..., n). (2.5)

Ïóñòü f(x) ≡ 0, φ0(x) ≡ 0, λ = λ̃k, òî âìåñòî ñèñòåìû (2.5) ïîëó÷àåì

îäíîðîäíóþ ñèñòåìó

n∑
i=1

c̃kiψi(xj, λ̃k) = 0 (j = 1, 2, ..., n). (2.6)

Êîãäà íàéäåì íåíóëåâûå ðåøåíèÿ c̃ki , (i = 1, 2, ..., n) ñèñòåìû (2.6), ìû

ïîëó÷èì äëÿ ÿäðà K[x, s] ïðèáëèæåííûå ñîáñòâåííûå ôóíêöèè

Ỹ k
n (x) =

n∑
i=1

c̃ki φi(x),

êîòîðûå îòâå÷àþò åãî ñîáñòâåííîìó çíà÷åíèþ λk ≈ λ̃k.

Ìåòîä íàèìåíüøèõ êâàäðàòîâ

Äëÿ óðàâíåíèÿ

R[y] ≡ y(x)− λ
∫ b

a

K(x, s)y(s)ds− f(x) = 0. (3.1)

Àíàëîãè÷íî ìåòîäó êîëëîêàöèè, ïîëàãàåì

Yn(x) = φ0(x) +
n∑

i=1

ciφi(x), (3.2)

Ïîäñòàâëÿÿ (3.2) â ëåâóþ ÷àñòü óðàâíåíèÿ (3.1), ïîëó÷èì íåâÿçêó

R[Yn] = ψ0(x, λ) +
n∑

i=1

ciψi(x, λ), (3.3)
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Ñîãëàñíî ìåòîäó íàèìåíüøèõ êâàäðàòîâ, êîýôôèöèåíòû ci(i = 1, 2, ..., n)

îòûñêèâàþòñÿ èç óñëîâèÿ ìèíèìóìà èíòåãðàëà

I =

∫ b

a

(R[Yn])2dx =

∫ b

a

[φ0(x, λ) +
n∑

i=1

ciψi(x, λ)]2dx. (3.4)

Áëàãîäàðÿ ýòîìó òðåáîâàíèþ, ïðèõîäèì ê àëãåáðàè÷åñêîé ñèñòåìå óðàâ-

íåíèé
∂I

∂cj
= 0 (i = 1, 2, ..., n). (3.5)

Îòñþäà íà îñíîâàíèè (3.4), äèôôåðåíöèðóÿ ïî ïàðàìåòðàì c1, c2, ..., cn ïîä

çíàêîì èíòåãðàëà, ïîëó÷èì

1

2

∂I

∂cj
=

∫ b

a

ψj(x, λ)[ψ0(x, λ) +
n∑

i=1

ciψi(x, λ)]dx = 0 (j = 1, 2, ..., n). (3.6)

Ââåäåì ñîêðàùåííûå îáîçíà÷åíèÿ

(ψi, ψj) =

∫ b

a

ψi(x, λ)ψj(x, λ)dx. (3.7)

Ñèñòåìó (3.6) ìîæíî çàïèñàòü â âèäå íîðìàëüíîé ñèñòåìû ñïîñîáà íàè-

ìåíüøèõ êâàäðàòîâ, èç êîòîðîé ìû íàéäåì ïðèáëèæåííûå ñîáñòâåííûå ôóíê-

öèè, åñëè âìåñòî λ ïîäñòàâèì ñîîòâåòñâóþùåå ïðèáëèæåííîå çíà÷åíèå.

Ìåòîä âûðîæäåííûõ ÿäåð

Îïðåäåëåíèå ßäðî K(x, s) íàçûâàåòñÿ âûðîæäåííûì, åñëè åãî ìîæíî

çàïèñàòü â âèäå êîíå÷íîé ñóììû ïàðíûõ ïðîèçâåäåíèé:

K(s, x) =
n∑

i=1

αi(x)βi(s). (4.1)

Äëÿ òàêèõ ÿäåð èíòåãðàëüíîå óðàâíåíèå Ôðåäãîëüìà âòîðîãî ðîäà

y(x) = f(x) + λ

∫ b

a

K(x, s)y(s)ds (4.2)
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ðåøàåòñÿ äîñòàòî÷íî ïðîñòî. Íà ñàìîì äåëå, êîãäà ïîäñòàâèì âûðàæåíèå

(4.1) â óðàâíåíèå (4.2), ïîëó÷èì

y(x) = f(x) + λ
n∑

i=1

ciαi(x), (4.3)

ãäå

ci =

∫ b

a

βi(s)y(s)ds (i = 1, 2, ..., n) (4.4)

- íåêîòîðûå ïîñòîÿííûå êîýôôèöèåíòû. Åñëè â âûðàæåíèå (4.4) ïîäñòà-

âèòü ôîðìóëó (4.3), òî â ýòîì ñëó÷àå, äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ

ci(i = 1, 2, ..., n) ïîëó÷èì àëãåáðàè÷åñêóþ ñèñòåìó ëèíåéíûõ óðàâíåíèé

ci =

∫ b

a

βi(s)f(s)ds+ λ

∫ b

a

βi(s)
n∑

j=1

cjαj(s)ds (i = 1, 2, ..., n).

Â ñèëó (4.3), èíòåãðàëüíîå óðàâíåíèå (4.2) èìååò åäèíñòâåííîå ðåøåíèå

y(x) = f(x) + λ

n∑
i=1

n∑
j=1

4ij(λ)

4(λ)
fjαi(x). (4.5)

Åñëè â âûðàæåíèå (4.4) ïîäñòàâèòü ôîðìóëó (4.3), òî â ýòîì ñëó÷àå, äëÿ

îïðåäåëåíèÿ êîýôôèöèåíòîâ ci(i = 1, 2, ..., n) ïîëó÷èì àëãåáðàè÷åñêóþ ñè-

ñòåìó ëèíåéíûõ óðàâíåíèé

ci =

∫ b

a

βi(s)f(s)ds+ λ

∫ b

a

βi(s)
n∑

j=1

cjαj(s)ds (i = 1, 2, ..., n)

èëè

ci − λ
n∑

j=1

cjγji = fi, (4.5)

ãäå

fi =

∫ b

a

βi(s)f(s)ds, γij =

∫ b

a

αi(s)βj(s)ds. (4.6)
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Îòñþäà, êîãäà ïîäñòàâèì âìåñòî fi ñîîòâåòñòâóþùåå âûðàæåíèå (4.6) è

ïîìåíÿåì ñóììó èíòåãðàëîâ íà èíòåãðàë ñóììû, ïîëó÷èì

y(x) = f(x) + λ

∫ b

a

4(x, s, λ)

4(λ)
f(s)ds. (4.7)

Èç ôîðìóëû (4.7) ïîëó÷àåì, ÷òî ôóíêöèÿ

R(x, s, λ) =
4(x, s, λ)

4(λ)
≡

n∑
i=1

n∑
j=1

αi(x)βj(s)
4ji(λ)

4(λ)
. (4.8)

Ñîáñòâåííûå çíà÷åíèÿ ÿäðà K(x, s) îïðåäåëÿþòñÿ èç óðàâíåíèÿ

4(λ) = 0. (4.9)

Íåòðèâèàëüíûå ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ

ỹ(x) = λk

∫ b

a

K(x, s)ỹ(s)ds

áóäóò èìåòü âèä

φk(x) = λk

n∑
i=1

c̃i
(k)αi(x).

Åñëè λ = λk ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì ÿäðà K(x, s), òî íåîäíî-

ðîäíîå óðàâíåíèå (4.2) ëèáî íå áóäåò èìåòü ðåøåíèé, ëèáî èìååò áåñêîíå÷íî

ìíîãî ðåøåíèé.

Ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé

Ðàññìîòðèì óðàâíåíèå Ôðåäãîëüìà âòîðîãî ðîäà

y(x) = f(x) + λ

∫ b

a

K(x, s)f(s)ds. (5.1)

Ðåøåíèå ìû áóäåì èñêàòü â ôîðìå ñòåïåííîãî ðÿäà

y(x) =
∞∑
n=0

λnφn(x). (5.2)
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Ïîäñòàâèâ (5.2)â óðàâíåíèå (5.1) è ïðèðîâíÿâ êîýôôèöèåíòû ïðè îäèíà-

êîâûõ ñòåïåíÿõ ïàðàìåòðà λ, áóäåì èìåòü

φ0(x) = f(x)

φn(x) =

∫ b

a

K(x, s)ψn−1(s)ds (n = 1, 2, ...)

 . (5.3)

Ïðèáëèæåííîå ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (5.1) ñ ïîãðåøíîñòüþ

En = |y(x)−yn(x)| ≤
∞∑

k=n+1

|λ|k|φk(x)| ≤
∞∑

k=n+1

N [M(b−a)|λ|]k =
N [M(b− a)|λ|]n+1

1−M(b− a)|λ|
.

(5.4)

Èç ôîðìóë (5.3)ïîëó÷àåòñÿ, ÷òî ðåøåíèå (5.2) ìîæíî çàïèñàòü òàê :

y(x) = f(x) + λ
∞∑
n=1

λn−1
∫ b

a

Kn(x, s)f(s)ds.

Êîýôôèöèåíòû Kn(x, s), êîòîðûå íàçûâàþòñÿ èíòåãðèðîâàííûìè ÿäðà-

ìè, ìîãóò áûòü ïîñëåäîâàòåëüíî íàéäåíû ïî ñëåäóþùèì ôîðìóëàì :

K1(x, s) = K(x, s),

Kn(x, s) =

∫ b

a

K(x, t)Kn−1(t, s)dt (n = 2, 3, ...).

y(x) = f(x) + λ

∫ b

a

R(x, s, λ)f(s)ds. (5.5)

Ôîðìóëà (5.5) äàñò ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (5.1) ïðè ëþáîì λ 6=
λk(k = 1, 2, ...).

Ìåòîä êîíå÷íûõ ñóìì

Äàííûé ìåòîä îñíîâàí íà ïðèáëèæåííîì âû÷èñëåíèè îïåðäåëåííîãî èí-

òåãðàëà ñ ïîìîùüþ íåêîòîðîé êâàäðàòóðíîé ôîðìóëû∫ b

a

F (x)dx =
n∑

i=1

AiF (xi) +R[F ], (6.1)
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y(x)− λ
∫ b

a

K(x, s)y(s)ds = f(x) (a ≤ x ≤ b). (6.2)

íà îñíîâàíèè (6.1) èìååì:

yi − λ
n∑

j=1

AjKijyj = fi +Ri, (i = 1, 2, ..., n). (6.3)

Äëÿ ïðèáëèæåííûõ çíà÷åíèé Yi ðåøåíèÿ y(x) â óçëàõ xi(i = 1, 2, ..., n)

èìååì ëèíåéíóþ àëãåáðàè÷åñêóþ ñèñòåìó

Yi − λ
n∑

j=1

AjKijYj = fi (i = 1, 2, ..., n). (6.4)

ñèñòåìó (6.4) ìû ìîæåì çàïèñàòü â òàêîì âèäå:

n∑
j=1

(δij − λAjKij)Yj = fi (i = 1, 2, ..., n). (6.4′)

Êîãäà íàøëè Yi (i = 1, 2, ..., n), ïîëó÷àåì èç óðàâíåíèÿ (6.2) äëÿ ðåøåíèÿ

y(x) ïðèáëèæåííîå àíàëèòè÷åñêîå âûðàæåíèå

Y (x) = f(x) + λ
n∑

j=1

AjK(x, xj)Yj. (6.5)

Åñëè Ỹ l
ik(i = 1, 2, ..., n; k = 1, 2...,m; l = 1, , , pk) - ñîîòâåòñòâóþùèå íåíó-

ëåâûå ðåøåíèÿ îäíîðîäíîé ñèñòåìû

n∑
j=1

(δij − λ̃kAjKij)Ỹ l
ik = 0 (i = 1, 2..., n), (6.6)

òî òîãäà ñîáñòâåííûå ôóíêöèè ÿäðà ïðèáëèæåííî áóäóò îïðåäåëÿòüñÿ ôîð-

ìóëàìè

φ̃kl(x) = λ̃k

n∑
j=1

AjK(x, xj)Ỹjk (k = 1, 2, ...,m; l = 1, ..., pk).
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Ìåòîä êîíå÷íûõ ñóìì ìîæíî ïðèìåíèòü òàêæå ê èíòåãðàëüíîìó óðàâíå-

íèþ Ôðåäãîëüìà ïåðâîãî ðîäà

λ

∫ b

a

K(x, s)y(s)ds = f(x).

Â òàêîì ñëó÷àå ïðèáëèæåííûå çíà÷åíèÿ Yi ðåøåíèÿ y(x) (a ≤ x ≤ b) â

óçëàõ xi(i = 1, 2, ..., n) áóäóò îïðåäåëÿòüñÿ ñ ïîìîùüþ ñèñòåìû

λ
n∑

j=1

AjKijYj = fi (i = 1, 2, ..., n). (6.7)

Ïðîãðàììíàÿ ÷àñòü

Çàäà÷à 1

Ïðîãðàììà IntEq ðåøàåò óðàâíåíèå Ôðåäãîëüìà âòîðîãî ðîäà âèäà

y(x) =

∫ 1

0

K(x, s)y(s)ds+ f(x), K(x, s) = sh(x+ s), f(x) = x2

Âî âñåõ ñëó÷àÿõ çàäà÷à ñâîäèòñÿ ê ðåøåíèþ ÑËÀÓ Ax = b.

Äëÿ èíèöèàëèçàöèè ÑËÀÓ (ò.å., ïîñòðîåíèÿ Aèb ) èñïîëüçóþòñÿ ôóíêöèè

:

void SLAECollocation(double**A,double*b,double*ap,double*am) - åñëè èñ-

ïîëüçóåòñÿ ìåòîä êîëëîêàöèé.

voidSLAELeastSquares(double**A, double*b, double*ap, double*am) - åñëè

èñïîëüçóåòñÿ ìåòîä íàèìåíüøèõ êâàäðàòîâ.

voidSLAEDegKernel(double**A,double**b,double**ap,double**am) - åñëè

èñïîëüçóåòñÿ ìåòîä âûðîæäåííûõ ÿäåð.

Çàäà÷à 2

Ïðîãðàììà IntEq1 ðåøàåò óðàâíåíèå Ôðåäãîëüìà ïåðâîãî ðîäà âèäà∫ 1

0

K(x, s)y(s)ds = f(x),

K(x, s) =

x(1− s), x < s

s(1− x), x > s,
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f(x) = x− 2x3 + x4

Äëÿ ðåøåíèÿ èñïîëüçóåòñÿ ìåòîä êîëëîêàöèé èëè ìåòîä íàèìåíüøèõ

êâàäðàòîâ, â çàâèñèìîñòè îò òîãî, êàêóþ èç ñòðî÷åê SLAECollocations èëè

SLAELeastSquares ðàñêîììåíòèðîâàòü.

Çàäà÷à 3

Ïðîãðàììà IntEq11 ðåøàåò óðàâíåíèå Ôðåäãîëüìà ïåðâîãî ðîäà âèäà∫ 1

0

K(x, s)y(s)ds = f(x),

K(x, s) =

0, x < s

(x− s), x > s,

f(x) = 0.1 sin2(πx)

Äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè â ïðàâóþ ÷àñòü ââåäåíî âîçìóùåíèå âèäà

ε sin2(mπx)). Â îòëè÷èå îò ïðåäûäóùåãî ñëó÷àÿ, âîçìóùåíèå âûáðàíî òàê,

÷òî îíî íå âëèÿåò íà ñóùåñòâîâàíèå ðåøåíèÿ.

ÇÀÊËÞ×ÅÍÈÅ

Â ýòîé ðàáîòå áûë èçó÷åí âîïðîñ ÷èñëåííîãî ðåøåíèÿ èíòåãðàëüíûõ óðàâ-

íåíèé Ôðåäãîëüìà ïåðâîãî è âòîðîãî ðîäîâ, à òàê æå âîïðîñû êîððåêòíîñòè

è óñòîé÷èâîñòè ýòèõ óðàâíåíèé.

Â òåîðåòè÷åñêîì áëîêå áûëè èçó÷åíû øåñòü ìåòîäîâ ÷èñëåííîãî ðåøåíèÿ

èíòåãðàëüíûõ óðàâíåíèé. Êàæäûé èç ìåòîäîâ áûë äåòàëüíî ðàññìîòðåí, à

òàê æå áûëè ïðèâåäåíû ïðèìåðû äëÿ êàæäîãî èç ìåòîäîâ.

Ñ ïðàêòè÷åñêîé òî÷êè çðåíèÿ ðàçðàáîòàí ïðîãðàììíûé ïðîäóêò, ïîçâî-

ëÿþùèé èññëåäîâàòü èíòåãðàëüíûå óðàâíåíèÿ, â òîì ÷èñëå íà âîïðîñ óñòîé-

÷èâîñòè ðåøåíèÿ. Áûëè ðàññìîòðåíû òðè çàäà÷è, â äâóõ èç êîòîðûõ ðàññìàò-

ðèâàþòñÿ èíòåãðàëüíûå óðàâíåíèÿ ïåðâîãî ðîäà, à â òðåòüåé - âòîðîãî ðîäà.

11


