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AJITEBPA B KABAHCKOM YHUBEPCUTETE
M.M. ApcnaHoB, A.H. A6s130B

Pa6oTsI 1o anrebpe B KazaHCKOM YHUBepCUTETe BedyT cBoe Hauasio ot H.M. Jlobaues-
cKoro. Psim opuruHanbHbIX pesynbTaToB H.U. Jlo6aueBCcKkoro mno ajredpe ObLI M3JI0OKEH
B €ro 3aMevaTebHOM yueOHMKe «Ayiredpa Wiy BbIUMCIeHMS] KOHeUHbIX» (1834). B Hem
TpeicTaBJIeH HOBbIV MEeTO/I OTAe/IeHNsI KOpHelt (Tak Ha3bIBaeMblii MeTo JIo6aueBCKOro-
I'pedde), nccmemoBaHbl KPYroBble MHOTOUJIEHbBI, METO/I, pellieHNsI N JIMHEHbIX YpaBHe-
HMI1 C N HEM3BECTHBIMM, COBITAAIOUINIA, 10 CYILLECTBY, C METOAOM OIIpeIeIUTeNei, KO-
TOPBIN He ObUT TOTHA elle 3aBepiieH. B cBoeit kuure H.U. JlobaueBcKuit rogsepr riayoo-
KOMY JIOTMYEeCKOMY aHaJIM3y OCHOBHBIE TTOHSITUS areopsl. Kak rmokasbiBaeT caeaylomast
BBIJIepsKKa U3 ITPEeIVCIOBUS K ero yueObHuKy «Anreopa» (1825), H.I. JlobaueBckuii mpe-
BOCXMTUJI OCHOBHbIE MJIeM abCTPaKTHOI aareopsl. «JIas HayKu HagoOHO BCerma JKelaTh,
YTOOBI OHA CTaja Ha TBEPAOM OCHOBAHMM, YTOOBI CTPOTOCTh U SICHOCTb COXPaHSIach B
CaMbIX ee Hava/laX, KaK OHM JeJIal0TCSI ePBbIM €ro JOCTOMHCTBOM B IPOJO/IKEHUMN. . .
JIarpaHx B CBO€J TeOPUM aHATUTUUECKUX QYHKIIMIA CTapaeTcst M36eKaTh yIoTpeoIeHus
6eCcKOHEeUHO MaJIbIX; MEX/Iy TeM OH He YCOMHMJICSI BBECTH B CBOM MCUMCIeHMS BOOOpaka-
eMbIii KOpeHb, KOTOPbIV caM COO0I0 He CYIeCTBYeT, a TOTbKO MOXKET ObITh TOHMMAaeM B
€ro CBOJCTBax: MOCIeIHETO Y)Xe U TOBOIbHO. . . [10JIOKUTD MepBbie U TBEpAble OCHOBAHUS
BOOOIIIe [1J151 BCeX POOB BbIUMCIeHUIT YIIOTPeOUTebHbIX B MaTeMaTuKe — IIaBHas 11e/lb
anreopbI».

CylecTBeHHOE B/IMSIHME Ha HAYYHYIO aKTMBHOCTDb Ka3aHCKMX MaTeMaTUKOB ¢ 80-X ro-
noB XIX Beka B 06;1aCTV TeOpUM UMcesl 0OKa3aa BOCIIUTAaHHUK I[leTepOyprckoro yHMUBep-
cuteta A.B. BacunbeB. B KazaHnckom yHuBepcutete A.B. BacuibeB paboran ¢ 1874 1o
1907 rr. Haxopnsch B 3arpaHUYHbBIX KOMaHaMpoBKax (1879 u 1882 rr.), OH ciyiiasa 1ekuun
JI. Kponekepa u K. Beripmitpacca (bepinun), llI. Opmuta (Ilapmk) u @. Knerina (Jlennuur).
Ero marucrepckas auccepraius «O QyHKUMSIX palyOHAIbHBIX, aHAJIOTUYHbBIX C (PYHK-
uusaMu aBosikoriepuonuueckummy» (Kasanb, 1880) mocssiiieHa pacCMOTpeHMI0 QYyHKIINIA
MHBapPUAHTHBIX OTHOCUTETbHO KOHEUHBIX IPOOHO-TMHEMHBIX MHBAPUAHTHBIX ITOJICTAHO-
BOK, I7leé OH BIUIOTHYIO MOJOIIEN K OTKPBITMIO aBTOMOPGHBIX QYHKILMIL. B MOKTOPCKOII
nucceprauu «Teopust oTaeneHMs KOpHel cucteM anrebpandyeckux ypaBHeHUi» (1884)
A.B. BacuibeB pa3BuBaeT U MpUMEHSIET METO[, XapakTepucTuk KpoHekepa, rpuuemMm OH
MCIIO/Ib3yeT reOMeTPUI0 MHOTOMEPHBIX IMPOCTPaHCTB. A.B. BacuibeB 6bu1 OpraHu3aTo-
poM u nmyioi KazaHckoro husnKo-MaTeMaTUIeCKOro ob1recTBa, OCHOBaHHOTO B 1880 T.
B uspanmsax KazaHckoro ¢pu3mko-MaTeMaTM4ecKoro obirecTBa myoamMKoBaanch Hambo-
Jlee MHTepeCHbIE CTaTby OTEYECTBEHHBIX U 3apyOesKHbIX MAaTeMAaTUKOB, OPUTMHAJIbHbBIE
paboTel 110 MaTeMmaTuke. [1o Teopum ymcesn Hamnbosiee 3HAUUTEIbHbIE PE3Y/IbTaThl B TOT
niepuop 6suM nonyueHsl I1.C. TToperkum, I1.B. IIpeo6paskeHckum 1 A.B. BacuibeBbiM.
Oco60 CTOUT OTMETUTb 6OMBIIYIO 3aCTyTy A.B. BacuibeBa B OCBellleHUY KU3HU U Jesi-
teabHOCTU H.U. JIo6aueBCKOTO, MOMY/ISIpU3aLIUA €r0 M.

KasaHckast anrebpandeckast kosa 0bijia OCHOBaHA BbIIAIOMIMMCSI MATeMaTUKOM, dJie-
HoM-KoppecrnoHgeHToM AH CCCP H.I. Ye6oTapeBbIM, OH ke PYKOBOJIVI OCHOBAHHO UM
B 1934 1. Kadempoit anre6pbl BIUIOTH A0 CBOE/ KOHUMHBI B 1947 T.

Ha 30-e 1 40-e rombl IpUXOOUTCS IIEPUOM, paciiBeTa ajredbpanuyeckux MCciIegoBaHmuii
B YHMUBepcuTeTe. B 910 BpeMs 3aposkaanach KasaHckas anre6pandeckast mKoja, Imocre-
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TeHHO IpeBpaTyuBias KazaHb B O1MH 13 MMUPOBBIX alredbpandyeckux eHTpoB. OCHOBHYIO
poJib B GOpMUPOBAHUM 3TOJ IIKOJIBI ChITpas opranmu3oBaHHbIi H.I. YeboTapeBbiM anre6-
pamMuecKkuit ceMMHap, yuaCTHMKaMM KOTOPOTO B Te rofbl Obn, KpoMe Hukomas I'puro-
pbeBnya, ero yueuuku N.J1. Ano, B.B. Mopo3os, H.H. MelimaH, actiupanTel Hukosas ['pu-
ropbeBuya A.W. I'aspmios, B.H. HanbeipuH, A.B. [lJopogHOB. iMeHHO Ha 3TOM ceMMHape
oInpeze/nInCh OCHOBHBIE HAIlPaBJIeHSI HAYYHO-UCC/IeS0BAaTe/IbCKOM IesATeTbHOCTY KOJI-
JIEKTUBA, YaCTh U3 KOTOPBIX MPOLOJIKAET pa3BUBAThCs B Ka3zaHCKOM yHUBepCUTETE U B
HacCTosIee Bpems.

[Ipeskne Bcero, KPyIHble pesyabTaTbl BO MHOTMX 00/IaCTSIX anre6pbl ObLIM TTOTyUYeHbI
camum H.T. Yeb6oTapeBbiM. B Teopun l'astya um 6bl1a omipefesieHa CTPYKTypa abCcomoTHOM
rpymnibl ['ajsya 1osei KjiaccoB M YCTAHOBJIEHbI OTPaHMUEHMS], HAJIO’)KeHHbIe Ha IIPOCThie
oenuTenu umciaa kiaaccoB. B reopun rpymm Jin H.I. UeboTapeB man m0Ka3aTelIbCTBO BbI-
CKasaHHOro eie B 1894 r. KapraHom npenrionoxkeHusi, YTO MOATPYIIIBI IPOCTBIX TPYIIIT
MaKCMMaJIbHOTO IOPSIAKA PeryisipHbl, U Hallle/l aHAIUTUYECKUI IPU3HAK HATNUYUS MepPbl
Y 3aIlaHHOTI0 MpeCcTaBaeHNs rpymnsl JIn.

Lenblii psig pabot H.I. YeboTapeBa OTHOCUTCS K ITpobieMe CBeleHMSI pellleHNs aireo-
panyecKkux YpaBHEHUN BBICIIUX CTeleHel (He pa3peliMMbIX B paguKaiax) K peleHuno
ypaBHEHMIT BO3MOKHO 60Jiee IIPOCTOro BiA, M3BECTHOI IO O6IIMM Ha3BaHMEM IIPO-
6;1eMa pe30JIbBEHT”.

B TepMMHax cymeprio3uiuit mpobiaemMa pe3osibBeHT GOpMYInpyeTcs Tak: AJIsl TPOu3-
BOJIbHOT'O HATYypa/IbHOT'O UM C/Ia 11 HAlTY TaKoe HaMMeHblIllee YMJIo k, UTO KOpeHb 00111eTo
ypaBHeHUs n-0it cTerieHM KaK GYHKIMS OT ero Ko3(pdUIMeHTOB MpeICTaBIIsSIeTCs B BUe
Cyreprio3uiymu ajredbpandyeckux QyHKIuiA oT k repeMeHHbIX. [[pob1ema pe3osbBeHT B
TaKo¥ (GOpMy/IMpPOBKe CBSI3aHa C TPMHALIATON IMpo6ieMoii ['vibbepTa 13 ero 3SHaMeHM!-
TOJ cepuu, COCTOsIeN 13 IBafllaTH Tpex MpobjieM MaTeMaTUKM, pellieHlie KOTOPbIX, TT0
cioBaM camoro I'mibbepra, “MOXKeT 3HaUMTeTbHO CTUMY/IMPOBATh JajibHeiiliee pa3Bu-
TVE HayKN™.

H.T. YeboTapeB 1pobsieMe pe307bBEHT MOCBSITU Ieyl0 cepuio paboT. 3a COBOKYII-
HOCTb paboT B 3TOI 06/JIACTM eMy ITOCMEePTHO OblIa MpucyskaeHa CTajmHCcKas IpemMust
1-oii crenenu (1948). H.I. Ye6oTapes npu paboTe HaJl IPo6IeMOil pe30JIbBEHT CTOIKHY/I-
Cs1 C BOIIPOCOM 06 ofieBaHMM” KOHEUHbIX IPYIIN rpyIimamu JIn. Ty 3a1auy OH IIPeII0KIAT
cBoeMy yueHUKy V.JI. Ao, KOTOPbIii GriecTsiiie CIIpaBUJICS C IIOCTaB/IeHHOI 3a1aueii, mo-
JIYYMB TOYHOE KOHEUYHOMEPHOE MPeCTaB/IeHe KOHEUHOMEPHbBIX ajaredp JIu Haf rmonem
XapakTepuUCTUKM Hy/b (1935). ATOT pe3yabTaT ObUT HACTOABKO BaskeH B JIOKA3aTe/bCTBE
9KBMBAJEHTHOCTH I'PYII U anredp Jiu, uro W.JI. Ano Gbuia pucykaeHa cTerneHb JOKTO-
pa du3.-MarT. HayK Ipu 3allUTe UM KaHAUOATCKOI auccepTanyu. B.B. Mopo3osy H.T. Ue-
6oTapeB IPeIIOKWI MpodieMy KiIacCUUKAIUY TPUMUTUBHBIX TPYIII, ITOCTABIEHHYIO
emre Codycom Jin. I B 1938 r. B.B. Mop0o30B 100MBaeTcsl 3aMedyaTelbHbIX YCIIEXOB, T10-
JYYUB OOIIVE U TOTHbIE pe3y/lbTaThl IJIs1 TPOCTPAHCTB IIPOM3BOJIbHON pa3sMepHOCTH. B
TOM >Ke TOAy OH 3allMIlaeT KaHAMUAATCKYIO AuccepTanuio B MOCKOBCKOM roCygapCTBEH-
HOM YHUBepCUTeTe. 3aHMMasICh Kiaaccudukalyei MpuMUTUBHBIX TPYII, OH €CTeCTBEHHO
MIPUXOOUT K ITpobemMe KiaaccudmKaiy Bcex OGHOPOAHbBIX TPUMUTUBHBIX TPOCTPAHCTB.
Ora rpobsiema Obla CBefieHa UM K IpobsieMe KiaccubuKaimy Bcex MaKCMMaTbHbIX IO/ -
TPYII MOMYIPOCThIX Tpy1it JIv. B.B. Mopo30B Aaj nojiHyo Kiaccu@ukaimo MakCUMallb-
HbBIX HEIOJIYIIPOCTBIX MOAIPYIII MOJYIIPOCTHIX Ipym JIu u B 1943 1. 3aliMTUII JOKTOP-
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CKyl0 nuccepranuio. B manpHeiimem, B 1951 1. E.B. JIbIHKMH B CBO€# JOKTOPCKOI Iyccep-
TalMM MOTYIU KIacCUPUKAIINIO TOTYITPOCTHIX MAaKCUMaJIbHbIX TTOATPYIII MOTYTTPOCTBIX
rpymn Jin. Takum o6pasom, ycwmsimu B.B. Mopo3sosa u E.B. [IbIHKMHA O6b11a TTOTHOCTHIO
penreHa noctapyieHHas emre B XIX Beke C. JIu mpobiieMa KiaccuduKammy KOMIUIEKCHBIX
OIHOPOIHBIX MPUMUTUBHBIX MHOTO0Opa3uii. OcHOBy MeToa B.B. Mopo3soBa coctasiiseT
IlOKa3aHHas UM 3aMeuaTe/ibHasl TeopeMa, YTBEePXKAA0Iasi peryasspHOCTb BCSIKOM MaKCH-
MaJIbHOJV HEITOJIYIIPOCTO MOoaaireopsl IMOMyIIpocToit anre6pel Jin. IlepBoHavabHOE [0-
Ka3aTeJIbCTBO 3TOI TeopeMbl B JOKTOPCKOI AMccepTaIuy ObIIO TOBOJIbHO I'POMO3IKIM.
ITosmuee, B 1950 1., B.B. Mop030B Hallen ussimHoe o0l1ee T0Ka3aTeIbCTBO 3TOM BaXKHOI
TeOpeMBbl.

Psin yuenukoB H.I. YeGoTapeBa u3yyasnayu MOCTaBJIEHHYI0 UM IpoO/ieMy PO o/sKae-
MOCTU MOAMHOMOB. [lonHoM f(x) Ha3biBaeTcss M-TIpO#O/DKaeMbIM, Toe M — HeKOTO-
pOe MHOKECTBO KOMIUIEKCHBIX UMCEJT, €C/IM IIyTeM J00aB/IeHMSI K HEMY WIEHOB BBICIINX
MOPSIIKOB MOXKHO TIOJMyUYUTh TMOJMHOM, BCe KOPHM KOTOpPOro OynayT mpuHaijiexaTb M.
A.W. TaBpwJIOB AOKa3asl, YTO BCSIKNUN IMOJIMHOM SIBJISIETCSI M-TTpOOOIKaeMbIM, eci M -
— OKPY>XHOCTb HEHY/IeBOT'O paauyca, LeHTP KOTOPOTrO0 HaXOAUTCS B Hava/ie KOOPAUHAT.
HOpyroit aciupanT Hukomas I'puropseBuya H.H. MelimaH ucciiegoBain ciayyait, korga M
SIBJISIETCSI MHOXXECTBOM BellleCTBeHHBIX uncesl. B aToM wiydae rpobiiema mpogoiskaemMo-
CTU TIOJIMHOMA CBOIMUTCSI K TIPOBEpKe BBITIOTHEHMS OECKOHEUHOTO YMcjia HepaBeHCTB.
H.H. MeitmaHy ymaaoch pa3paboTaTh aJIrOPUTM, C TIOMOIIbI0 KOTOPOTO 32 KOHEUHOE YMC-
JIO LIArOB YAAeTCs ONpeleuTb, BBIIOIHITCS JIM 3TU YUIOBUSA. 3a 9TU UCCIeLOBaHUSA
H.H. MeiimaHy Takske ObljIa IPUCYKIEeHA CTeIIeHb JOKTOPa HayK, MUHYS KaHIMIATCKYIO.

B 1934 r. B ripoiiecce paboThl Ha KHUToii «OcHOBBI Teopuu 'anya» H.I. Ye6oTapes 06-
paTWiICs K OMHOJ U3 KJIaCCMYEeCKUX 3a/1a4 APEBHOCTM — 3a/iaue MepeuncaeHns Bcex Kpy-
TOBBIX JIYHOUEK, KBaJAPYPYEMBIX TPV TTOMOIIIY IIUPKYJIS U JIVHEKNA.

3HaMeHUTOM 3a7a4eil IPeBHOCTY, U3BECTHOM KaK 3a/ava O KBaapaType Kpyra, sSBJisi-
€TCs 3aa4a O IOCTPOEHUM C MOMOILBIO IMPKYIIS U JIMHEVKM KBaApaTa, PaBHOBEIMKO-
ro JaHHOMY KpyTy. [IOTIBITKYM pellieHus 3aiauM O KBaZpaType Kpyra, IpoAo/DKaBIIMecs B
TeueHMe ThICSue/ieTUli, HeM3MeHHO OKaHUMBaINCh Heyaaueli. Eciu B3Th paanyc Kpyra
3a eIMHUILY, TO CTOPOHA PAaBHOBEJIMKOTO 3TOMY KPyry KBajjpaTa paBHa KOPHIO U3 4YMCIa
[Tn. Takum 06pa3oM, 3aaua CBOAUTCS K IIOCTPOEHMIO C IIOMOIIbIO LUPKYJIS U JIMHENKA
OTpe3Ka, IJIMHA KOTOPOro paBHa KOpHIO 13 yucia [In. HetpygHo mokasaTb, 4TO C IIOMO-
IIbIO LIMPKYJISI Y JIMHEIKM MOKHO ITOCTPOUTD TOJIBKO TaKye OTPe3Ku, YMCI0BbIe 3HaUeHU S
IJIMH KOTOPBIX MOTYT OBITH MOJyYEHbBI M3 PAlMOHAIbHBIX YMCEJT C IIOMOIIIbIO OIlepalmii
M3BJIeUeHMSI KBaAPATHOTO KOPHS, a TaKXKe CJIOKEHMS ¥ YMHOXXeHMsI. TakKe JIerKo ToKa-
3BIBAETCS, UTO BCE TaKMe UMciia SIBJISIOTCS aareopandeckKuMu, T. €. OJjIsT KaKIO0ro U3 HUX
MO>KHO ITOCTPOUTDH MHOTOWIEH C LeJIbIMU KO3 PUIIeHTaM1, KOPHSIMU KOTOPbIX OHU SIB-
JsiioTcs. OmHako, Kak ycraHOBmII B 1882 1. Hemenkuit MateMaTuK @. JIMHaeMaH, 4MCiio
[l — TpaHCIEHIEHTHOEe YUC/IO0, T. €. He SIBJISIeTCSI KOpHEeM HUKAKOro ajredpamnyeckoro
ypaBHEHMUS C LieJIbIMU KOs buiimeHTaMu, 3HaUUT TPAHCIeHAEeHTeH U KOpeHb U3 uncia
In.

Takum 06pa3oMm, 3a[1aua KBagpaTypsl Kpyra HepaspelMa. B oTamune ot 910 3amaun,
3a/a4a O KBaJpUPYyeMBbIX JIYHOUKAaX MMeeT peuleHus. KpyroBoi JyHOUKOM Ha3bIBAETCS
3aMKHyTas ¢purypa, o6pasoBaHHasi IyraMu IByX OKpysKHOCTeli. KpyroBasi TyHOUKa KBaJ-
pupyeMa, ecjii C IOMOIIbIO UMPKYJIS U JIMHEMKM MOXKHO TTOCTPOUTb PAaBHOBEIUKUIA eil
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KBaJIpaT, TO eCThb eC/I ee IJIONIAlb MMeeT 3HaueHue, ajaredpandyecky BpIpakaeMoe yepes
BXOJSIMie B UX IIOCTPOEHMeE JIMHEelHbIe 3jIeMeHTbl. YaCTHBIM CJlyuaeM KPYTOBbIX JTYHO-
YyeK SBJISIOTCS JIYHOUKM ['MIIIoKpaTa — HalileHHble IpeBHerpeyeckumM reomeTpom I'mri-
rnokparom Xmnocckum (V B. 10 H. 3.) KBagpupyembie JIYHOUKM. (C MOMOIIBIO 3TUX JTIYHOUEK
['MIimokpaT MeITAJICS CIPABUTHCS C 3a1auelt 0 KBaaparype Kpyra). CylecTBYIOT TPU KBa/l-
pupyemble JIyHOUKM ['mmmokpaTa. OgHa 13 HUX CTPOUTCS CJIeAYIONIMM 00pa3oM: 6epeTcst
yeTBepThb Kpyra OAC u Ha xopae AC, coenuHsonein KoHLbl pagnycoB OA u OC, OnnchI-
BaeTCs Kak Ha IMaMeTpe BHEUIHSS 10 OTHOIIEeHUIO K YeTBePTU Kpyra IOTYyOKPY>KHOCTbD.
HeTpynHo nipoBepuTh, 4TO IJIOLIALL TYHOUKYM paBHa miowany TpeyronbHuka AOC. Ta-
KM 00pa3oM, JIYHOUKa KBaapupyema. [I. BepHy/an ykasan ycaoBue, KOTOPOMY JOJISKHbI
YI,0BJIETBOPSTH KBaZpypyeMble IYHOUKH, U IIpUBeJl ypaBHeHMe, KOTOPOMY YA0BJIETBOPSI-
eT ellle OAHa (YeTBepTas) KBagpupyemas JyHOUKaA.

3aJaua nepeuynciieHus BCexX KBaApUPyeMbIX JIYHOUEK IIpUBJIeKaia BHMMaHMe MHOTUX
KPYITHeMIINX MaTeMaTUKOB pa3HbIX BpeMeH. CyllleCTBeHHOe MPOABUKEeHEe B pellleHUN
3TO¥ mpo6eMbl 66110 JOCTUTHYTO camuM H.T. YeboTapeBbiM. [Ipeske Bcero, oH CBeJ 3a-
Iady K ¢Jiy4yaro, KOrjga OTHOILIEeHMe YIVIOBBIX Mep & U B OyT, OTpaHUYMBAIOIIUX JIYHOUKY,
COM3MEPUMO U PaBHO m/ n (T.e. 4jisl HEKOTOPOroO ¢, a = m\t, f = n\t), roe m, n B3aMMHO
MPOCThIe HATypaIbHbIe UMCIA, M COCTAaBWII airedpanyeckoe OTHOCUTEIBHO COS { ypaBHe-
HME, KOTOPOMY [ OJIKHBI YIOBJIETBOPSATh KBaApUpyeMble JIYHOUKM, & 3TO O3HAYAET, UTO
ypaBHEeHMe NO/KHO pelaTbhCs Py IMOMOILIM U3BJIeUueHUs KBaApaTHbIX KOpHeii. [Tocnern-
Hee, B CBOIO OYepelb, O3HAUaeT, YTo rpymnna ['anya HelnmpmuBOOMMBIX MHOXUTEJIE 3TOr0
ypaBHEHMS JOJIKHA MMETh IOPSIIOK, paBHbIN cTenenu aBoiiku. H.I. UeboTapeB moapo6-
HO MCCIe0Basl C1y4dan, KOraa Ynucia m U n — HeyeTHbIe B3aMMHO IIPOCThbIe HaTypaJibHble
yncia. Ero yuenuxk A.B. [lopogHoB no3aHee (1948) pazobpait ciy4aii, KOrma OgHO U3 9TUX
yycesn yeTHoe. Takum 06pa3oM, 3a7aua repeuncaeHns BceX KBaapupyeMbIX JIYHOUEK I10-
JIyunjia OKOHUYaTeJIbHOe pellleHe. B KOHeUHOM UTOTe BbISICHUIIOCH, UTO CYIeCTBYIOT BCe-
IO [STh BUA0B KBaJIPUPYyEMbIX JIYHOUEK.

Pa6otsl H.I. YeboTapeBa 1 ero yueHMKOB ITOTYUMIN HIMPOKOE IIpU3HaHMeE BO BCEM MU-
pe. B 30-e rogpl KazaHb CTAHOBUTCS OMHMM M3 MUPOBBIX IIEHTPOB a/iredpanuecKux mc-
cJlemoBaHMit, BO3HMKaeT aBTopuTeTHast KasaHckas anrebpandeckas 1IKoia, 3a7ai0mast
TOH MMPOBBIM MCCIeAOBaHMSIM 10 MHOTMM HaIIpaBJIeHMUSIM COBPEMEHHOI anredphl, a ee
rinaBa H.I. YeboTapeB mpuriamaeTcs ¢ 0030pHbIMM OKIaJaMy Ha KPYITHeIe MaTeMa-
TUYecKue GopyMbl TOTO BpeMeH!: 110 Teopuu anredbpanvyeckux ymuces -— Ha IepBbiit Bee-
COIO3HBIV MaTeMaTuvyeckuit cbesn (Xapbkos, 1930); no Teopuu 'aniya — Ha BceMmupHbIit
MaTeMaTtudeckuit KoHrpecc (Lropux, 1932) u Ha BTOpoii Bcecorw3Hbli MaTeMaTU4eCKUit
cpe3n (JlenuHrpan, 1934).

Teopus rpynm u anre6p JIin pasBuBaiach B paborax yueHMkoB B.B. Mopo3oBa. Hccie-
OOBaHMUSAMM I10 Teopuy I'pymIl JIu 3aHMManuch aBa yuyeHuka B.B. Mopososa — .M. 3a-
6otuH u JI.JI. dckuH. .M. 3a60TUH omycaa MMIIPUMUTUBHBIE TPYIIIIbI IIpeo6pa3oBaHmit
4-X MepHOTO KOMIIJIEKCHOT'O ITPOCTpaHCTBa. [loc/ie 3a1muThl KaHAUAATCKOM AUCCepTalun
10 3TOV TeMaTHuKe OH Iepelles K U3y4eHUI0 3a4a4 JIMHEeMHOr0 U BBIIIYKJIOrO MPorpam-
MMUPOBAHMS U UX NIPUMEHEHMIO K PasJIMUYHbIM 3KOHOMMUYeCKUM BomnpocaM. JI.JI. OckuH
BHayvaJsie 3aHMMAJICSI Teopueii TipencTaBaeHuit rpyi Jiu. Vim 66111 OCTPOEHbI orepa-
TOpbI JIaruiaca Ha IpyIire KOMIUJIEKCHBIX YHUTAPHBIX MAaTPULL U C UX IIOMOLIbIO UCCIe0-
BaJICb MaTPUYHbIE 7IeMEeHTbl HEITPUBOAVMbIX 6€CKOHEUYHOMEPHbBIX YHUTAPHBIX TpeJ-
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cTaBjieHui1 rpy1Inbl JIopeHiia. B 1iukiie paboT, BBITTOTHEHHBIX B 60-e robl, JI.l. DCKIH 1mo-
cTpout pyHIAMeHTa/IbHbIE pellleHMs] YpaBHEeHMSI TeIUIOIPOBOIHOCTY Ha MHOT006pasu-
SIX KOMITJIEKCHBIX ITOJTYIIPOCTBIX IPYIII JIM ¥ CMMMeTpUUeCKMX PUMaHOBBIX ITPOCTPAHCTB.
[TonyuyeHHble pe3ynbTarhl JI.JI. DCKMH MIpUMEHM K ITOCTPOEHMIO IIpeobpa3oBaHmii Beii-
epuiTpacca Ha CMMMeTPUYECKMX PUMAHOBBIX ITPOCTPAHCTBAX M ITOTYUYMI HOBBI METOZ,
BbIUMCAeHNsT Mepbl [naHmepesns aJist 3Tux npocTpaHcTB. B mowiegume rogpl JI. 1. OckuH
pa3BUBaJI METOAbI IIOCTPOEHMSI aCUMIOTOTUUECKMX PA3JIOKeHUI B OKPECTHOCTU CUHTY-
JISIDHBIX TOYEK IJISI MHBAPMAHTHBIX PeIlleHNI psifia HeJIMHEMHbIX 3a/1a4 MaTeMaTu4eCcKon
dusuku. B 70-e rompl 3amayamMu 1Mo Teopuu rpyin JIu 3anumMascs yueHuk JI.JI. Dcku-
Ha — E.JI. Cronos. Ilpu peanusanuu npenctaBieHUn KIacCUUECKUX TPYIIN MOSBIISIOT-
Cs1 HOBBIE cIlelvajibHble QYHKINMM, 0000IIaIoNe M3BECTHbIE CIlelalbHble (QYHKIINN.
OTM QYHKIIMM BO3HMKAIOT KaK MaTPUUHBIE 3JIeMEHTbI COOTBETCTBYIOIIMX IIpeICTaBIIe-
Huii. [Ipy 3TOM MOMy4YaroTCsl KakK M3BeCTHbIE COOTHOIIEHMS MEXIY CTapbIMM CIieluab-
HbIMM QYHKUIMSIMU, TaK ¥ HOBble popMysibl. E.JI. CTO/IOB M3y4as aCMMIITOTUYECKME CBOI-
CTBa 3TUX QYHKIINIA.

Cpenu paboT 1o Teopuu anredbp JIu B MepByI ouepedb CJiefyeT OTMETUTh PabOThI
I.H. My6apaxk3siHoBa 1 3.H. Caduy/inHo, MOCBSIeHHbIE OIMMCAHMUIO HUIBIIOTEHTHBIX
U pa3pemnMbIx aareop Jiu manbix pasmepHocTeir. B 50-e roger B.B. Mopo30B HaunHaeT
MIPUBJIEKATh CBOMX YUEHMKOB K MCC/IeIOBaHMIO aaredp JIv Haf, IOISIMY TTOJIOKUTETbHOM
xapaktepuctuku. Yxke B 1952 r. B JIAH CCCP Boixoaut pabora A.B. CynbauHa, B KOTO-
POV OH JOKa3bIBAET CylIeCTBOBAHME TOYHOTO KOHEYHOMEPHOTO IpeCTaBIeHNs KOHeu-
HOMEpPHOJi aynre6ps! JIM Ha 1MojeM MOMOKUTETbHOM XapakKTepUCTUKY, T. €. TIepeHOCUT
pesynbTat W.J. Ao Ha cy4yait MOmyISIpHbIX ajaredp JIu (Tak MPUMHSITO OOBIYHO Ha3bIBATh
anre6psrl JI HaJl MoJieM MOJIOKUTETbHOM XapaKTepUCTUKM). 3aTeM M3ydeHreMm aarebp Jin
HaJ, ITOJIIMM TTOJIOKMUTEIbHOM XapakTepucTuky 3auumMaics A.X. JlonorkasuH. O60061as
pesynbTaThl M. Kamnanckoro u P. Biioka, oH ommcan cTpoeHre MOOYISIPHBIX anreop Jin
panra 1. B 70-e romsl Teopueit MOIY/ISIpHBIX anre6p JIu Hauas 3aHMMAThCS ellle OOUH yue-
H1K B.B. Mopo3soBa — 10.5. Epmosaes. Ero nmepsbie paboThbl ObLIV ITOCBSIIIEHBI M3YUEHUIO
IIeHTpa YHUBepPCAJIbHOV 00epThIBaoIelt anre6psl s anredbpsl ButTa u anredps Llac-
cenxaysa. CTpoeHMe IIeHTpa YHUBEPCAIbHOI 00epThIBAIONIEH alredpsl CyIeCTBEHHBIM
00pa3oMm ompeaensieT BUI HEIPUBOIMMBIX MOJIyJIeit Haf 3Toi anre6poii Jin. 10.6. Epmo-
JlaeB Halesn obpasyloliye 1 oIpeessiolie COOTHOLIeHUS MeXKIY STUMM 00pa3yroIy-
MM [IJISI IIeHTpa YHUBepCcalIbHOM 00epThIBaoIeit anredpsl anre6p Butra u llaccenxaysa.
B nanpHeitmiem 0.B. EpmosaeB mcciemoBai mpob6iemMy KiaccubuKaIuy MPoCThIX KOHEY-
HOMepHbIX ajire6p JIu Haf rmosieM MoJIOXKUTeNbHOM XapakTepucTuku. Kpome 10.B. Epmo-
naeBa 3agauyamu kinaccudukanuyum 3anmmanich M.IO. IenoycoB (yueHuk B.B. Mopo3oBa)
u I.0. Anbetunr (yueHuk JI.[I. dckuua). M.IO. IlemoycoB omumcasn anred6ps! auddepeHIin-
poBaHMiT Bcex anrebp JIu kapraHoBckoro tuma. I.O. DIbCTUHT 3aHMMAJICS ITePEHOCOM
HEKOTOPbIX (aKTOB, ONpeAeeHHbIX [IJIs rpagyMpoOBaHHbIX anre6p JIu Ha anaredpst Jiu c
dbunbTpatmeii.

B 3aBepiaoiieit craguy peanmsanyy MpoeKkTa Mo Kaaccu@ukauymm mpoCcThIX MOIY-
JIIpHBIX anre6p JIu MPUHSUT yyacTue BBIMYCKHMUK Kadeapbl aaredopsl, YYeHUK UI.-KOP.
AHCCCP A.U. Kocrpukmaa— C.M. CKpsIOMH, KOTOPBIi ITOIyIMI I-TyOOKME pe3ylIbTaThl 10
MccaeqoBaHMIo aareop JIu KapTaHOBCKOTO TUIIA M BBITIOIHMI paboTy 1Mo KaaccubuKaln
MIPOCTBIX ayire6p JIv MoMOKUTETbHO XapaKTePUCTUKIM U TIpeicTaBIeHit anreop Jin. Otu
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pe3yJIbTaThl JIETJIM B OCHOBY €ro AOKTOPCKOM AuccepTauun, 3anuineHHon B 1999r. 8 MI'Y.

Hapsimy ¢ Bompocamy Kiaaccu@uKauyy MpOCThIX MOAY/ISIPHBIX aaredp JIu paccMaTpu-
BasIach 3aj/ia4a OIMMCAHMS TPeACTaBAeHM STUX alredp. DToi MpobieMaTUKOM 3aHMMaJ-
cs yueHuk 0.b. EpmonaeBa — H.A. Kopemkos. M nmosiyyeHo onycaHue HelpuBOAVMbIX
npefcTaBaeHnit p-anredp JIu KapTaHOBCKOTO TUIIA B TEPMMUHAX MHAYIMPOBAHHBIX. [T
M3yUeHMs HEKOTOPBIX BOIIPOCOB, CBSI3aHHBIX C HEIIPUBOAMMBIMY MOLY/ISIMY, HAIIpUMeED,
1711 BBIUMCIIEHMSI MaKCUMMaJIbHOM pa3sMepHOCTY HeIPUBOAMMBIX TIpefCcTaB/ieHni, HeoO-
XOIMMO PacCMOTPETb CTPYKTYPY IIeHTpa YHUBEPCATbHOI 00epThIBaOIIel anredpbl Co-
OTBeTCTBYMOIIE anre6pnl JIn. H.A. KopeIikoB Haillej1 HEKOTOpbIe CepyUy 3JIeMEeHTOB I1eH-
Tpa, a IJisi TaMWIbTOHOBOJ ajire6pbl paHTa OAVH OMMCaa MHOXeCTBO BCeX TTOPOKAAIOIINX
IIeHTpa ee YHMBEPCaabHOI 06epThIBaloIeii ajJredpsl.

[MTonuaguyeckumm ymciamu 3aHumanics yueHuk B.B. Mopososa — E.B. HoBocenos.
[Tonmuaguyeckue 4yucia BIIEPBbIe TOSBUIMCH B paboTe y HEMEIIKOTO MaTeMaTuKa XaH-
ca I[Iprodepa, onmyonmkoBaHHO B 1925 r. KOHCTpYKIIMM TToMMaanyecKux yuces mpeasia-
rasim Takke I'epH I'eH3ensp, [I’k. ®oH HelimaH. Kobllo momuaguyecKmuxX YnCes SIBJISIeTCS
IIPSIMBIM [IPOM3BeAeHNeM KoJiel] 1e/IbIX p-aAudeCcKuX Yuces 10 BCem IMPOCThIM YMCIaAM.
E.B. HoBocCei0B ompemessii KOJIbLO MOIMaAMUeCcKUX YMcel SKBUBAJIEHTHBIM CIIOCOO0M:
MHO>EeCTBO LIeJIbIX YMCe/l MOKHO pacCMaTPUBATh KaK TOMOJIOTUYECKOe KOJIbII0 OTHOCH-
TEeJIbHO MeTPU3yeMOi1 TOTIOJIOTUM, ITOJIHASI CUCTEM OKPECTHOCTEN Y KOTOPOJ uMeeT BUZ,
n+ mZ, Torga KoJblio MOINaAMIEeCKUX YMCes OIpeenseTcs Kak IMOIMoJIHEHME 3TOTO TO-
TIOJIOTMYECKOT0 KOjIbIla. ViM Obl1a M3ydyeHa apudMeTHKa KOJIell IoIMaaUIeCKIX YMCeT U
IOCTPOEHA TeOpHsI Mepbl ¥ MHTErpaia Ha TaKUX KojbliaX. PaspaboranHyio Teopuio E.B.
HoBocesioB IpuMeHSIeT B PasaMUHBIX BOIIPOCAX TEOPUM UMCEN, B YACTHOCTH, UM ObUIU
M3y4YeHbI TPOOJIEeMbI, CBSI3aHHBIE C pacrpeneneHneM 3HaueHU apubmeTnuecKux QyHK-
uuit. OTMeTMM TakKe, UTO pe3y/abTaThl, IosydeHHble E.B. HoBocenoBbIM, ITOAPOOHO 13-
JiokeHbI B u3BecTHOM KHUTe A.T. [locTHMKOBa «BBeleHMe B aHAIMTUUECKYIO0 TEOPUIO UK~
cen» (MockBa, 1971). B HacTosiiee BpeMst apudmMeTnyecke CBOMCTBA MOAMAANUECKUX
yyces nsydarTcs B.I. Unpckum u ero yaeHnkamu. Takske KOMbIO MOJIMagNYeCKUX Yynces
110/, Ha3BaHMeM KOJIbIIa 1[e/IbIX YHUBEPCATbHBIX UMCe/l HAXOOUT TITyOOKMe MPUIOKEHUS B
Teopun abeneBbix rpymi (IT.A. Kpbuto, A.A. ®oMuH).

[To namumatuse B.B. Mopo3oBa ero yuenuk .M. CaxaeB 3aHsuics mpob6ieMaTUKOI, OT-
HOCSILEViCs K Teopum Konel, 1 moayieii. B 60-e roger .. CaxaeB M3yyasi KOiblia, HaJ, KO-
TOPBIMM KK bIV ITpaBbIil/i KOHEYHOIIOPOXKIE€HHbIN MIOCKMIT MOAY/Ib SIBJSIETCS IIPOEKTUB-
HbIM. Takue Ko/blla B HACTOSIIee BpeMS Ha3bIBAIOTCS IMpaBbiMu S-KonbuaMmu. B 1960 r.
bacc rmonyuns xapakTepu3alyn COBEPIIEHHBIX CIIpaBa KoJell, T.e. Kojel HaJl KOTOPbIMU
MPOEKTMUBHBI BCe TpaBble TJIOCKMe Momy/au. [Ipobmemoit XxapakTepusanumu S-Kojer 3a-
HUMa/IMCh MHOTME M3BeCTHbIe CIeIMaJNCThI 110 TeOpUM KOJiell U MOAyJ/ieli, Halipumep,
C. DHpo, B. BackeHcenoc, C. Monapyn. Msydas S-konbua, M.1. Caxaes pa3paboTas Iiy-
00KYI0 TEXHUKY pabOThI C pery/JIsipHbIMM B KOJIbIIaX MOC/IeI0BATeIbHOCTSIMM. MCTIONb3yst
3Ty TEXHUKY, €My yIaJI0Ch ITOJYYUTD ITOJTHOE OIMCaHMe MPaBbIX S-Kojel. OTu pe3y/bTa-
ThI JIETJIM B OCHOBY €r0 KaHAUIATCKOM OuccepTanum, 3aluineHHon B 1969 r. B MI'Y.

B 1974 r. Jlazapom 6bl1a BBIIBMHYTA IMITOTE€3a O KOHEUHOI MOPOKAEHHOCTY KaskKao-
r'0 IIPOEKTMBHOI'O MOIYJISI, Y KOTOPOTO (paKTOPMOMYJIb 0 paayuKary [I;keKobcoHa KOHed-
HOMOPOXIeH. JIJsT KOMMYTaTMBHBIX KOJjIell 9Ta TUIloTe3a Oblla JoKa3aHa camuMm Jlasa-
pom. CripaBeJIMBOCTb 3TOJ TMIOTe3bl A5 PI-Koser, 6bi1a ycraHosneHa C. Mlouapyrom.
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.M. CaxaeBbIM ObUIM TIOTYyYeHbI HEOOXOIMMbIE U JOCTATOYHbIE YCIOBMS, TIPU KOTOPBIX
ruriotesa Jlazapa BepHa. B 1984 r. 6p171a onyosnnKkoBaHa coBMecTHast pabora B.H. I'epa-
cumoBa u V.M. CaxaeBa, B KOTOPOJ ObLI IOCTPOEH IpUMeEp IOJTYI0KATIbHOIO KOJIbIA,
IJ1sI KOTOpOro rurore3a Jlazapa He BBINONHSIETCS. DTU U ApPyTUe ero pe3yiabTaThl Jier-
JIU B OCHOBY JoOKTopcKkoy aucceprauuu V.M. CaxaeBa, 3amuiieHHOi B 1994 r. B CaHKT-
[TeTepOyprckoM yHMBEPCUTETE.

OuepenHoe CyIIeCTBEHHOE MTOBbIIIEH e HAYYHOJ aKTMBHOCTY B 06/1aCTY are6psl 1 ee
npuwioxkeHum npuxoagutcsa Ha 90-e roapl. HaunHas ¢ 90-X rogoB HayYHO-UCC/IeL0BATeb-
cKas pabora Ha kadenpe (HoBoe Ha3BaHMe Kadeapsl — Kadeapa aaredbpbl U MaTeMaTy-
YeCKO¥ JIOTUKM) MPOBOAMUTCS IO HECKOJIbKMM HAIMpaBIeHUsIM. ITO — TPAOULIIOHHbIE JIJIST
Kadenpbl HamIpaBaeHMS 110 ajaredbpam JIu u UX MpUMeHeHUsIM, 110 ajareopam Xorda, Teo-
puu omnepaj, o Teopuu KoJjell U MOAYJIei, Teopuu MoayKoiel] M TOTyMOy/eit, a TakKe
10 TEOPUM BBIUMCIMMOCTHU U BBIYMCIMMBIM aJIredopam.

Anre6ps! Xomnda, UX IeiCcTBUS M KOAEeMCTBMS Ha acCOIMATUBHBIX ajiredpax MpeiCcTaB-
JITIOT 3HAUMUTEIbHBIV MHTEPEC He TOJIbKO KaK 00beKThI C BeCbMa 60raToit aarebpandyeckoii
CTPYKTYpPOJ, HO U B CBSI3U C BO3MOXKHBIMM MPUJIOKEHUSIMM B MaTeMaTU4ecKoi Qpusu-
Ke. C.M. CKpsiOMHBIM YCTaHOBJIEH DSl BaSKHBIX T€OPETUKO-KOJIbIIEBbIX CBOMCTB MPOU3-
BOJTbHOV apTUMHOBO acCOIMATUBHO aaredpbl, BHITEKAIIINX MCKITIOUNTEIbHO M3 OTCYT-
CTBUSI HEHYJIEBBIX HWJIBITOTEHTHBIX UIEaIOB 3TO ajaredpbl, yCTOMUMBBIX OTHOCUTEIHHO
IeiicTBMSI HEKOTOPOii anredpsl Xorda. Bbuin moydeHbl pe3yabTaTbl O TPOEKTUBHOCTHU
" TUIOCKOCTHOCTM aJire6psl Xorida Kak Moay/ist Haj roganredbpamu Xorda 1 Kougeaib-
HBIMM TIOfa/ire6bpaMu, a Takke 0ojiee 00IIMe Pe3yabTaThl O MPOEKTUBHOCTM SKBUBAPU-
AQHTHBIX ¥ KOSKBMBAapMAHTHBIX Momyeii. PazpaboTana Teopusi, 06001IaioIas KaTerop-
Hble 9KBMBAJIEHTHOCTH, CBSI3aHHbIE C KATETOPUSIMM KBa3MKOTePEeHTHbIX ITyUKOB Ha OJIHO-
POIHOM MPOCTPAHCTBE, B Ayxe HEKOMMYTATUBHOI ajiredpanueckoit reomeTpun. B coB-
MecTHO¥ paboTte ¢ M.C. EpSIIKMHBIM TOKa3aHO CyIleCTBOBaHMEe HaMOOIbIIIei moaaareo-
puI Xorida B /1106071 ¢J1abo KOHEUHO Obuanrebpe.

JIneBbl myuky 66U BBemeHbI B pabotax W.JI. Kantopa u [I.B. ITepcuiia B 1989 r. KoH-
CTPYKUMS JIMEBbIX ITYYKOB CBSI3aHA C HAXOXAEeHMeM IepBbIX MHTEerPaaoB HEKOTOPLIX ra-
MMWIbTOHOBBIX cucTeM. H.A. KopelikoBbIM ObIJIO TOKAa3aHO, YTO [1J181 JIMeBbIX ITyUKOB MMe-
eT MeCTO aHajoT TeopeMmbl JIn. Takske MM ObUT HaliJleH KpUTepUit HUIbIIOTEHTHOCTY J1J1ST
JIVEeBBIX IIYYKOB, KOTOPBIN SBJISIETCS aHAJIOTOM TeopeMbl JHress. C UCIONIb30BaHMEM
3TOTO KpUTEpHUs yAaIOoCh I0Ka3aTh CyllecTBoBaHMe KapTaHOBCKO moaaare6psl B Jio-
60M n1eBOM ITyuke, KOTOpasi, Kak U B airebpax Jiu, onpenesnseTcss Kak HUJIbIIOTEHTHAS
ropanaredpa, CoOBITaAAlONasi CO CBOMM HopMasn3aTopoM. OKasbiBaeTcsi, HEOOXOIAMMbIM
CBOJICTBOM 00j1afaeT HYJIbKOMITOHEHTA pPeryyasipHoii mapsl. B HacTosimee Bpemst H.A. Ko-
PeIIKOBBIM ITPOBOJSITCS MCC/IeJOBaHMS, CBSI3aHHbIe C KaccuduKaliyeii TpoCThIX JIMeBbIX
IyYKOB. bbuM 1OTy4eHbl pe3ysibTaThl IIPU OTPAHMUYEHUSX Ha Pa3MEPHOCTD JIMeBBIX ITy4-
KOB MJIM Pa3MepPHOCTb UX HYJIbKOMITOHEHTHI.

Yuenukamu M.M. CaxaeBa B HaCTOsIIee BpeMsI ITPOBOASTCS UCCI€OBAHMS 10 TEOPUUA
oTiepaji 1 TeopuM KoJiell 1 Mmoaysieit. Bbuia perieHa mpobiema, rocrasieHHas .M. Caxae-
BbIM, 00 OTTMCaHNM KOJIell, HaJ, KOTOPbIMM KasKIblii ITPaBblii MOAYITb SIBJISIETCS CJ1ab0 pery-
asspHbIM. ActiupanToM [I.T. TankmMHBIM [IJI1S psifia MIMPOKUX KIAacCOB KoJjiell hopMabHbIX
MaTpull OblIa uccaemoBaHa mpobaema nzomopdusma. MccienoBaHusiM 1o TeEOPUM OIle-
pan mocssiieHbl pa6otsl C.H. TpoumHa. Ero KangumaTckast guccepranys 6buia mocBs-
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IeHa MPOeKTUBHBIM ajrebpam, T.e. peTpakTaM CBOOOIHBIX ajire6p MHOroo6pasuit Jin-
HeJHbIX anrebp. B masbHeitieM 66111 pabOThI IT0 KATETOPUSIM YaCTHBIX, 9KBUBAJIEHTHO-
ctu MopuThl, anredopandeckoit Teopuu nH@opmauyn, u ¢ 2000 r. IMKI paboT 110 TeOPUA
oriepai, KoTopblit mpuBes B 2011 I. K 3a1uTe JOKTOPCKOM aucceprauym. OCO6eHHOCThIO
noaxona C.H. TpoHuHa K Teopuu orepap, (v 60ee 0611M 06pa3om K Teopun MyIbTHKa-
TEropuii) SIBJIIETCS TO, YTO PaCCMATPMUBAIOTCS OIlepabl He TOJIbKO HaJ, CMMMeTPUYECKM-
MM IpyIIIaMu, HO M HaJ ropasio 6osiee 006MMMM 06beKTaMu — BepOaIbHbIMY KaTeropusi-
Mu. Biaromapst 3aToMy Kjacc 0ObIYHBIX (CMMMeTPUYEeCKUX M HeCMMMeTpPUUeCcKIx) orepaz,
CYIIEeCTBEHHO pacCIIMpsIeTCs, ¥ B HEro IMonagapT, HallpuMep, Bce abCTpaKTHbIE KIOHBI.
Takum 06pasom, BCSI TEOPUS MHOTO0OPa3uii yHMBEPCATbHBIX aJIredp MOKET pacCMaTpy-
BaTbCS KaK pa3zies Teopuu omnepaji, ¥ COOTHOIIeHe MeXIY TPagUIMOHHbIM ITOAXOI0M
M TIOIXOJIOM OIlepaJiHbIM HAaIlOMMHAeT COOTHOIIeHNe MeXIy KOMOMHATOPHOM Teopueit
TpyIII U 006111ei Teopueii rpytil. [Tomumo atoro, C.H. TpoHMH MOCTpOMIT OOIITYIO TEOPUIO
BCEX BO3MOXKHBIX CyTepaaredp (MyaIbTHONIEPAaTOPHBIX). [Ipy 3TOM TaksKe MCITOIb30BaIach
Teopus ornepap. B mocnegnee Bpems C.H. TpoHuH 06paTuiics K ajiredbpandeckoit KpUITo-
rpaduu 1 coBMecTHO co cBouMM acnmpanTKkaMu K.A. ITeTyxoBoit u A.P. TaiiHy/IIMHO¥ T10-
JIYUMJT PSITT HOBBIX pe3ynbTaToB. HaiimeHbl gaseko uayliye aaredbpanyeckme 00001eHNUS
KJIacCUYecKoi KpunrocucremM RSA ¥ HEKOTOPBIX KPUIITOCUCTEM, OCHOBAHHBIX Ha TPYI-
HOCTM IIP06JIeMbI O IMCKpeTHOM jiorapudme. B rocaeaHem ciaydae ObLIM UCIIOTb30BaHbI
orepagHble MEeTO/IbI.

[TonyKkosblia 1 TTOTyMOAY/IH SIBJISTIOTCSI OMHUM M3 HauboJiee eCTeCTBEHHBIX U IIPU 3TOM
BecbMa IIMPOKUX 0000IIEeHMIT KOIell M MOAYJeli, UYTo 00yc/IaBIMBaeT MHTEpeC K U3yJe-
HMIO BOIIPOCOB O TOM, B KaKOil Mepe Te WM MHbIe KIacCuUeckue pe3yabTaTbl TeOpUn
KOJIell, ¥ MOJyJieii MOTYT ObITh IepeHeceHbl Ha CIydai ITOJYKoJel, U IoayMmomayseil. B
YaCTHOCTMU, Pa3BMBAETCS TaK Ha3bIBaeMasi «TOMOJIOTMUecKasi» Kiaccudukaims moyKo-
Jiell, HaTllpaBJIeHHAsl Ha M3y4yeHMe U OMMCaHMe Pas3/IMUHbIX KJIaCCOB MOIYKOJIEl] C 3aaH-
HBIMM CBOJCTBAMM ITOJTYMOJIY/I€i Haa HUMM, — 9Ta 00JIaCTh UCCIeTOBAHMIA OTpakeHa B
psime paboT 3apyOekKHbIX MaTeMaTMKOB, Takux Kak Y. Katsov, X. Wang, A. Patchkoria,
O. Sokratova, ]J.Y. Abuhlail, T.G. Nam u ap. C 2006 . B 3TOM >Xe HaIlpaBJeHUM pabora-
eT COTPYOHMK Kadeapbl aaredpsl 1 MaTemaTtudeckoit joruku KOV norent C.H. UnbuH,
OITyOJIMKOBABIIINMIA B IIeHTPAIbHBIX POCCUMCKMX U 3apyOEKHBIX JKYpHajax 1o 3TOi TeMa-
THKe nopsaka 10 craTeii, B TOM 4Mc/ie COBMECTHO C HEKOTOPBIMMU U3 IepeuyCIeHHbIX Bbl-
11e MaTeMaTUKOB.

10.A. Anbrnine 1 C.H. VnbuH MpoBeu MCc/Ie0BaHMSI 10 JIMHEHOI anre6pe 1 Teopun
Matpul. IMu noka3aHo CyleCTBOBaHMe PAlMOHAIbHBIX MPOLeAYp LJI Psifa BaKHbIX
3a7a4 JMHENHON aareoppl, HalimeHbl HOBbIe 00JIaCTY JIOKAIM3alMM COOCTBEHHBIX 3HA-
YeHUI MaTpUL, U KOPHEN MOIMHOMOB, YCTAHOBJIEH KPUTEPUI YHUTAPHON SKBUBAJIEHT-
HOCTM MaTpUYHbBIX CeMeNCTB. B xoe ncciieqoBaHMsi MaTpUYHbIX MTOTYKOJIel] IIOTHOCTbIO
OTIMCaHbl 0OpaTVMble MATPUIILI HA, TTOJIOKUTENIBHO YITOPSIAOUEHHBIMM TTOTYKOIbIIAMMU,
U HalieH KpUTePUil peryasipHOCTU MOJTHOTO MaTPUYHOTO ITOMyKOAbLA. [loyyeHbl TOU-
HbI€ OLIEHKM YMCIOBBIX XapaKTePUCTUK 3HAKOBBIX IMMOPTPETOB BElIeCTBEHHbIX MAaTpPUIl,
naHa Gopmysa IS HaMMEHbIIIETO 3 PAHTOB 6€CKOHEUHBIX ITPOIO/DKEHMII TeTIUIIeBO
MaTpULbL.

HayuyHast mesdTenbHOCTh KOJJIEKTUBA MOA, pyKoBoACcTBOM M.M. ApciiaHoBa CBsi3aHa C
MCC/IeIOBAaHUSIMU B 00/1aCTU TEOPUM BBIYMCIMMOCTY, HAYKM, pa3BUBAIOIIENCS Ha CThIKE
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asreOpbl ¥ MaTeMaTHU4YeCKoii TIoTku. B cBoelt mokTopckoit auccepraiiuy M.M. ApciaHOB
MICC/IeNOBAJT THIOPMHIOBBIE CTEIIeHM, CofepsKallye QYHKIUY 6e3 T.H. “HEeIOABMKHBIX TO-
Yyek”, C X ITOMOIIIbI0 CGOPMYIMPOBAB KPUTEPUM ITOTHOTHI MHOKECTB B apubMeTUUeCcKOoii
Mepapxuu. DTU ero paboThl MOMOXKWIM HAUaso 1ieJIOMY HalpaBaeHUIo MCceJoBaHNit B
9TO¥ 06JIaCTY C yyacTHMeM MHOTMX MaTeMaTMKOB, pabOoTaloMIMX B TEOPUM BBIUMCIMMO-
ctu. Tenepb 3TU KpUTEPUU XOPOLIO U3BECTHDI B INTEPATYPE KaK KPUTEPUU IIOTHOTHI Ap-
c1aHoBa. EMy Takske MpMHAJIeXXaT IepBbie Pe3yIbTaThl B pa3paboTKe CTPYKTYPHOI Teo-
pUM TBIOPMHIOBBIX CTelleHel Hepa3pelMMOCTH, IIPpUHAAJIeKallX Pa3sHOCTHON Mepap-
XU MHOeCTB, XOPOIIIO U3BECTHOM KaK nepapxus EpiioBa, B YaCTHOCTH J0OKa3aTe/IbCTBO
37IeMEeHTapHO HESKBUBAJIEHTHOCTY MOTYPEIIETOK CTeleHel IepeuncIiMMbIX MHOXECTB
U CTelleHel, comepykalliux [MepBoro 3a 5TMM YpPOBHEM YPOBHS Mepaxuu. Briociencrsun
MM COBMECTHO €O cBouM yuyeHMkoM W.II. KamumymmusiMm 1 nipogeccopom C. Jlem-
riom (CIIIA) 6611 yCTaHOBJIEH TaKO¥ pe3y/abTaT U IJIs1 CJIeyIoleli mapbl ypoBHe mepap-
XU, YTO pellaeT mpobiaeMy, JOJIroe BpeMsl OCTaBaBIleil OTKPBITON. B HacTosiee Bpe-
Ms .1 KanuMy/uiMH MccieyeT aaropUuTMUIECKe CBOJCTBA ajaredpandyeckmx CTPyK-
TYpP, & TaKKe CBS3aHHBIX C HUMU QJITOPUTMUUYECKUX CBoaumocTeil. Cpeayt ero OCHOB-
HBIX Pe3yJabTaTOB pellleHKe MpobeMbl JIeMeHTapHOM SKBMBAJEHTHOCTU 3JIeMeHTap-
HBIX ITOJIypelIeTOK 71-B.I1. CTEIIeHeN I10 ITepeuncIMMOCTH IPU Pas/IMUHbIX N, JOKA3aTe/lb-
CTBO OIpeAeJMMOCTM OIlepallMy CKauKa B CTeMeHsSX IO MepeuncIMMOCTH, Kiaccudu-
Kallysl pa3aMyHbIX CBOAMMOCTEN MacCOBbIX ITPO6IeM MpeACcTaBMMOCTH alirebpandyeckux
CTPYKTYp (PaBHOMEpPHBIE M HEpAaBHOMEPHbI BAPUAHTHI, BCIOAY OIlpeaeieHHble U YaCTUY-
HbIe MaccoBbIe ITpo06sieMbl). COBMECTHO CO CBOUM yuyeHMKoM M.X. daii3paxMaHOBbIM UM
IIOCTPOEHa uepapxus CIIeKTPOB CeEMEeNCTB Ha pa3/IMUYHbIX YPOBHSX KOMY/ISITUBHO Mepap-
xuu ¢oH HeiimaHa, MMM Takke HaieHbl aire6pandecKkie CTPYKTYPbI, CIIEKTPbI KOTOPBIX
COCTOSIT U3 IOTIOJIHEHUI KJIaCCOB CTerneHel, HU3KuX Ha (PUKCMPOBAHHOM IpelelbHOM
YpOBHe rumnepapudmMeTnIecKoii nepapxmmu.

M.X. @aii3paxMaHOB B CBOeJ KaHAUAATCKOM AUCCepTaLU UCC/Ien0Bal YPOBHU Mepap-
xum EpioBa, comepskaiiyie TbIOPMHTOBbIe CKauKy MHOXeCTB. EMy yZiasoch 1aTh MojHoe
OIMcaHue YPOBHEN Mepapxuu, cofepkaiiye ThIOpMHTOBbIe CKAaYKM, He TpUHAJ IeKalue
MeHBIIMM YpOBHSIM. OH TaKKe M3yJyaeT Tak Ha3bIBaeMble 0006IeHHO BbIUMCIMMbIE HY-
Mepanum -— HymepaLyuu ceMelCTB, BBIYMCAMMBIX C IOMOIIbIO OpaKysia. B 3Tom Hampas-
JIeHUU UM ObLIN TTOTy4eHbl KpUTEePUM CYIeCTBOBAaHUSI YHMUBEPCATbHBIX 0000IIeHHO BbI-
YUCIMMBIX HyMepalyii KOHeYHBIX CEMEVICTB.

B 2000-x romax Ha Kadeape aaredpsl ¥ MaTeMaTUUYeCKON JIOTMKe HAaUMHAEeT aKTUB-
HO pa3BMUBATbHCS HallpaBjieHNe BbIUYMCIMMBIX JIMHEHbBIX MOPSALKOB. [lepBbie pe3yibTaThl
9TOTO HaImpaBieHMs ObUIM TTOTyUYeHbl B KaHAMAATCKOI auccepraiuy A.H. ®pososa, elie
onmHoro yueHnka M.M. ApciaHoBa. B cBoux repBbix paborax A.H. ®ponoB paspabaTsiBain
TEXHUKY MOCTPOEHMS BbIUMCIMMBIX IPEeACTaBIeHMI IJ1s1 TMHEMHbIX NOPSAKOB, B ajro-
PUTMMUUECKOM CMbIC/Ie OIM3KUX K BBIUMCIMMBIM U Ha3biBaeMbIX HU3KUMU. VIM (B HEKO-
TOPBIX CTy4YasiX B COBMECTHbBIX paboTax) ObUI MOTyUeH 11e/Iblit psifi pe3yabTaToB, M03BO-
JISIOIIVX TOJIYYUTDb OMMCAaHMe CaMOTO IMPOKOTO M3BECTHOTO HA JAHHbBIM MOMEHT KJIac-
Ca HU3KUX JIMHEIHbBIX MOPSIAKOB, MMEIIIMX BhIYMCIAMMbIE MTpeicTaBaeHMs (3TOT BOITPOC
6bu1 11octasiieH P. loynu B 1998 romy).

A.H. ®posioBbIM TakKe M3ydaeTcsl BOIPOC OMMCAHMUS CIIeKTPOB IpelCcTaBIeHNit -
HeJHbBIX OPSIAKOB. [TepBble pe3yabTaThl B 3TOM HAIlpaBJIe€HUM UM ObLIM TOTyUEHBI ellle



12 Anrebpa B Ka3aHckoM yHuBepcuteTe

KaHIMIATCKOM myucceprauyun. BriowtencTBuy UM ObUT MOyYEH PsI, IPMMEPOB OTPaHM-
YeHHbIX CIIEKTPOB JIMHEMHBIX ITOPSIAKOB, TOCTPOEHbBI IPUMeEPHI CIIEKTPOB JIMHEHBIX I10-
PSIAKOB, COAEpsKalX B TOUHOCTH BCe N-BbICOKME CTEIIeHU, a TaKKe BCe CTeleH!, He SIB-
JISTIOLIMeECs] n-HUSKUMMU 1Sl 11 > 1. Bce 9Tu pe3yabTaThl JIETJIM B OCHOBY €ro JOKTOPCKOM
oyvcceprauyuu, 3amuiieHHon B 2014 romy.

Yuenuk ApciaaHoBa 1 ®@ponmoBa M.B. 3y6KoB mcciieioBa CBsI3b MEX/IY BbIUMCIMMBbI-
MM JIMHEVHbIMU TTOPSIAKaMM, IMpeaebHO MOHOTOHHBIMY (YHKUMSIMU U 3Ta-TIPeaCcTaB-
JleHMeM. B KaHOMAATCKON AuccepTauuy OH Aaj ONMMCaHMe CUJIbHO 3Ta-IIPeaCcTaBUMBbIX
ThIOPUMHTOBBIX CTEIEHEeN, B TEPMMHAX IICEB0BO3PACTAIOIIMX Ha MHOXKECTBE pPallIOHAIb-
HBIX YlCJie TIpeleIbHO MOHOTOHHBIX QYyHKIIMIA. VIM TakKe M3ydaauch YPOBHU Pa3HOCT-
HOM Mepapxuu X —0—2-MHOXeCTB, CoJiepsKalle CUJILHO 3Ta-IpeacTaBMMble MHOXECTBA.

B 2015 romy mog pykoBoacTBom A.H. ®ponoBa 3alnTiI KaHAMIATCKYIO AMCCePTALINIO
P.U. bukmyxameToB. B Hell OH JoKa3aa aJIrOpUTMUUYECKYI0O HE3aBUCUMOCTD Psa OTHO-
IIeHMI Ha BBIUMC/IMMBIX JIMHEMHBIX ITOpSIAKax. B uacTHOCTH, MM ObLIM PaCCMOTPEHBI Ta-
KJie eCTeCTBEHHbIE OTHOIIeHMsI, KaK OTHOILIEHMEe COCEICTBA, OI0Ka, ITpeieJIbHOCTY CIeBa
U CIIpaBa, MJIOTHOCTU. Taxkke 3TU OTHOIIEHMSI pacCMaTPUBAINCh HA HAYAJIbHBIX CETMEeH-
Tax JMHEHBIX MopsiaKax. OMHMM M3 OCHOBHBIX Pe3y/IbTaTOB AMCCEPTALIMOHHO paboThI
P./. BukmyxamMmeToBa SIBJISIETCS J0OKA3aTeIbCTBO TOTO, YTO X — (0 —2-Havya/IbHbIe€ CETMEHTbI
BBIYMCIMMBIX JIMHEMHBIX MOPSIIKOB MCUYEPIIBIBAIOT BCe X — (0 —2-CTeneHu U BCe BbIUMUC/IN-
MbIe TTOPSIIKY 06e3 HanOO IbIIIero 3JIeMeHTa.

H.H. KopHeeBa n3yJaeT CJI0KHOCTM 6€CKOHEUHBIX MOCIeq0BaTeIbHOCTE Hall KOHEeY-
HbIM a/1(paBUTOM OTHOCUTEIbHO Pa3JUUYHbIX TUIIOB aBTOMAaTHO CBOAMMOCTH, TAKUX KaK
KOHEYHO-aBTOMAaTHAasl M aCMHXPOHHO aBTOMAaTHAasi CBOAMMOCTM, M BO3HUKAKWIIME MTPU
3TOM CTeleHM Hepa3pemmMoCcTu. B KaHOMOATCKONM Ouccepranuy OHA MCCIefoBajia
CTPYKTYpHbIE CBOVCTBA MHOXECTBA CTEeIleHel aCMHXPOHHO aBTOMATHBIX ITpeobpa3oBa-
HMit. B yacTHOCTH, GBIO YCTAHOBJIEHO CYIIECTBOBaHME KOHTMHYYMa aTOMOB, BJIOXKM-
MOCTb JII000T0 KOHEUHOTO JIMHENHO-YIIOPSIIOYeHHOT0 MHOKECTBA KaK HavaJbHOTO Cer-
MeHTa. Takske ObUIT MMOTYyYeH OTPUIIATENbHBIN OTBET HA BOIPOC IOIOTHSIEMOCTH BBEPX
" TIOJIOXKUTEIbHBIN OTBET Ha BOMPOC AOIIOIHSIEMOCTY BHM3 KaK B MHOXECTBe CTereHein
ACMHXPOHHO aBTOMATHBIX ITpeoOpa30BaHMif, TaK ¥ B MHOKECTBE CTeleHeil KOHEeUHO-
aBTOMAaTHBIX ITpeoOpa3oBanuii. B HacTosimee Bpemst H.H. KopHeeBa m3yJaeT moacTpyK-
TYpPbI YKa3aHHBIX CTEIIEHHBIX CTPYKTYP. B 4aCTHOCTH, CTPYKTYpPHbIE CBOVICTBA CTEMEeHen
KOHEYHO-aBTOMATHbBIX 1 aCMHXPOHHO aBTOMAaTHBIX ITPpe00pa30BaHMIi ITOC/IeTOBATETbHO-
CTel C pa3pelyrmoil MOHAaAMYECKON Teopuen U IOoC/IefoBaTeIbHOCTEN CO CBOVICTBOM
pedUKCHOI pa3pelMOCTH.



MATEMATUWUYECKII AHAJIN3 B KASAHCKOM YHUBEPCUTETE
@.T. ABxagues, C. P. HaceipoB

HayuHble uccieqoBaHus B 067acT Teopuu GYHKIMI M MaTeMaTUUYeCKOro aHaan3a B
Ka3zaHCcKkOM yHUBepcuTeTe Havyaauchb ¢ ero oCHoBaHus B 1804 r., 0fHAKO cepbe3Has Ma-
TemMaTudeckas 1mKkosia chopMupoBajach ¢ obpasoBanuemM B 1934 r. kadeapbl MaTeMaTH-
YeCKOr0O aHa/in3a U CBSI3aHa, Npexze BCero, ¢ JIMYHOCTBIO IIePBOr0O 3aBeAyI0Lero 3Toi
Kadenpoii mpodeccopa boprca Muxaitiosuua I'araeBa (1897-1975), Bo3raB/isIBIIIETO €€
B T€UEHMe COPOKa JieT. BceMUpPHYIO M3BECTHOCTb IIPUHECIO €My pellieHe BaKHOM MPo-
6membl, moctapieHHoi H.H. Jlysunbim: B.M. I'araeB mokasas, 4YTO TPUTOHOMETpUUeCKas
cucrema (pyHKIIMIT Ha OTpe3Ke — eIMHCTBeHHAs CUCTeMa OPTOTOHATbHBIX QYHKIMIA, -
(depeHLIMpOBaHME U MHTETPUPOBaHME KOTOPOJ MPUBOAUT OTISITh (C TOUHOCTBIO 10 TTOCTO-
SIHHBIX MHOJKUTeJIei) K TO ke cucteMme QyHKIIMIA.

l'araeB maj IyTEBKY B OOJIBIIYI0 HAYKY O'POMHOMY KOJIMYECTBY CBOMX YUEHUKOB, MHO-
r'vie 3 HUX BO3IVIaBWIM aBTOPUTETHBIE HAay4YHbIe IIKOJIbI B Poccum u 6/mmskHeM 3apyoe-
skbe. Cpeny y4eHUKOB, aKTUBHO paboTaBimx B Kazanu, moxkHo ormeTuTth @./1. l'axoBa,
BIIOCJIEICTBUM JIeICTBUTEILHOTO WieHa akagemuka AH Benopycckoit CCP, mpodeccopos
B.I. Tabmynxaes (Kazanb), A.Jl. JIsmko (Ka3aHb), cpeny MHOTOPOOHMX — akageMuka PAH
B.H. MonaxoBa (HoBocu6mpck), nmpodeccopon S.B. BeikoBa (®pyH3se), }0.I. bopucoBuua
(Boporex), K.C. Cubupckoro (KUIIMHEB).

WccneqoBanus 1o MaTeMaTMyeCKOMy aHann3y B KazaHCKOM yHMBepCcUTeETe IIPOBO-
IUICh Takke Ha Bocco3maHHoi B 1948 1. kadenpe auddepeHianibHbIX ypaBHeHNI (B
CTaHOBJIEHME KOTOPOi1 BakKHYIO posib cbirpan @.]1. TaxoB), oroenusiielics or Kadeapsl
MaTeMaTu4YecKoro aHanmusa kadeape teopun QyHKUMIA ¥ TPUOIMKEHNUI, OCHOBAaHHO
yneHoM-KoppecrouaeHTom AH Peciy6nuku Tatapcrad B.I. T'a6mynxaeBsim, 1 B HUM ma-
TeMaTuku U MmexaHuku uMm. H.I. Ye6oTapeBa (3aB. OT[IeJIOM MaTeMaTU4eCKOro aHa/In3a —
@.I. ABxagueB). OCHOBHbIe HAIIpaB/JeHUsI — KpaeBble 3aauM IJ1s1 aHATUTUUEeCKUX PYHK-
Uit ¥ uX 06001IeHNI, reoMeTpuUecKast Teopus (PyHKIINMI KOMIIJIEKCHOTO IIepeMeHHOT0,
MHTerpajabHble U MHTerpoauddepeHiMaabHble YypaBHeHMSI, MHTerpajbHble U U30Tepu-
MeTpuuecKie HepaBeHCTBa, QYHKIMOHAIbHbIV aHaN3.

OmnuieM KpaTKO OCHOBHbIE HayUHbIE TOCTVSKEHMS B 3TUX 00acTsax. Pemop IMuUTpu-
eBuY ['ax0OB 13BECTEH TEM, UYTO OH BIIEPBbBIE AaJ ITOJTHOE pellleHNe KIacCUYeCcKoi 3a5aun
Pumana [ aHauTUueckux QyHkinit. Vim 1 ero MHOTOUMCJIEHHBIMM YUY€ HMKaMMU McCCiie-
IIOBaHAa pa3pelMMOCTb Pa3/JIMUHBIX KpaeBbIX 3a7a4, B TOM 4MCiie, HA PAa30MKHYTBIX KOH-
TypaX, B MHOTOCBSI3HBIX 00JIaCTSX, MAaTPUUYHBIX KPaeBbIX 3a7au, a TaKKe CUHTY/ISPHBIX
MHTEeTrPpaJbHbIX YpaBHEHU C pa3nndHbIiMu ssapamu. [Tocne orvesna n3 Kazanu @./1. 'axo-
Ba Kadenpy nuddepeHianbHbIX ypaBHeHMIT Bo3rnaBuia C.H. AHIpuaHoOB, a 3aTeM — Ofi-
Ha 13 Tyummx yueHnkoB ®emgopa Imutpuesmua — JI.W. Unbprkosa. Ee ocHOBHbIE 1OCTU-
>KeHMSI CBSI3aHbI C MCCAeq0BaHMeM KpaeBbIX 3a/a4 i1 aBTOMOPGHBIX QyHKIIMIA, HA PU-
MaHOBBIX [TOBEPXHOCTSIX, HA CYETHOM MHOXECTBE KPUBbIX, & TAK:Ke CUHTY/ISIPHBIX MHTE-
rpaJIbHbIX YpaBHEHU ¢ aBTOMOPGHBIMM U KBa31aBTOMOPMOHBIMMU SIIpaMM, C TUIIepreo-
METPUUECKUMU SIAPAMMU, C SIAPaMU, UMEIONIMMM OIHY WIN Be MOABUKHBIX OCOOEHHO-
CTU JloTapU(PMIUUeCKOro MM CTelleHHOTro Turia u rp. Cpeau ee yueHUKOB — IEeCSITKY KaH-
OUAATOB HAYK, MHOTHME U3 KOTOPBIX 3alIUTUIN TOKTOPCKME AUCCePTAUUN. DTU YIEHUKU
COCTaBJISIIOT OCHOBY Kadenpsl nuddepeHIMaTbHbIX YPaBHEHMI U B HACTOSIII[ee BpeMs.
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B.. XKerasoB mcciienoBai pa3jiMuHble KpaeBble 3a4a4u ISl ypaBHEeHUI CMelllaHHOTO TH-
na. M.A. BukyaHTaeB mu3yuas pa3pelMoOCTb KpaeBbIX 33714 Ha MPOU3BOJIbHBIX HEKOM-
MaKTHBIX PUMMAaHOBBIX IMOBepXHOCTSX. }0.B. O6GHOCOB pemmut psifi MPaKTUIYECKU BaKHBIX
KpaeBbIX 3a/1a4y TeOpUM reTeporeHHbIX cpel. Takke cOTpyaHMKaMM Kadeapbl M3ydyaeT-
Cs KpaeBasi 3afava PumaHa [j1s1 CYETHOTO UMcyia KOHTYPOB U €€ MPUJIOKeHMS K 3aa4am
teopuu yripyroctu (WU.I. CanexoBa); 3amaua pakropusauy MaTpull-QyHKIMNIA B CBSI3U C
pelnieHneM MaTpUYHOM KpaeBol 3anaun Pumana (C.H. Kusicos).

B 1962 r. B KazaHCcKOM yHUBeEpCUTETe ObUT CO3/IaH HAYUHbBII CEMMHAp 110 TeOMEeTPMU-
YyecKoii Teopum QYHKIIMII KOMIUIEKCHOTO IIepeMeHHOro (pykKoBoguTesab — mpod. JI.A. Ak-
ceHTbeB). OH CTaJl TBOPUECKMM 00beIMHEHEM MAaTEMAaTMUKOB 13 pa3JIMUHbIX By30B Ka-
3aHu. CeMMuHap CHauasa geicTBoBas Ipu kadenpe nuddepeHIMaabHbIX YpaBHEHUIA, a
¢ 1978 roma 1o Hacrosiee BpeMsl paboraeT Ipu Kadeape mMaTeMaTMUECKOTO aHaJIA-
3a. YUaCTHMKaMM CeMMHapa 3alluIieHo 6osee TPUAIATA KaHAMIATCKUX OMCCEePTaINiA,
OOJBIIMHCTBO — ITOA, pyKOBOACTBOM JI.A. AKCeHTbeBa, M BOCEMb TOKTOPCKMUX JMcCCepTa-
uuit. Cemyuuap mo 'TOKII crrocob6CcTBOBa CO3AAaHNMI0 HAYUHOTO KOJUIEKTUBA, KOTOPBI
3aHMMAaeTCs MCC/IeIOBaHMUSIMM B 00/1aCTM OJHOJMCTHBIX (DYHKIMII, KpaeBbIX 3amayu jIsi
nuddepeHIMaTbHBIX YPAaBHEHMI B YaCTHBIX IIPOM3BOAHBIX M pellleHeM SKCTPeMaTbHbIX
Mpo6JIeM MeToJaM TeoOMeTPUYeCKoil Teopuy QYHKIMIT KOMIIJIEKCHOTO riepeMeHHoro. C
Havasia 90-x romoB B KazaHu peryasipHO, pa3 B IBa rofia, IPOBOASITCS IETHME BCEPOCCUTA-
CKMe IIKOJIbI-KOH(bepeHIIUM I10 Teopuy QYHKIMIA, B OpraHM3aluM KOTOPBIX TPUHUMAIOT
aKTMBHOE yJacTye WieHbl Kadeapbl MaTeMaTHIeCcKoro aHaimu3a. OmnuiineM OCHOBHbIE [10-
CTVDKEHMS KOJIJIEKTMBA, HAUMHas ¢ cepeauHbl 80-X TO0B.

KaszaHb sBysIeTCs BeAylIMM IIeHTpOM B Poccum mo mMcciemoBaHMSIM B 0061acTu OO-
CTATOYHBIX YCIOBUIT OGHOMMUCTHOCTU U P-IMCTHOCTU aHAMUTUUeCKuX QyHKIMit. Mx pas-
paboTke mocBsineHs! ucciaemoBanus @.I. ABxagnuena, JI.A. AkcenTbeBa, 1.P. KaromoBa,
W.P. Hesxmetnuuosa, C.P. Hackiposa, I1.J1. Illa6annuua, E.A. IllupokoBoit. OQHOIMUCTHOCTD
MMeeT BaykKHbIe ITPYMeHEHMs B KpaeBbIX 3aJlauax C HEM3BECTHO (CBOOOIHOI) TpaHuIIe,
TaK Ha3bIBa€MbIX 0OpaTHBIX KpaeBbIX 3agavax. OmHOM 13 OCHOBHBIX 0OPATHBIX KPaeBbIX
3a7a4 OjIs1 aHAIUTUIEeCKUX (PYHKIMIA SIBJISIETCSI BHEIIHSIS 3a7ava I10 ITapaMeTpy S B I0-
craHoBKe @.]1. 'axoBa, KOTOPbINM HAllle] ypaBHeHMe [J1s OlpeesieHus IMo/Ica MCKOMO
dyHKLMM U ToKa3a ero pa3pemnmMocTb. [To pemioxkeHnio JI.A. AKCEHTbeBa 3TO YpaBHe-
HMe CTaJIO Ha3bIBAThCSI ypaBHeHMeM 'axoBa. Pa3MuyHbIM acrieKTamM M3ydeHus paspenim-
MOCTM OOpaTHBIX KpaeBbIX 3ajlau 1 ypaBHeHMsI [axoBa AJIs1 pa3jIMyHbIX KJIaccOB (PyHK-
1M, B OGHOCBSI3HBIX M MHOTOCBSI3HBIX 00JIaCTSIX, CBSI3U €ro ¢ KOHQOPMHBIM PagnyCcoM
IUIOCKMX obsacTeil mocBsieHbl paborsl @.I. ABxagueBna, JI.A. AkceHTbeBa, A.H. Axme-
toBOI, A.M. Ennsaposa, M.U. Kungepa, A.B. Kasanuesa, A.B. Kucenesa, C.P. HacesipoBa,
10.E. XoxsoBa, E.A. lllupokoBoii u ap. CMeriaHHble 0OpaTHbIe KpaeBbie 3a/1aul, B KOTO-
PBIX OTBICKMBAETCSI 00/1aCTh C YACTUYHO M3BECTHON I'PaHMIIEN, TT0 Pa3JIUMIHbIM IapaMeT-
paM 1151 aHAIMTUUECKMUX PYHKLVIA M X 06001eHMiT Ha IVIOCKOCTH M Ha PMMaHOBBIX I10-
BepxHOCTIX paccmarpuBanuch A.M. EnnzaposeiM, B.H. MonaxoBbiM, C.P. HackipoBbIM.

Ha xadenpe maTemMaTnyecKoro aHaan3a ObIIN MOTyUYEeHbI BayKHbIe Pe3yIbTaThl 110 UC-
CJlenoBaHMIO (TIPSIMbIX) KpaeBbIX 3a7au JJIs aHATUTUUEeCKUX QYHKIMI, a TakKkKe UX TIPU-
MeHeHMI0 B Teopu (PYHKIIMIT M MPUKIAAHbIX Borpocax. Tak, B.A. Kail BriepBbie moCTpo-
MJI aTirapar pelieHus KpaeBbIX 3a/iau TeoOpui aHaAMUTUUecKuX QyHKIMIL [J1s obnacTeii ¢
HeCHpsIMJISIEMbIMU U (ppaKkTaIbHBIMM TPAaHUIIAMM U OTTMCA BiusiHMeE GpaKTaJbHBIX pa3-
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MepHOCTeN IpaHUIIbl HAa Pas3spelnMOCTb KpaeBoi 3agaum Pumana. iMm nosryyeHsl yciio-
BUS CYlleCTBOBaHMS MHTerpasia Koiiiy 1o HecrpsiMisieMbIM U (pakTaibHbIM KPUBBIM U
OMMCaHbl TPaHUYHbIE CBOMCTBA Takoro mHrerpana. Kpome rtoro, b.A. Kal, uccienosan
npeo6pasoBaHus Kol pacnpeneneHnii c HOCUTeNSIMY Ha HECTIPSIMIISIEMbIX KPUBBIX, UTO
TO3BOJIWJIO ITOTYYUTh PeIlieHUs] 3TOV KpaeBoii 3amaun B 3aMKHyTOM Buze. C. P. MupoHoBa
MOCTpOMJIa pellleHns1 KpaeBol 3amaum PumaHa 1 CUMHTYISIPHBIX MHTErPaJbHbIX YPaBHe-
HMii ¢ ssapom Kot 1151 CueTHOTO MHOYKeCTBa KPUBBIX U OIMcaja BausiHMe GpaKTaabHbIX
pa3sMepHOCTeN 5TOTO0 MHOXXeCTBa Ha pPa3pelMOCTh YKa3aHHbIX BbIllle KpaeBbIX 33734 U
ypaBHeHuit. ®.H. T'apudbsHOB Mcc/ieoBaI MPUIOKEHMS] TEOPUM KpaeBbIX 3a/1a4 K pa3-
JIMYHBIM ITPO6IeMaM 13 CMEKHBIX 00/1aCcTelt KOMIUIEKCHOTO aHaIM3a, TaKMX KaK MOMEeH-
ThI LIeJIbIX (PYHKIMIT 9KCIIOHEHIMa/IbHOTO TUIIA, TTPeICTaBISI0IIMe CUCTeMbI MepoMOopd-
HbIX (PYHKI1IMIT, pa3HOCTHbIE YpaBHEHMS U TIP.

@.I. ABxagueBbiM 1 C.P. HacbIpoBBIM IOTy4eHbI HEKOTOPbIEe HEOOXOAVIMbIE M JOCTa-
TOYHbBIE YCJIOBUSI Pa3pelIMMOCT 3a[a4uy O MOCTPOEHNUS PUMAaHOBOI TTOBEPXHOCTU HaZ,
cdepoii 1o MpoeKuyu Kpas. ITa npobdjaemMa, HOCSIIAsI TOMOJOIMUEeCKNii XapaKTep, CTa-
Bujach B pabotax IIukapa, JleBHepa u Xomda. C.P. HackIipoBbIM BBeIEeHO M M3YYEHO
IIPOCTPAHCTBO PUMAaHOBBIX IIOBEPXHOCTENM, pa3BeTBJIEHHO HAKPBIBAIOIIMX 3aJaHHYIO I10-
BEpPXHOCTb, HA HEM BBe[IeHa CXOAMMOCTD K A py 110 KapaTeomopy, TOMOMOTUS U MeTPUKa.
C ucronb30BaHMeM eMKocTeil Po6eHa oH pemntnii 06061eHHYI0 3amgauy M.A. JlaBpeHTheBa
0 HaXOXXIOEHUM TY>KKM MaKCMMaJIbHOM ITO’b€MHOM CUJIbI TIPY 3aJaHHOV OJIHE U OTPaHM-
YeHNUM Ha ee KPUBU3HY.

UccnenoBanus B o6actu PyHKIMOHAIbHOTO aHaiu3a B KazaHCKOM yHUBeEpCUTETe Ha-
yaju MPOBOAUTHCS HA 6a3e HAYYHOTO ceMMHAapa «AJredpbl OIepaTOPOB U UX IMTPUIIOKE-
HUsI» (Hay4yHbIi pyKoBoauTesb — A.H. [llepcTHeB, 3aB. Kadeapoii MaTeMaTUYeCKOTO aHa-
nusa ¢ 1973 o 1998 rr.), Bo3uukiero B Hegpax HUMIMM um. H.I. Ye6oTapeBa B KOHIIe
60-x IT., a ¢ 1974 1. mepeMecTuBIlIerocs Ha Kadbeapy MaTeMaTuueckoro aHanausa. OTme-
TUM HEKOTOPbIE OCHOBHbIE HAIlpaBJIeHMS UCCIeN0BaHUI YUaCTHMKOB CEMMHapa.

HekommyTaTMBHas TeOpusl Mepbl U MHTerpasia. B cBSI3M ¢ porpeccom B TeOPUM al-
re6p don HeitmaHa, pacipeHneM cdephbl ee MPUIOKEHNUI aKTyaIbHOM CcTasia Impobaema
pacrpocTpaHeHNsI HEKOMMYTATUBHOM Teopun uHTerpupoBanus M. Curaia Ha HOpMaJb-
HbI€ Beca, SIBJSIONIMeCs HelleHTPaJIbHbIMM aHAJIOTaMy MHTErPajioB 110 HeOTPaHUUYEHHbIM
MepaM, 3aIaHHBIX Ha KJIacce OorpaHMYeHHBIX GYHKIINIA. PelieHne ykazaHHO ITpO6GIeMbl
610 mosyuyeHo mpod. A.H. lllepctHeBbiM U ero yueHunkom H. B. TpyHoBbsiM. O.E. Tu-
XOHOBBIM OblJ1a TOCTPOEHBI aHAJIOTY IIPOCTPAHCTB L, aCCOLMUPOBAHHBIX C BECOM, Y10~
BJIETBOPSIIOIIVIM OTIpeAeIeHHbIM YCIOBMUSIM. A.M. BuKueHTaeB mpeajioskimiI 00Nt MeTof,
IIOCTPOEHMSI HEKOMMYTATUBHbBIX F-HOPMMUPOBAHHBIX M ealbHbIX [IPOCTPAHCTB (B 4acCT-
HOCTH, TpOCTpaHCTB Opiinya), aCCOUMUPOBAHHBIX C IMOAYaAIUTUBHOM MepOil Ha IIpO-
ekTopax anre6psl GoH Heitmana. H.B. TpyHoBbsiM 1 A.H. [llepcTHEBBIM pasBuUTa TeOPUS
YCJIOBHOTO OKMIAHMSI B IIPOCTPAHCTBE L1 MHTETPUPYEMBIX OMIMHENHBIX (OPM U yCTa-
HOBJIEHA CBSI3b 3TOI'0 MOHATUS C TPALULIVMOHHBIM [TOHSATUEM YCJIOBHOT'O OKUIAHUS B aJl-
reopax ¢on Heitmana. O.E. TMXOHOBBIM OCHOBHBIE Pe3YyJIbTaThl TEOPUM MHTETPUPOBA-
HISI OTHOCUTEJILHO CJIefia U CJIeIOBBIX HepaBeHCTB Ha anrebpax doH HeiimaHa repeHece-
HbI Ha CJIy4ail MPOCTPAHCTB B CIIEKTPalbHON ABojicTBeHHOCT A. Anbdeena u @. Ilyib-
na. [LII. CkeopuoBoit u O.E. TMUXOHOBBIM OTy4€H HEKOMMYTATUBHBII aHAJIOT TeOPeMbI
byxsanosa-JlozaHoBckoro. M.P. TUMuUpPIINMHBIM IOCTPOEHbI HOBbIE MpPenCTaBIeHUS all-
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re6p ¢on HelimaHa, acconumpoBaHHbIe ¢ rpaduKaMy 3aMKHYTBIX oriepaTopoB. A.M. Buk-
YeHTaeB MOMYYMIT TIpeCTaBIeHNS IMHEMHBIX OTPaHMUEHHBIX OIepaTOPOB B 6eCKOHEeU-
HOMEpPHOM T'MJIbOePTOBOM IMPOCTPAHCTBE B BMJIe KOHEUHbIX CyMM ITOMAapHBIX MPOM3Be-
IeHUI OPTOIIPOEKTOPOB U UCCIe0BaT MU3MepPUMbIe OnlepaTOpbl, MIPUCOeIVMHEHHBIE K aJl-
rebpe dbon Heiimana. O.E. TuxoHoB 1 A.M. BuKkueHTaeB yCTaHOBWIN MHTEpeCHbIE Xapak-
Tepu3alun cjiefia B Kjacce BCeX MOMOXKUTeNbHbIX QYHKIIMOHAIOB Ha anrebpe ¢goH Heii-
MaHa.

Ipyroe HarpaB/IieHM e UCC/IeIOBaHNIT ceMUHapa «AJIre6pbl OIePaToOpPOB U UX ITPUIIOKE-
HUSI» — IIPOOJIEMBI CTPOEHMSI Mep Ha opTornpoeKkTopax anre6psl pox Heitmana. ITpobiema
MpOAO/KeHMST Mepbl Ha MMpoeKTopax anre6psl ¢poH HelimaHa o JMHeHOTO (PyHKIIMO-
Hasa 6buia ycremHo pemeHa M.C. Matseituykom. I.JI. JIyroBoit u A.H. lllepcTHeBbIM B
anrebpe Bcex OrpaHMUYEHHBIX ONePAaTOPOB cerapabeTbHOrO rMIbbepToBa IMPOCTPAHCTBA
MOJTHOCTBIO pellleHa 3aJaya ONMCaHMsI HeOTPaHMUEHHBIX Mep; 3TOT pPe3yJbTaT SIBUJICS
0000611IeHeM Ha HeorpaHMUYeHHbIe Mepbl KJaccuueckoi TeopeMsl [rcoHa. imu ke mo-
CTPOEH MpuMep HeOTPaHMUYEHHO MOJTYyKOHEUHO KOHEUHO-aAAUTUBHOM Mepbl Ha IIPO-
eKkTopax anre6ps! poH HeitmaHa 6e3 mMpsIMBIX c/1araeMbIX TUIIA I, KOTOpast He ITPOJoJIKa-
eTCsl 10 Beca, BBe[eHbl U M3y4eHbl HEOTpaHMYEHHbIEe aHAJIOTY BEKTOPHBIX OPTOAAAUTUB-
HBbIX Mep Ha OpTOIpoeKTopax ajired6ps! poH HeliMaHa co 3HaUeHUSIMU B TUILOEPTOBOM
MIPOCTPAaHCTBe. M3yueHbl NOPSIKOBBIE CBOVICTBA OPTOrOHAbHBIX BEKTOPHBIX MOJIEN U UX
CBSI3U C TOonosiormuyeckumu ceoricteamu. E.A. Typminosoii un A.H. lllepcTHeBbIM paccmMOT-
peHbI 3a7ja4M U3y4eHUsI Mep, 3aJaHHbIX Ha 3aMKHYTBIX MOANPOCTPAHCTBAX YHUTAPHOTO
npocTpaHcTBa E, MpUcOeqMHEHHBIX K anrebpe ¢poH HeiimaHa, fneiicTBylolelt B rTuaboep-
TOBOM mpocTpaHcTBe H — nomnonHeHun E. C.B. JopodeebiMm 1 A.H. [llepcTHEBBIM 13-
yajach BO3MOKHOCTb 000011IeHMSI TeopeMbl [7I1coHa [71s 3apsioB Ha ajiredpe Bcex orpa-
HUYEHHBIX OIIePaTOPOB B I'MIbOEPTOBOM ITPOCTPAHCTBE.

Opromopy/isipHble YIIOpPSIIOYeHHble MHOXecTBa. Kimacc opTonmpoeKTOpOB KOMMYTa-
TUBHOII anre6pbl GoH HelimaHa o6agaeT eCTeCTBEHHOM CTPYKTYpOii OyleBCKoi anreo-
po1. Eciiu anrebpa ¢ox HelimaHa He KOMMYTaTUBHA, MbI IIPUXOAMM K O0j1ee 00I1eli CTPYK-
Type, KOTOPYI eCTeCTBEHHO pacCMaTPMBATh KaK aHAJIOr BO3MOKHBIX BbICKAa3bIBaHUII
0 TIOIXO[sIeli KBaHTOBO-MeXaHMUeCcKoit cucreme. AGCTPaKTHBIN «Oy/IeBCKUii» aHaJIOoT
3TOM CTPYKTYPbI HOCUT Ha3BaHUEe OPTOMOLYJISIPHOTO YIIOPSIJOYEHHOI'0 MHOXKecTBa. Vc-
wlenoBaHMe Takux MHOXKecCTB B KazaHy HauaTo B KOHLe 60-x IT. A. H. lllepcTHEBBIM: TeO-
pusl pasMmepHoOCTH JIymuca [jisi OpTOMOIY/ISIPHBIX pelleTOK lepeHeceHa Ha MPOU3BOJb-
Hble OMVYM. ITnogorBopHbIe nccnemgoBanusi OMYM cucrteMmaTtudecku Benuch 3atem I1. I.
OBuMHHMUKOBBIM 1 @ @. CynTaHOEKOBBIM. B uacTHOCTH, ITpeiIoskeHa HOBast aKkCMOMaTHKa
st OMYM, onycaHbl aBTOMOPGU3MbI YIIOPSA0UEHHOTO MHOKECTBA KOChIX ITPOEKTOPOB
B I'JIbOEPTOBOM ITPOCTPAHCTBeE, JoKa3aHa M3BecTHas rumnoresa [Itaka-ITysibMaHHOBOI O
cBoiicTBe Slyxa-ITnpoHa, 060611eHa Ha TuIeprpadsl TeopeMa Bupkroda o 6ucroxactuye-
CKMX MAaTpUILIAX, TIOCTPOEH MePBbI M3BECTHLIN IPUMep aTOMUUYECKOr0 HeOPTOaTOMMUYe-
ckoro OMVM, HaiiieH TOYHbIM TOIIOJOTUYECKUI aHAJIOT TOHSTUS OPTOYIIOPSA0YEHHO-
ro MHOXXeCTBa, TOCTPOeHa 00111asi Teopusi Mephl U 3apsiA0B Ha KOHEUHbBIX JIOTMKAX MHO-
>)kecTB. A.M. buKkuyeHTaeB MpeayioKu YHUBEPCATbHBI MEeTO[, MOCTPOEeHNUSI KBaHTOBBIX
JIOTMK UIAEMIIOTEHTOB YHUTAJbHOrO Kosbla. J.X. Mylitapu goka3aa aHaJlor TeOpeMbl
[mucoHa 11 3apsiloB HA KBAHTOBOM JIOTMKe BCeX UAEMIIOTEHTHBIX pallMOHAIbHbIX MaT-
pUIL TIOPSILKA BbIlIe 3. AHAJIOTMYHBIN pe3yabTaT JOKa3aH TakKe [JIs MaTPUll, 37IeMEeHTbI
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KOTOPBIX IMpMHAAJJIEXAT IMIPOCTBIM KOHEUHBIM ITOJISIM MJIN ITIOJIO M3 YeTbIPpEeX 3JIEMEHTOB.

OnHa u3 HanboJiee TPYIHBIX M BaXKHBIX ITPOOIEM B TEOPUM BEPOSITHOCTHBIX pacIipe-
IoeyleHNii B 0eCKOHeUYHOMEPHBIX JMHEMHbBIX MPOCTPAHCTBAX — MpobjemMa CUrma-ajiau-
TUBHOCTU IMJIMHAPUUECKON BeposaTHOCTU. [Ipu pelreHum 3Toit U GIM3KUX K Heli 3a7a4
I.X. Myiutapy pa3Buj TOMOJOTMYECKMe METO/Ibl MCC/IeloBaHMSI CBOMCTB J1ab0i KOM-
MMAaKTHOCTU ¥ CUTMa-aadUTUBHOCTY IMIMHIPUIECKMUX BEPOSITHOCTEN B OAHAXOBBIX ITPO-
CTpPaHCTBax. OTU METOAbI MO3BOJIM/IM TIOMYUUTDh TOJIHOE OMMCaHMe Kilacca 6aHAXOBBIX
MIPOCTPAHCTB, AJIs1 KOTOPBIX CYIIECTBYET TOIOJIOIMUYECKOe pellleH e YKa3aHHOI Impobiie-
MbI. Psii BaXKHBIX pe3yIbTaTOB 000011eH MM Ha K/IaCC JIMHEMHBIX TOOJIOTMUECKUX U JIU-
HEeMHBIX MeTPUUYECKNUX MPOCTPAHCTB. [ToyueH TakKe psifi BepOSITHOCTHBIX XapaKTepusa-
1M Kilacca siepHbIX MpocTpaHcTB dpelile, M3ydeHbl YCTOMUMBBIE BEPOSITHOCTY B OaHa-
XOBBIX IIPOCTPAHCTBAX.

Kaxk y>ke oTmMeuasnoch, b. I. TabmynxaeB opranm3oBas kadenpy Teopun GyHKIMIA U TPU-
o6mmokeHnit. OH co3/1a1 Ka3aHCKYI0 HAYYHYIO IITKOJTY I10 TeOPUM alIIPOKCUMAIINiA U MHTe-
rpajbHbIM YPaBHEHUSIM», TIOATOTOBMII OKOJIO COPOKA KaHAUIATOB, U3 HUX YETBEpPO CTa-
JI IOKTOpaMyu (pM3UKO-MaTeMaTuueCKuX HayK. VI3 ero OCHOBHbBIX JOCTVDKEHUI OTMe-
TUM cienyioniye. OH ITOCTPOMIT OOIIYIO TEOPHIO MPUOIMKEHHBIX METOA0B, OCHOBAHHYIO
Ha OHOCTOPOHHE 06PaTUMOCTHM aIIPOKCUMUPYIOLIMX orepaTopoB. Ha ocHOBe ee pas-
paboTtas mpsiMble ¥ MPOEKIMOHHbIE METOAbI pellleHMsI Pa3aMUHbIX KJIacCOB CUHTYJISIP-
HBIX MHTErpajbHbIX U MHTErpo-auddepeHIMaaIbHbIX YpaBHEHMI ¢ ssapaMu ['mabbepTa,
Komm, Amamapa u ¢ rosisipHo-jiorapudmmyeckumu sapamu. PazpaboTana oCHOBBI TTOJIN-
HOMMAJIbHBIX M CIUIAifHOBBIX MPUOMKeHnii GyHKLIMII B mpocTpaHcTBax I'énbaepa, Hu-
Kombckoro u CobosneBa. B HacTosiiiee Bpemst uccinepoBanus B.I. 'a6oynxaeBa mpomon-
katoT ero yueHuku IO.P. Araues, A.®. 'anumsanos, E.K. JIunaueB 1 A.B. Oxerosa. Umu
pa3paboTaHbl IPsIMble U MPOEKIIMOHHbIE METO/IbI PellleHMsI Psiia HOBbIX TUIIOB MHTErpo-
nnbdepeHIMaTbHBIX YpaBHEHMI, BKIIOUAIOIINX, B YaCTHOCTU, MHTETPaJIbl JPOOHOTO I10-
psaaka. Jiugepom 3Toit rpyrimsl ssBisieTcst 10.P. Araues, mpu Kadeape paboTaeT opraHu3o-
BaHHbIN M CeEMMHAP, B KOTOPOM IIPUHMMAIOT yyacTue Mmosoabie maTemaTuku M.IO. [Tep-
maryuH, P.P. 3amanues, P.K. I'ybaiigy/iHa ¥ COTpYIHUKY IPYTUX By30B KazaHu.

OTMeTUM Takke HeKOTOpbIe pe3yibTaThl O.I. ABxagnesa u ero yueHukoB U.P. Katomo-
Ba, P.I. CanaxynuHosa, V.K. llladburyminHa u P.I. HacubyaanHa 1o peleHuIo psifa aKC-
TpeMaJIbHbIX 3a/4a4 Teopuu QyHKUMI U uxX npuioxkeHusm. @.I. ABxagueBbIM MOTy4eHO
pelleHMe K/IacCuuyeckoii n3onepuMeTpudeckoii mpobnaemsl, Bocxogsineii K Ko u CeH-
BeHaHy, 0 reoMeTpMueCckOM 3KBMBaTEHTE KeCTKOCTY KpyueHMs YIIPyroi 6aaku ¢ 3afaH-
HBIM CeYeHMeM, COBMECTHO ¢ HeMel[KuM MaTteMaTukoM K.-1. Bupcom mocrpoeHa reopust
HepaBeHCTB Tura llIBapiia-ITrka Ajst BICHIMX MTPOM3BOAHBIX aHAIUTUIECKUX QYHKIINIA.

.P. KatoMOBBIM MOJIyY€HbI JIy4Iliie HUKHME OLIeHKU [IJIS1 3HAMEHUTOTO CIIeKTpa UH-
TerpajabHbIX CpeIHUX, BBeeHHbIX H.A. MakapoBbIM IIpU MCCIeO0BaHNUM TPAHUYHOTO I10-
BeleHMsI KOHQOPMHBIX 0ToOpaskeHmii. M3 pssaa pesynbraTtoB P.I. CamaxyauHoBa 11O M30-
repuMeTpUUECKMM HepaBeHCTBAM CJie[lyeT BbIIEIUTh MOCTpPOeHMe QYHKIMOHAIOB 00-
nacTeit, 061aJa0IIMX CBOMCTBOM M30TIepUMEeTPUUECKO i MOHOTOHHOCTH.

@.T. ABxagueBsbiM, P.I. Hacubymnuubim 1 VK. [lladuryiamHbiM TOCTPOEHbI M 060CHO-
BaHbI HECKOJIbKO HOBBIX MHTErPaJibHbIX HEepaBeHCTB Tuna Xapau u Pemnuxa mjist QyHK-
1M, QMHUTHBIX B INIOCKMUX WJIM ITPOCTPAHCTBEHHBIX 0bnacTsx. B wactHocTu, P.I. Hacu-
Oy/UIMH NOoKa3al HepaBeHCTBa TuUMa XapAyu ¢ TOYHBIMM KOHCTaHTaMU B CjIydae, KOrma
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siApa UMeIT MoJsIpHO-norapudmmueckme ocobernHoctu, M. K. lllaburynnmu onpenenmi
TOUYHBIN MOPSAOK pocTa KOHCTAaHT Xapau B runorese b.E. [IaBuca, @.I. ABXazaues IOCTpoO-
MJI HECKOJIbKO YHUBEPCAJIbHBIX MHTEIPAJIbHbIX HEPABEHCTB, CIIPaBeIIUBBIX IJI51 IIPOU3-
BOJIbHOJi 06/1aCTU eBKJINA0BA MPOCTPAHCTBA.

TEOMETPUSI B KABAHCKOM YHUBEPCUTETE
B. B. lllypeirux

Kadenpa reomeTrpun KazaHCKOro rocygapCTBeHHOTO YHMBEPCUTETA OpraHnM30BaHa B
1934 rogy mocie pasmenenus Kadegpbl MaTeMaTUKM Ha HECKOJIBKO CHEeIMalbHbIX Ka-
denp. Ee mepBbIiM 3aBeqyoIMM ObIT Bbigaroriuiicss reomeTtp Iletp AnekceeBuu Ilipo-
KoB (1895-1944). I1.A. lllupokoB OJHMM M3 TEPBBIX B Hallleil CTpaHe MPUMEHWI TeH-
30pHbIe MeTOAbI B TeOMeTPUUECKUX UCCTeN0BaHMSIX, C TIOMOIIbI0 KOTOPbIX MM ObLI pe-
IIeH psi BasKHBIX MTPO6IeM TeopuM pUMaHOBbBIX ¥ 0000IIeHHBIX ITPOCTPAHCTB. B 1934 T.
BBIIJIA HANIMCAHHAS UM IIMPOKO M3BeCTHas KHuUra «TeH30pHoe ucuucieHue». I1.A. [n-
POKOBBIM ObIT BIIEPBBIE BBIAEIEH M MCC/IEIOBAH K/IacC CMMMETPUYECKUX ITPOCTPAHCTB,
XapaKTepus3yIoIIMxcsl oopalieHeM B HyJIb KOBapMaHTHO MPOU3BOAHON TeH30pa KpU-
BU3HBI, UM ObII OTKPBIT KJIAaCC KOMITJIEKCHBIX ITPOCTPAHCTB C TMOPUIHBIMMU METPUKAMMU,
Ha3BaHHbBIX UM A-TIPOCTPAHCTBAMM U BIOWIEACTBUM IMOYyYMBIINX Ha3BaHMeE K3JIePOBbIX
npoctpaHcTB. HayuHbie nHTepecs! I1.A. IlIpokoBa BO MHOTOM OIlpefeniu Halpase-
HJe MccieloBaHui Ha Kadepe reoMeTpum, UM ObLT BOCIIMTAH PsiJl YUeHUKOB, U3 KOTO-
pbix B.JI. JlanireB, U.I1. Eropos, A.3. Iletpos, [1.1. IleTpoB cTasu JOKTOpaMu HayK.

B 1945 r. kadenpy reometpun Bosrinasui Anekcanap [letposuu Hopaen (1904-1993),
OOVIH U3 CaMbIX IPKMX yueHbIX Ka3aHCKOro yHMBepCUTETA, TPYAbl KOTOPOTO OKa3aiu Cy-
LIeCTBEHHOE BJIMSIHYME Ha HallpaBjieH/e reOMeTPUYeCKUX UCCIeS0BaHUI1 BO BTOPOIA I10-
noBuHe XX Beka Kak B Hallleil cTpaHe, Tak U 3a pyoeskom. B 1937 rogy A.Il. HopoeH 3a-
IUTWI JOKTOPCKYIO AuccepTannio «O BHYTPEHHUX reOMETPUSX MOBEPXHOCTEN IPOeK-
TUBHOTO IIPOCTPAHCTBA», B KOTOPOi MM OB ITPEJIOKEH YHUBEPCATbHBIN METO/, ITOCTPO-
eHMSI CBSI3HOCTEN Ha MOBEPXHOCTIX MPOEKTUBHOIO MPOCTPAHCTBA, BOLIEAIINIT B UCTO-
pHIo HayKM Kak MeTo Hopmanu3anuyu Hopaena. Hayunbie naTepecs! A.I1. HopmeHa 6bi-
JI Ype3BbIYAITHO IIMPOKM, OHM OXBAThIBAIM TaKMe 00J1aCTy TeOMEeTPUM Kak MPOCTpaH-
cTBa apdUHHOI CBSISHOCTHU, OMaKcuaibHble U 6MaddUHHbBIEe IPOCTPAHCTBA, KOH(POPM-
Hasl TeOMeTpusl, IMHeuaTass reoMeTpusi, Teopust ceTeit, HayuHoe Hacinenue H.W. Jloba-
yeBcKkoro. B 1950 rogy B n3garenbcTBe «du3maTrus» Bbiiiuia MoHorpadus A.I1. HopmeHa
«IIpoctpaHcTBa ad@MHHOI CBSI3ZHOCTM», CTABIAsI HACTOJIbHOI KHUTOM MJIST HECKOJIbKUX
rokosieHuy reometpoB. [Ipumenenue A.Il. HopgeHOM 1 ero yyeHMKaMu KOMMYTATUB-
HBIX aCCOILIMATUBHBIX ajredp B reoMeTpuy 0000611eHHBIX ITPOCTPAHCTB U AuddepeHIINpPY-
€MbIX MHOT000pa3uii IPMUBEJIO K MOSBA€HNI0 HOBOTO HAYYHOT'O HAIIPaBIeHNS — TEOPUN
MHOT000pa3uii Haj ajaredpammu, CTaBIIEro OHUM U3 OCHOBHBIX HaIIpaBIeHMIA UCCIen0-
BaHMit Kadenpsl reomeTpun KasaHnckoro yuuBepcureta. A.Il. HopgeHoM ObLy Hamuca-
HbI yueOHMKM «KpaTkuit Kypc auddepeHIanibHO TeoOMeTpui», TiepeBeleHHbIN Ha Psi,
MHOCTPAHHBIX SI3bIKOB U «Teopusi MOBEpPXHOCTEN», B KOTOPOM Ha COBPEMEHHOM SI3bIKE,
C MCIIO/Ib30BaHMEM TEH30PHOTO aHa/IM3a, M3JI0KEeHbI KjlacCuuecKye pe3yibTaTbl TeOPUN
nosepxHocreii. [log pykoBoacTtsoMm A.Il. HopaeHa 3amuineHo okono 40 KaHAUMIATCKUX
nucceprauuii. Cemb ero yueHukos P.I. byxapaes, B.U. Benepuukos, B.B. BuiineBckuii,
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A.N. Yaxrtaypu, A.Il. lllupoxkos, B.U. lynukoBcknii u B.B. lllypeirMH cTanm gOKTOpaMu
HayK.

B ocHOBY goKkTopckoit aucceprauyuyu bopuca Jiyknua Jlanresa (1905-1989) nernu ero
MCCIeIOBaHMSI TI0 TeOPUM MPOCTPAHCTB OMOPHBIX 3JIEMEHTOB UM, B IPYTOii TEPMUHO-
Jioruu, paccioeHust nuddepeHIMaTbHO-TeOMeTPUUYECKIX 00bEKTOB. B M3yuaeMbIX ITpo-
crpaHcTBax b.JI. JlaniTeB pa3Bui annapat auddepeHniypoBanms JIu, ykazas IpuIoKeHMS
9TOro arnmapara K MCCAeqOBaHMI0 IpyIn aBToMOp(u3MoB mnoseit nuddepeHIInaabHO-
reoMeTpuYeCcKMX 00beKTOB Pas3/IMUYHBIX TUIIOB, @ TAK)Ke MHBAPMAHTHOMY BBIUMCIEHUIO
pas3IMYHOrO TMUIIA MHTETPaJIOB, Pa3BUJI TEOPUIO CBSI3HOCTE 1 Teopuio AuddepeHIab-
HbIX MHBApUAHTOB. M3yueHne pa3INyHbIX CHELMaTbHBIX TUIIOB MPOCTPAHCTB OMOPHBIX
371IeMeHTOB Npomo/kuan yueHuku b.JI. JlanteBa u B ux uncie bopuc Hukurosny Ilarmy-
KOB.

Anexkceit 3uHoBbeBUY [TeTpoB (1910-1915) 3amuTua B 1943 rogy KaHAMIATCKYIO AUC-
cepTaiuio o mpobjaeme reome3nUecKux OTOOPaKeHMII PUMMAaHOBBIX MHOroo6pasuii. B
MOCJIeBOEHHbIe TOJbl €0 HayuHble MHTEepechl ITepeMeCcTWINCh B 00/IaCTh TIPUIOKEHM
reomMeTpuYeCcKMX MEeTOHOB K Teopuu ¢pusudeckoro mojs. B 1952-1954 romax oH ycTaHo-
BIJI, YTO B COOTBETCTBUM C a/ire6panvecKoii CTPyKTYypPOil TeH30pa KPMBU3HBI CYIIECTBYET
TOJIBKO TPU TUIIA Y€ThIPEXMEPHBIX IIPOCTPAHCTB JDMHINTEViHA CUTHATYpPHBI JIopeH1ia. Brio-
CIeCTBUM B MUPOBOI JUTEepaType 3TU TUIIbI MTOMyuYuau Ha3BaHue Tumos [leTpoBa. B
IOKTOpCKO¥ muccepraiiuy A.3. [leTpoBa 6puIM pa3paboTaHbl MHBAPUMAHTHO-TPYIIIIOBbIE
MeTOZbl n3yyeHus 1nosen taroreHus. B 1960 rony A.3. [leTpoB BO3I/1aBujI OpraHn30BaH-
HYI0 UM Kadeapy Teopuy OTHOCUTENbHOCTY U TpaBUTaLIUMM Ha Gu3ndeckom dhaKyabTeTe
KasaHckoro yHuBepcureta. Pe3ynbraTel ncciienosanuii A.3.IleTpoBa 1 ero yueHMKOB BO-
1 B MoHorpadum «I[IpoctpaHcTBa JitHinTeitHa» (1961 r.) u «HoBbIe MeTOIBI B 0011IET
TEOPUM OTHOCUTEIbHOCTU» (1966 T.), mepeBegeHHbIe HA MHOTME MHOCTPAHHbBIE SI3bIKU.

Pa6otsl gpyroro yuenuka I1.A. Illupokosa, Ilerpa ViBaHoBuua IleTpoBa, MOCBSIIEHbI
nubdepeHIMaTbHBIM MHBApMAHTAM PUMAaHOBBIX ITPOCTPAHCTB. VIM ObLT IOCTPOEH Hau-
MpocTemmit 6a31C MeTPUIYECKUX CKaISIPHBbIX AM(depeHIMaTbHbIX MHBAPUAHTOB Tpe-
Thero MopsaKa TpeXMepPHbIX PUMAHOBbBIX ITPOCTPAHCTB.

Vuenux A.Il. Hopoena BanenTun VBaHoBuu llynukosckuit (1922-1973) cucrematu-
3MpPOBAJI ¥ pa3BUJI TEOPUIO CeTeli IBYMEePHBIX IPOoCTpaHCTB adbuHHOM cBSI3HOCTU. Pe-
3yJIbTAThI €0 MCCIeI0BaHMii Bouiu B MoHOrpaduio «Knaccuueckas nuddepeHimanbHast
reoMeTpusi B TEH30pHOM Mu3JiokeHUm» (M. 1963).

UccnepoBanus Anekcanapa [lerposuua lllnpokosa (1926-1998), ceina [1.A. [lInpoko-
Ba u yueHuka A.Il. HopaeHa, 3aBepnymoiiero kageapoit reometrpun ¢ 1980 o 1993 ron,
MIPUMHA/JIEXAT, IJTaBHBIM 00pa30M, 06J1aCTV reOMeTpUM ITPOCTPAHCTB HaJ anrebpamu. im
6bl71a pa3BuTa 061Iasa Teopus guddepeHIIMPyeMbIX MHOTO00pa3uii M MPOCTPAHCTB ad-
(bUHHO CBSI3HOCTY HAJ acCOIMAaTUBHBIMM KOMMYTAaTUBHBIMM YHUTATbHBIMMU ajaredpa-
MM, BBEJIEHbI CTPYKTYPbl MHOTO00OpAa3uii HaJl IOKAJIbHBIMM ajireOpaMy Ha KacaTe/bHbIX
paccIoeHNsAX BbICIIUX IMOPSLKOB M paccaoeHusIxX Beis, 4To 103BOMMIO eCTeCTBEHHBIM
00pa3oM MOCTPOUTH TeOPHIo JINGTOB reoOMeTpPUUYECKMX CTPYKTYp Ha 3TU pacciioeHus. B
paborax A.IL. lllupokoBa 1 €ero MHOTOUMCIEHHBIX YUEHMKOB ObLIM MCC/IeOBaHbI pa3/INy-
HbI€ aCIIeKThbI TEOPMM ITPOCTPAHCTB HaJl a/ireOpaMu 1 ee IIPUJIOKEHI B IMHEYaTO reo-
MeTpuu, reOMeTPUM HeeBKIMUI0BbIX IIPOCTPAHCTB, K TEOPUM KacaTe/IbHbIX PaCCI0EHWIA.
A.II. IlInpokoBBIM Ha OCHOBe KoHcIieKkTa jekumii I1.A. [llupokoBa 6b1a OMyOIMKOBaHA
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MoHorpadus «Abdunnasa nuddepenunanbHas reometpust» (TMOMII, 1959), mepeBeneH-
Hasg Ha HeMmeLKui1 s3bIK. Pe3ynbTaThel A.Il [lIMpokoBa U ero yueHMKOB YaCTUYHO BOLIIN
B KHUTY «IIpocTpaHcTBa Hajm anre6pamm» (KasaH. yH-T, 1985), HancaHHYIO0 COBMECTHO C
B.B. Buminesckum u B.B. llypbirMHbIM.

leoMeTpuM MPOCTPAHCTB Haj, ajaredbpamMu IOCBSIIIEHbI M MCCIeNOBaHUS YyuyeHMKa
A.I1l. HopgoeHa Binagumupa Banagumuposuua Bumnesckoro (1929-2007). B mokTopckoi
nuccepranuu «[IpocTpaHcTBa Haf, anrebpamu, onperensembie abduHOpaMMU», UM ObI-
Jla pelleHa 3ajauva MHTeprnpetauuu aubdepeHIpyeMOro MHOT000pasusi ¢ 3aJaHHOM
Ha HEM MPOU3BOIbHON MHTerpupyeMoit abdmMHOPHON CTPYKTYpOit KakK BeleCTBeHHO
peanu3auuu auddepeHIMpyeMOTo MHOTO0Opas3us HaJ anrebpoit, 6pl1a pa3BuUTa Teo-
PUS UUCTBIX Y TMOPUIHBIX OTHOCUTEIBHO MHBOJIOLNY B ajirebpe TeH30pOB, IMOCTPOeHa
BellleCTBeHHAs peann3aliysl TEH30PHbIX OIepaluii B MPOoCTpaHCTBaxX HaJll HpobeHunyco-
BbIMM anrebpamu. B manbHeiiniem B.B. BuirHeBckuM Obljia MOCTpO€HA YHUBepCaTbHas
MO/JIeJIb PaCCII0€HHOTO ITIPOCTPAHCTBA, HECYIer0 MHTeTPUPYeMYI0 CTPYKTYPY Heperyisip-
HOTO TIpe/ICTaBIeHMsI aJirebpbl IUTIOPATbHBIX YMCeT — TToJTyKacaTeabHOe paccioeHue. Pe-
3yJIbTAThI MCCIegoBaHM B.B. BUIITHEBCKOTrO 1 €ro y4eHMKOB YaCTMYHO BOIIJIM B YKa3aH-
HYI0 BbIllle KHUTY «[IpocTpaHcTBa Hap anrebpamm» (KasaH. yH-T, 1985).

Temoit HayuHbIX paboT Asekcess CemeHoBuYa [TonkoBbipuHa (pop. B 1934 1.), yueHMKa
A.TI. HopmeHa, SIBJsSIeTCSI TeOMETPUST TIOBEepXHOCTEN 6MaPGUHHBIX M YHUTAPHBIX IIPO-
CTPaHCTB. B ero uccienoBaHusaxX Takke CyleCTBEHHO UCII0/Ib3yeTCsl MeTo, HOpMaJsin3a-
uuu A.Il. HopaeHa.

O6nacTth HaydHbIX MHTepecoB bopuca Hukurosuya IllamykoBa (1937-2007), yueHU-
ka B.JI. JlaniTeBa, 3aBenytoiero kadenpoit reomerpun B 1993-2007 romax, — nuddepeH-
LMaabHasl TeOMeTpPHs pacCI0eHHbIX MHOT000pasuii 1 ux npwioxeHusi. B cBoux pabo-
Tax OH pa3BWJI OOIIYI0 TEOPHIO JMHENHBIX CBI3HOCTe U nuddepeHuupoBanus JIn Ha
TOTaAJbHBIX MPOCTPAHCTBAX MIAJKUX PACCIOEHUIA, UCCIeN0Bal HEKOTOpPbIe CTPYKTYPHI,
eCTeCcTBeHHbIM 00pa30M BO3HMKAIOIIME Ha PACCTIOEHHBIX MHOTO0OPa3MsIX, BBISICHUIT POJTb
CMMMETPUUYECKO I'PYIIIbl B reOMeTPUM TeH30PHBIX PaCCIOeHMI U IT0Ka3saj, YTO BCIKOe
TEeH30pHOe paccyioeHe ob61afaeT eCTeCTBEHHO MOUTH ajaredbpandyeckoii CTpyKTypoit. Ha
3TOM IYTU UM ObLJIO TTOTyUeHO HIMpoKoe 06061eHKe pe3yabTaToB b.JI. Jlantesa. B.H. Illa-
ITyKOBBIM ObljTa HaIlMCaHa KHUTa «3agaum 1o rpymnmnam JIv u ux npunoxkeHusv» (M. HULT
«PerynsipHasi u xaotTuueckasi iMmHaMukar», 2002), mepeBefeHHast HA MCIIAHCKUIA SI3bIK.

Wneun A.3.ITeTpoBa pa3BMBa/INCh €r0 yUeHMKaMM Ha Kadenpe Teopuu OTHOCUTEIbHO-
ct U rpaBuTaiy KasaHCKOro yHUMBEpPCUTETA.

Hayunble uHTepechl Bnagumupa Pomanosuua Kaiiropomosa (1936-2015) cBsizaHbI
C TIpUMEHEHMEM MHBAapMAaHTHO-TPYIIOBBIX METOAOB K MCC/IEeIOBAaHMUIO PMMAHOBBIX U
TICEeBAOPMMAHOBBIX MMPOCTPAHCTB MPOU3BOIBHOM CUTHATYPBI C PEKYPPEHTHOM CTPYKTY-
POVl TeH30pa KPUBM3HBI U UX TIPUIOKEHUSIMU B TEOPUU TITOTeHMs. VICTIONb3ysl MeTOf,
HbiomeHa-IleHpoy3a u MHBapMaHTHO-TPYNIIOBOV roaxon, B.P. Kaiiropomos u ero yueHu-
KU peImau IpobieMy Bbie/IeHMsI TOUHBIX PellleHni ypaBHeHU JITHIITeiHA C KOCMO-
JIOTMYECKOJ IIOCTOSTHHOM M 3JIeKTPOAMHAMMYECKOJ ITPaBO YaCThIO IJIS a/iredpaniecKu
CIeLMaJbHBIX MOJIEN TATOTEHMSI.

WccnenoBanmst Acu BacuiibeBHbI AMUHOBOI (poA. B 1942 1.) 1 €€ yueHUKOB IOCBSILe-
HbI pa3paboTke MHBAPUAHTHO-TPYIIINOBbIX METO/IOB, & Takke MeTOA0B (MUHCIepPOBOit U
KOMILIeKCHOM nuddepeHIMaNbHO TeOMeTPUM B TEOPUM MPOEKTUBHBIX OTOOpakeHMit
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MPOCTPAaHCTBEHHO-BpeMeHHbBIX 1 (a30BbIX MHOr000Opasmii ¢ K3J1epoBoii, KBaTepHMUOH-
HOI ¥ CYyIIeppUMaHOBOV CTPYKTYpaMu, pa3BUTUIO KOHLEIILUY CYyTIepCUMMeTPUM KaK aB-
TOMOp(d13Ma CyliepreoMeTpUIeCKoi CTPYKTYPhI U UX TIPUWIOKEHMSIM B KBAHTOBOJ Teo-
pUY T10J151, KOCMOJIOTUM U Teopuu rpaButauuu. B Tpymax A.B. AMMHOBOI pelleHbl po-
61ema JIu u KiIaccuyeckasi TeoMmeTpuyeckas 3ajava orpeesneHus MCeBIOPMMaHOBBIX
METPUK C COOTBETCTBYIOIIMMMU reofie3n4eCKMMu, pa3sBUT MHBAPUAHTHO-TPYIIIIOBO O/ -
XOJI K [IOCTPOEHMI0 TeoMeTpuueckoit Teopun nuddepeHIMaabHbIX ypaBHEH M, yCTAHOB-
JieHa TecHasl CBSI3b MeKAy TPOeKTUBHBIMY TPe00pa30BaHUSIMMU U TPYTIIIIaMU CUMMETPUN
raMWIbTOHOBBIX CHCTeM U Tipeobpa3oBaHusimu JIn-bekimyHaa ypaBHeHMit [aMuabTOHA-
SIK0OM ¢ KBaIpaTUUHBIMM TaMUJIbTOHMaHaMu. [1o pesynbraTam mucciemoBanmii A.B. AMu-
HOBOJi omyb6amMkoBaHa MoHorpadus «I[IpoekTMBHBIE MMpeoOpa3oBaHMsI TICEBIOPUMAHO-
BBIX MHOroo6pasuii» (Mocksa, «SIayc-K», 2003).

Yuenuk A.Il. lllnpokoBa Bukrop Eroposuu ®omuH (pon. B 1947 r.) 3ammTuia KaHOU-
IATCKyI0 auccepraiinio Ha Temy «O nuddepeHIMaabHON reoMeTpuy 6aHaXOBbIX MHO-
roo6pasmii», B KOTOPO MM ObUIM ITOCTPOEHBI OCHOBBI AuddepeHIaTbHOM TeOMeTPUN
rIagKux MHOrooOpasuit 6aHaxoBa Tuia. BmecTe ¢ acnmupaHTamMu UM U3y4aauCh MHOTO-
o6pasus Turia @periie MOTOUeUHO-KOHGOPMHBIX CTPYKTYP Ha IMIaAKMX KOMITaKTHBIX MHO-
roo6pasmsix, MHOrooopasusi KOMITaKTHBIX TTOAMHOT000pa3uii KOHEUHOMEPHBIX TVIaJKUX
MHOT0006pa3uii, MHOroobpasust HaJi 6aHaXOBbIMM ajiredpamMm, pas3anyHbIe acIeKThI Aud-
dbepeHIIMATbHOV reOMeTPUM I'MIbOepPTOBa MPOCTPAHCTBA.

Vccnemoanus lllypeirnaa Baguma BacunbeBuya (poa. B 1952 r.), yuenuka A.I1. Hop-
neHa, 3aBenymoiiero kagenpoit reometrpun B 2007-2016 rogax, MocBsIieHbl TeOMETPUN
¥ TOIIOJIOTMM MHOT000pa3uii Haf, TOKAJIbHBIMM ajirebpaMu U ux IpuMeHeHunIo B iudde-
PEHIMAIIbHOM reOMeTpUM BbICIIEro IMopsifaka. ViM 1ocTpoeH aHaaor Koromosiornii Baii-
cMaHa—-MoJIMHO AJ151 MHOT00Opa3uit Hal IOKaJIbHbBIMY aJiredbpaMiu, C TOMOIIbI0 KOTOPOTO
MOCTPOEHBI TIPETSITCTBHUS K CYIIeCTBOBAHMIO TOJIOMOP(HBIX CBSI3HOCTEN Ha 3TUX MHOTO-
00pa3susx, B TEpMUHAX TPUBUATBHOCTY KOTOMOJIOTHI ¢ KO3hPuIMeHTaM B HEKOTOPOM
HeabejleBOM ITyUKe ITOJIyYeH OTBET Ha BOIIPOC 00 5KBMBAJEHTHOCTM MHOT00Opa3ust HaJl
JIOKQJIbHOJ anredpoii HEKOTOPOMY paccjioeHuio Beiiisi, B TepMuHax Koromosioruii Mo-
JIMHO 151 HEKOTOPOTO CJIOEHOTO IVIAaBHOTO PAaCC/IOEHMS UM ObLIM ITPeCTaBIEHbI ITPETTSIT-
CTBUSI IJIS CyII[eCTBOBAHMSI CBSI3HOCTEI DpecMaHa Ha MHOTO06pa3usx HaJ| JIOKAIbHOI ajl-
rebpoii. BMecTe c acrimpaHTaMy UM M3y4alOTCSI 00001eHHbIe TPaHCBEePCATbHbIE CTPYK-
TYpbl, BO3HMUKAIOIIME HA IaAKUX MHOTO00pa3usx Haj, JOKaJIbHbIMMU anrebpamu, 06006-
ImeHHbIe GYHKTOPHI Beiiyis Ha KaTeropusix MHOroo0pasuiit, 3aBUCSIIIINX OT ITapaMeTPOB.

HayuHble nHTepecsl Muxamina ApmeHosuya Manaxainblesa (pon. B 1961 r.), yueHn-
ka A.Il.Hoppena, pykoBomutenst otaena reometpun HUMMMM umenn H.I. YebortapeBa
nipu Kasanckom yHuBepcutete B 1996-2011 romax, mocBSIeHbl pa3aMuHbIM 00aCTsIM
nuddepeHIMaIbHOM reoMeTpUM U TOTIOJIOTUM U, B YaCTHOCTU, TeOMEeTPUM U TOTMOJIO-
TUY CJIOEHUI U IJIaJKUX MHOT000Opa3uit Haf ajaredpamu. VM mocTpoeH aHaaIor KOTOMOJIO-
ruit [1onb60 Aj1s1 MHOTO0Opa3uit Haf, aareopoit ayaabHBIX UMCel, [TOCTPOEHHbIe KOTOMO-
JIOTUM TIPMMEHEHBI JIJIS1 OTMCaHMS ITPOCTpaHCTBa AedopMalinii CTpyKTyp MHOTO0Opa3us
HaJI anreOpoii yaabHBIX UMCesI Ha TOpe, MOCTPOeHbI XapaKkTepucTuueckue kiacchl (X,G)-
CJIO@HMIA M YKa3aHbI CITOCOOBI X BBIYMCIEHMS, C TOMOIIbI0 KoMILIeKca CrieHcepa Iponu3-
BOZIHOVi JIM UM ITOCTPOEHbI TOHKME Pe30/IbBEHThI TyYKOB MHOUHUTE3MMaTbHBIX CUMMeET-
puii psana G-CTpyKTyp, OJis MHOT0oOpasnii, HaJleJIeHHbIX CUMITIEKTUUECKOM CTPYKTYPOit
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c ocobeHHOCTSIMM MapTiuHe, TOCTPOEHbI TOHKIME Pe30JIbBEHTHI JJIs1 ITyUKOB MHPMHUTE-
3MMaJIbHBIX CUMMeTpUit 2-hopM HeITOCTOSTHHOTO paHra, M3y4eHbl MOTOKYU Puuun Ha mo-
BEPXHOCTSIX TPEXMEPHOTO €BK/IM/I0BA ITPOCTPAHCTBA, IOCTPOEHbI MHBAPUAHTHI CyOpuMa-
HOBa MHOT000pa3usi pasMepHOCTH (3,2) BIOJIb IIOBEPXHOCTY HEKOHTAKTHOCTY pacIipe/ie-
JIeHUS.

Yuenukom M.A. ManaxanblieBa [lerpom Hukonaesuuem VBaHbIMHBIM (poA. B 1979T.)
3alMIeHa KaHAUIaTCKasl JuccepTanys Ha TeMy «Areopbl QYHKIMIA HA TPYIIIIONIE CII0-
eHMs1, TIOPOKIEHHOr0 JIOKaJIbHO CBOOOAHBIM eiiCTBMEM TPYIIIbl». B HacTosIIlee BpeMst
MM MCCeAyeTcs oBefeHMe YeObIleBCKOro IeHTpa M APYTUX TOUEK HaMTyUIIero mpu-
OMVKEHMST B METPUUECKMX ITPOCTPAHCTBAX HETIOMOXKUTETbHOM KPMBU3HbI, B TOM YMCIIE C
IIPUJIOKEeHMEM K 337jla4aM MeXaHUKMN.

HOpyroii yuenuk M.A. Manaxasnblesa, lllypeirna Bagum Bagymosud (poa. B 1980T.), 3a-
MIMTWI KAaHAMIATCKYIO AuccepTainio Ha Temy «IuddepeHiaabHbie KOMIIJIEKCHI, aCCO-
IIMMPOBAHHbBIE C ITyaCCOHOBBIMIM MHOT000pasusiMi», B KOTOPOJ, B YaCTHOCTH, UCCIeN0-
BaHbI TyaCCOHOBBI CTPYKTYPbI HA paccioeHusIxX Beis. B HacTos1ee BpemMs UM UCCIIeny-
10Tcs nuddepeHinaabHble MHBapMaHThI AuddepeHIMaTbHbIX YPaBHEHNIT OTHOCUTETb-
HO JIeJiCTBUSI pa3/IMYHBIX IICEBIOTPYIII ITpeodopa3oBaHMIA.

Hayunbie natepecst CocoBa EBrenust Hukomnaesmua (pofi. B 1959 1.), yuennka A.I1. Iln-
POKOBA, JIesKaT B 006/IaCTV METPUUECKO reoMeTpun. B JOKTOPCKOI AuccepTaliyiy Ha TeMY
«['eoOMeTpuUM BBIMTYKJ/IbIX ¥ KOHEUHBIX MHOXXECTB Ie0e3MueCcKOro MpoCTPaHCTBa» UM pe-
IIeH psiJi aKTyaJbHbIX 3a7a4 FeOMeTpUM TeoAe31uueCcKux MPOCTPaHCTB. B HacTos11ee Bpe-
MSI UM UCCIeOYIOTCSI TeOMeTpuYecKkye CBOMCTBA HAMTYYIIMX allIPOKCUMUPYIOIIMX MHO-
>KeCTB [IJIS1 OTPaHNMYE€HHBIX MHOXECTB MeTPUUECKUX IIPOCTPAHCTB, MeTpUUYeCKue MHBapu-
aQHTbI METPUYECKUX MTPOCTPAHCTB C MPWIOKEHEM K paclio3HaBaHMIO 00pa3oB, alllpoOK-
CUMMPYEMBbIX KOHEUHBIM YMCIOM TOYEK.

KoHcranTtuH Bopucosuu Urygecman (pof. B 1974 r.), yuenuk B.E. ®omuHa, 3a1quTii
KaHIMIATCKYI0 Auccepranuio Ha Temy «IuddepeHunanbHas reomeTpusi 6€CKOHEUHO-
MepHBbIX MHOTO0Opa3uit Hajx anredbpamm». K obnmactu HayuHbix nHTepecoB K.b. Uryme-
CMaHa TOMMMO ITPOCTPAHCTB HaJ ajiredpaMy 1 6eCKOHEYHOMEPHBIX ITPOCTPAHCTB IIPU-
HajJiexxat ppakTaabHasi reOMeTpHs, TeOpHs Mepbl 1 HeJIMHeltHas AuHaMuka. MiM HaliieH
KPUTEPUI1 MHBAPMAHTHOCTY MEPbI MIPU OEVCTBUM OCHAILIEHHOM MHOTO3HA4YHOM TPaHC-
dbopmanumu, mokasaHo, YTO PaHAOMM3UPOBAHHBIN AATOPUTM IMOCTPOeHMs (paKTaaoB
MIPUMEHUM TaKKe U IJIs1 TOCTpoeHus cyrnep@pakTalioB, UCCAeO0BAaHO paclipeeneHue,
[I0JIy4YeHHOEe B pe3y/bTaTe IIPUMeHeHNs 3TOr0 aIT0OpUTMaA.

HayuHbie naTepecs! [IaBina Uropesmua TpoumHa (pon. B 1983 1.), yuennka K.b. Uryzne-
cMaHa, MpPMHAAJIeskaT o6macTy GpakTajbHOV reOMETPUM M CTOXaCTUIECKUX TMHAMMYE-
CKMX cUCTeM. B KaHAMAATCKOM AuccepTauuy Ha TeMy «MHOro3HauHble AMHaMUUeCcKue
CUCTEMBI U CUCTEMbBI UTEPUPOBAHHBIX (QYHKIINII» UM ITOCTPOEHbI MHBAPVAHTHBIE MePbI
ILJISI CEMelCTBa IBY3HAYHbBIX AMHAMUYECKMX CUCTEM Ha OTpe3Ke, MCCIeN0BaHbl CUCTEMBbI
UTePUPOBAHHBIX QYHKIIMIT HA KOMIUIEKCHOV TJIOCKOCTU U HaJl TeJIOM KBaT€PHMOHOB.
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HEPABEHCTBA TUIIA XAPOU U PEJIVIINXA
B OBJIACTSX EBKIIMAOBA ITPOCTPAHCTBA

®.T. ABxagmen!

L Farit. Avhadiev@kpfu.ru, Kasanckuiit (ITpuBO/KCKUiT) emepanbHbIil YHUBEPCUTET

B mokiame O6yayT omycaHbl HeJlaBHME pe3ylbTaThl O QYHKIMOHAIAX, OIpeIeisieMbIX
KaK TOUHbIe KOHCTAHThI B HepaBeHCTBax Tuma Xapayu u Peynxa majis moaurapMoHu4de-
CKuX omepatopoB. OCHOBHOe BHMMaHMe OyIeT yaeaeHO CIeIyIOIMM reoMeTpUUeCKUM
acIiekTaM: a) KpUTepuy IOJIOKUTETbHOCTY KOHCTAHT ¥ 00JIaCTY C paBHOMEPHO COBEp-
IIIeHHBIMM I'paHUIIaMI; 6) reoMeTpUYecKoe omucaHue obacteii, 06IagarIMX MaKCH-
MaJIbHBIMM KOHCTaHTaMM.

OB AJITEBPANYECKNX METOIAX
B HEKOMMYTATUBHOIM TEOPUU BEPOSITHOCTEM

I.T. AMocoB!

1gramos@mi. ras.ru, Matematuueckuit MHCTUTYT UM. B.A. CTeknoBa

KBaHTOBBIM KaHaJIOM Ha3bIBAETCS BITOJTHE TIOJIOKUTEIbHOE OTOOpakeHNe Ha anrebpe
BCEX OTPaHMYEHHBIX OTIEPATOPOB, coxpaHsioliee ciel. Kaxaplii KBAHTOBbIM KaHaJ J10-
myckaeT mpeacraBieHue Kpayca ciemyroiero Buaa

D(p) =) VipVy,
k

IIe IMHeHble orepaTops! Vi yO0BIETBOPSIOT YCIOBUIO
Y ViVi=1
k

I[IpencraBienne Kpayca He siBisieTcsl eIMHCTBeHHBIM. [Ton6upast onepartops! (Vi) Takum
00pa3oMm, UTOObI OHM YAOBIETBOPSIIV OMPeAeIEHHBIM a/Ire0pandecKuM COOTHOIIEHVSIM,
MOSKHO JOOUTbCS BO3MOKHOCTM OLIEHKM BBIXOIHBIX SHTPOIIMITHBIX XapaKTePUCTUK KaHa-
na [1,2]. [Tpu aToM Hamboiee BasKHOI 3a/1aueii SIBJIIETCS OlleHKa BbIXOJHBIX XapaKTepu-
CTUK TEH30PHOTO Mpou3BeaeHMs] GUKCMPOBAHHOTO KaHasa Ha IMPOM3BOJIbHBIA.

[TogmpoCTPaHCTBO JIMHENHBIX OIIEPATOPOB, HATSHYTOE HA 3JIEMEHTbI V,;“ Vin HasbIBa-
eTCsl HeKOMMYTaTUBHBIM rpadom. CTpyKTypa HEKOMMYTaTUMBHOTO rpada, COOTBETCTBY-
IOILler0 HEKOTOPOMY KBAHTOBOMY KaHasy MO3BOJISIET OMPENeNUTDb TaKue BaskKHbIe XapakK-
TEPUCTUKM KaHaja KaK KBAaHTOBAs IIPOMYCKHAs CIIOCOOHOCTH C HYJIEBOI OIIMOKOI. AJl-
rebpanyeckye cBoiicTBa rpada [3] O3BOJSIOT MOHATD, KAK MEHSIOTCS CBOICTBA KaHasa
IIPY BO3BeLEeHNM er0 B HEKOTOPYIO TEH30PHYIO CTEIEeHb.
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JInteparypa

[1] Amosov G.G., On Weyl channels being covariant with respect to the maximum
commutative group of unitaries// ]J. Math. Phys. —2007. -V. 48. —P. 012104.

[2] AmocoB I.I., O6 oyeHke 8bIXOOHOU IHMpoONUU MEH30PHO20 Npou3eedeHusl KAHald,
demncpupyrouiezo ¢asy, Ha npouseonvHslii kaHan// Tlpobi. mepemaunu MHOOPM. —
2013. -T. 49. -C. 32-39.

[3] Amocos I.I., )Kganosckuii 1.10., O HekommymamueHoli depopmayuu onepamopHozo
2paga, omseuarowjezo 2pynne Knetina// 3ar. HayuH. cem. [IOMU -2015. — T. 436. —C.
49-75.

IMPUBJIDKEHUE AJITEBPAUYECKUX ®YHKIIWUI PAIIMOHAJIbHBIMU,
®YHKIIMOHAJIBHBIE AHAJIOTY TUO®AHTOBBIX ITPUBJIVDKEHUI

A.W. Anitekapes!

Laptekaa@keldysh.ru, IHCTUTYT npuKIafgHoi MaTeMaTuky um. M.B. Kengpinia PAH

[TycTb f — pOCTOK (CTereHHOe pa3yioxkeHue) anredbpanyeckoii GyHKIMM B 6eCKOHEeY-
HOCTU. MbI 06CYyAMM TIpefebHble CBOICTBA (PYHKIIMOHAIbHBIX AP0Oeit C MOIMHOMMUAIIb-
HbIMM KO3 duiieHTamu ns f (Opyrue Ha3BaHUs — AMAroHaJbHble anMpPOKCUMALIUU
[lage nmny Hamtyulye JIOKaJbHbIE palMOHaIbHbIEe anmpokcumanyn). Ecimu cpaBHUBaTh
Takye QyHKIMOHAIbHbIE HeITpepbIBHbIE AP06Y 151 f C 0OBIYHBIMY HETTPEePIBHBIMMU JIPO-
6s1M1 (C LenbIMu KO3 buieHTaMM) 4151 e ACTBUTEbHBIX UMCell, TO CTelleHb MHOTOU/Ie-
Ha, Ko3pduimeHTa GyHKIMOHATBLHON ApoOK, OyIeT aHAJIOTMUHA BeJIMYMHE 11eJI0T0 KO-
sbduineHTa YMCI0BOI HeNTpepbhIBHOM Apo6u. B Haieii pabote ¢ M. STiieneBbim [1] rosy-
yeHa cwibHas (mnu tuma bepHiiteriHa-Ceréeé) acMMIITOTUMKA 3HaAMeHaTe e IMOAX0ASAIINX
(byHKIMOHATbHO HeTPephIBHOM AP00OM [1J1s1 aHAIUTUUECKOM PYHKIIMM C KOHEUHBIM UMC-
JIOM TOYEK BEeTBJIeHMS (HaXOSIIIMXCS B 0OIIEM ITOOKEHUYM B KOMIJIEKCHO TJIOCKOCTM).
OnHO 13 MPUIOXKEHUI, BbITEKAlOIee 13 3TOr0 pe3y/ibTaTa, J0Ka3aTeabCTBO CIIpaBeIJim-
BoCTM ruriore3bl loHuapa—-UymHoBckux—IlITasns 06 orpaHMYeHHOCTY pa3mepoB (¢ ahdek-
TUBHOJ TOUHOJ OLIEHKOJ) y 6JIOKOB IMaroHa/JIbHbIX PalMIOHAIbHBIX alllIpoKCcuManmii [1a-
ne anrebpanyeckux QyHKUIMIA. DTy TUIIOTE3Y TaKKe Ha3bIBAIOT CMIbHBIM (QYHKIIMOHATb-
HBIM aHaj0roM Teopembl Tys-3uress-PoTa o cKOpoCTH MPUOIMKEHNST alrebpandyecKux
yycen paluoHaabHbIMU. VI3 clipaBeiMBOCTY STOM TUITOTE3bI TAKKe ClIeyeT OrpaHUYeH-
HOCTb HEITOJTHbIX YaCTHBIX (T. €. OTPaHNMYEHHOCTh CTereHM KO3 GUIMeHTOB) (PyHKIINO-
HaJIbHBIX HEITPePbIBHBIX Apo06eit anredbpandecknx GyHKIMIA.

JInteparypa

[1] Aptekarev A.lL., Yattselev M.L., Pade approximants for functions with branch points —
strong asymptotics of Nuttall-Stahl polynomials // Acta Math. — 2015. - V. 215, No 2.
— P. 217-280 (Takske cm.: arXiv:1109.0332v2 [math.CA]).
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JTOCTATOYHBIE VCJIOBUSA U YPABHEHMUSI 1J11 HOPMAJIBHBIX
TEOJIE3MYECKUNX HA TPYIIIIAX JIX C JJEBOMHBAPUMAHTHOI
(CYB)PUMAHOBOI METPUKOM

B. H. BepecroBckumii

lyberestov@inbox.ru, Uuctutyt matematuky um. C.JI1.Co6onesa CO PAH, HoBocu6upck

Hanee d f — nuddepeniman mankoro orobpaxkeHus f.

Teopema 1. ITycms d — nesouHsapuanmmas (cyb)puxcieposa mempuka Ha epynne Jlu G
c eduHuyeti e u anzebpoti /Iu g, onpedensiemas 8noJiHe He20JI0HOMHbIM pacnpedenieHuem D Ha
G u Hopmoti F Ha D(e), g(1t), t € (—a, a), 20e 0 < a < +0o0, — napamempu3o8aHHast OJIUHOL
dyzu 2eode3uueckas (m.e. 10KkanvHo kpamuatiwas) Ha (G, d). Tozda cyujecmayom Henpepwis-
Has, Huz0e He 00pawarwascs é Hy1v gyHkuus ¥ (r) € g* u usmepumas gyukuus u(r) € D(e),
t € (—a, a), makue, umo ona noumu ecex t € (—a, a),

gty =dlgp(u(r), Fu@)=1, (1)

20e lg(p) — neswitl cosue epynnst JIu G Ha anemenm g(1);
(@) =w(Ou®),v), veg 2)

w (1) (u(r)) =max{y (1) (w): we D(e), F(w) < 1} = My = 0. 3)

Kpusas g(1), t € (—a,a), B (G,d), n.B. ynosnersopswomas youiosusam (1), (2) u (3),
Ha3bIBaeTcs akcmpemansvio B (G,d). dxkctpemainb B (G, d) Ha3bIBAeTCSI HOPMANBHOU, €ClU
My > 0; anopmanwHolti, ecnu My = 0; cmpo20 aHOpMANbHOLL, eClIV He CyLecTByeT Y = (1),
IJISI KOTOPOVi OHA SIBJISIETCSI HOPMAaJIbHOM 3KCTpeMasiblo. ['eomesnyeckye cyopMMaHOBBIX
(G,d) (xorma F(u) = v/(u, u)) MOTYT OBITb HOPMAaJIbHBIMM MJIU (HE) CTPOTO aHOPMaJIbHBbI-
Mu. Kaskgast HopMasibHasi 9KCTpeMasib B cyopumaHoBoit (G, d) — reopesuueckas.

Teopema 2. [Tycme g = g(t), t € (—a, a), — napamempu306aHHas OIUHoOL dyzu skcmpe-
mans 6 (G,d), ydosnemsopsiowas n.s. ycnosusm (1), (2), (3) uz meopemst 1, gog := g(0) u
w(0) = Ad ™ go(wo), wo € g*. Tozda

w()=Ad"g(0)(yo), te(-a,a).

Ornpenenum s IpOMU3BOJIILHOIO BeKTOpa u U3 D(e) Mo MHAYKIUM BEKTOPHBIE MO/ -
rpoctpaHcTsa B g: Do(u) = D(e), D;j 1 (u) = D; + [u, D;(u)].

Teopema 3. Ilycme g = g(t), t € (—a, a), — akcmpemans 6 (G, d), napamempu3zosaHHas
ONUHOlI dyzu u Henpepwvl8HO dugeperyupyemas no t 8 HEKOMOPOLi OKpecmHOCMuU MouKu ty.
Kpome moezo, g(tg) = dlg(to) (up), ug € D(e), u Dy, (ug) = g 0ns HeKOMOpP0o20 Heompuyameno-
H020 yenozo m. Tozda sxcmpemans g = g(t), t € (—a, a), HOpmanvHa.

PaboTa BbInosHeHa Tipu prHaHCOBOI rogaepxkKe rpaHTa PODU 14-01-00068-a.
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OPERADS OVER POLYNOMIAL FIREWORKS
AND QUADRATIC DIFFERENTIALS

A. Vasiliev!

1University of Bergen, Norway

We construct some operads in categories of polynomials and quadratic differentials as
well as morphisms between them. In the case of polynomials the construction is based on
the topology of lemniscates and the symmetries are given by an abelian subgroup of the
group of braids. In the case of quadratic differentials the operad is coloured and braided.
Joint work with Mirjam Solberg and Anastasia Frolova.

TEOMETPUYECKAS TEOPUS ®YHKIIUMN:
HOBBIE PE3VJIBTATDBI U ITEPCITIEKTVBbI

C.K. BomormnbsiHoB!

Lyodopis@math.nsc.ru, Uucturyt matematuku um. C. JI. Co6onesa CO PAH

O6cyskmaeTcst CBSI3b MeKAy IpocTpaHcTBaMyu CobojieBa ¢ MepPBbIMM 0006IeHHBIMU
MIPOM3BOHBIMM ¥ CBOVICTBaMM OTOOpaskeHM I, MHAYLMPYIOLMX 110 MPaBuUTy 3aMeHbI T1e-
peMeHHO 1160 130MOopGhMU3MBbI, TMO0 OTpaHMUYeHHbIe OllepaTopkI IpocTpaHcTB Coboite-
Ba.

Ha ocHOBe 3T0J1 CBSI3M BO3HMKAIOT HOBbIE IBYXMH/IEKCHbIE IITKAIbl OTOOpaskeHMIA, CO-
IepsKaliye B KaUeCTBe YaCTHOTO CJTyJast KBa3MKOH(GOPMHbIE OTOOPakeHMS M HEKOTOpbIe
X 00001IeHN.

BynoyT mpuBeeHbl CBOICTBA HOBOTO KJIacca OTOOpasKeHMi, I UX IIPUMEHEHMSI B reo-
MEeTPUMU U TEOPUM YIIPYTOCTH.

KOHCTPYKTUBHAS TEOPUS ITOJIEN KJIACCOB JIJ/11 MHOTOYIEHHBIX
®OPMAJIBHBIX MOJTYJIEHN

C.B. BocTokos!

1CanxT-ITeTep6yprckumii rocyAapCTBeHHbI YHUBEPCUTET

[lpuBoguTcs HoBasi sBHas1i (popmyna Ajsi GopmaabHbIX MHOTOWIEHHBIX MOAYJIE.
[IpakTHYecKy BIiepBbie YAAI0Ch MOMYUYUTh KOCOCMMMeETpUYeCcKoe criapuBaHue st pop-
MaJTbHBIX TPYIII ¥ OKa3aTh HEOOXOAMMbIe CBOVCTBA. Takoro Turma criapuBaHusl B 1aJib-
HejileM OyfeT IPUMEHSITbCSI B TeOPUM SJUTUTITUUECKUX KPUBBIX U KpUIITOTpadum KOTO-
poe MOXXeT HaliTu IpMMeHeHNe B TeOPUM SJUTUTITUYECKUX KPUBBIX U KpurntTorpadumn

CTEIIEHU ABTOYCTOMUYUBOCTU

C.C.Tonuapos!

"MucturyT maremaruky um. C.JI. Cob6onesa Cubupckoro otgenenus PAH
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HEXAVCJIOP®OBA TOIIOJIOTHS — TOIOJIOTUS OJI IUCKPETHOM
MATEMATHUKU U THOOPMATH KU

10.JI. Epuios!

WucTuTyT Matematuky um. C.JI. Co6oneBa Cubupckoro oraenenms PAH

ABTOMOP®U3MbI AT4(4,4,2)-I'PAO®A 1 OTBEYAIOLIIMX EMY CUJIBHO
PEI'V/ISPHBIX 'PA®OB

K.C. Epumos!, A. A. Maxues?

Lkonstantin.s.efimov@gmail.com, HcTUTYT MaTeMaTuky 1 MexaHuku um. H.H. Kpacos-
ckoro YpO PAH
2makhnev@imm.uran.ru, YpanbCckuii peiepaabHblii yHUBEPCUTET

3apaua kiaccudburaimm iokaabHo GQ(Ss, 1)-rpadoB sSBJsIeTCs Kaaccuueckoit. B pabote
[1] xmaccuduLpoBaHbl IUCTAHIIMOHHO perysipHble TIoKaibHO GQ(5,3)-rpadsl. ITycts T
SIBJISIETCSI AVICTAHLIMOHHO PeTy/sipHbIM rpadoM, B KOTOPOM OKPECTHOCTb KaskA0i1 BepIIy-
HbI SIBJISIeTCSI 00001IeHHBIM UeThIpexyroabHukoM GQ(5,3). Torma nmubo nuametp I' pa-
BeH 2 u I umeeT mapametpsl (322,96,20,32), mubo I' — rpad ¢ MmaccuBOM mepecedeHmii
{96,75,16,1;1,16,75,96}.

[Tocnenuuii rpad sBastoTcst AT4(4,4,2)-rpadom u 1o Teopeme u3 [3] AT4(4,4,2)-tpad
He sIBjIsieTCs1 ToKajabHO GQ(5, 3)-rpadom. OgHako cyiiectBoBanne AT4(4,4,2)-rpada, siB-
JII0IIerocs JoKaibHO nceBno GQ(5,3)-rpacdoM HEM3BECTHO.

[Tycts I siBNiIeTCSA AUCTAaHLIMOHHO PeryiasipHbIM rpad)oM ¢ MacCMBOM TepeceveHnit
{96,75,16,1;1,16,75,96}. Torna aHTUIIONAIbHOE YacTHOE [ — CUIBHO peryaspHblii rpad ¢
napameTpamu (322,96,20,32). B paboTte HaiiieHbl BO3MOKHbIE aBTOMOPGM3MbI YKa3aH-
HbIX TpadoB.

Teopema 1. Ilycmv ' sensemcs CuivHO pezyasspHeiM 2pagom ¢ napamempamu
(322,96, 20,

32), 8 KOMOpOM OKpeCmHOCMuU 6epuluH CUNbHO pezyJisipHbl ¢ hapamempamu (96,20,4,4),
G =Aut(I"), g — anemenm npocmozo nopsioka p u3 G u Q = Fix(g). Tozda n(G) < {2,3,5,7,23}
U 8epHO 00HO U3 YMeepHOeHUl:

(1) Q s8n5emcs nycmoim epagom, 1ubo p = 23, a1(g) =92, 1ubo p =7, a1(g) = 1401-28,
aubo p =2, a1(g) =40t —8;

(2) Q sensemcs n-xauxotl, ubop =3, n=1, a1(g) =60t-24unun=4, a(g) =60r-12,
wwwn=717, a1(g) =60t, 1wbo p=5, n=2, a1(g) =100s+20 unu n =7, a1(g) = 100s + 40;

(3) Q sensemcs I-koxknukotl, p =2, l uemno, 4 <1<56 u a1(g) =20m+12+41;

(4) Q codepxcum 2eode3uueckuti 2-nyms u 1u60

(i) [a]l < Q, dna Hekomopoli eepwiuHsl a, |Q2] =97 u p = 3,5, 160
(ii) p=3,1Q|=3n+1,n=1,2,...,37, a1(g) =601+ 12n;
(iil) p=2,|Q|=2m, m=4,6,...,56, a1(g) =40s+4[Q| -8.

CnencrBue. CunvHo pezyaspHslli epag ¢ napamempamu (322,96,20,32), 8 kKomopom
OKpeCcCmHoCmu 8epuluH CUIbHO pezynsipHul ¢ hapamempamu (96,20,4,4), He s8/155emcs 6ep-
WUHHO MPAH3UMUBHBIM.
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Teopema 2. [Tycmep I' sienss.emcst OUCMAHUUOHHO pezyIIPHBIM 2pApOM C MACCUBOM hepe-
ceueHuti {96,75,16,1;1,16,75,96}, G = Aut(I'), g — anemenm npocmozo nopsdka p u3 G u
Q = Fix(g). Tozda n(G) < {2,3,5,7,23} u 6epHO 00HO U3 ymeepicoeHuli:

(1) Q — nycmoti epac, 1ubo

(i) p=2, as(g) =41, az(g) =20-201-80s, a1(g) =56m+ 181 +40s+ 32, a3(g) =
592+ 21+ 40s —56m, 1ubo

(ii)) p=7, as(g) =0, a1(g) = 140 - 140/ + 196¢, as(g) = 280 + 140, a3(g) = 364 —
196t — 1401, 1ubo

(ii1) p=23, a4(g) =0, a1(g) = a3(g) =92 u ax(g) =460,

(2) Q s8ngemcs 06BeduHeHUeM 08YX U30IUPOBAHHBIX t-KAUK, 1u6o p =3, t = 1,4,7 u
as(g) =40s—10t —20, 1ubo p=5, t =2,7 u az(g) =200s—10¢ + 20;

(3) Q codepxcum 2eodesuueckuti 2-nymo, p =2, |Q| =4m—ay(g), aa(g) = 14e+2s—-78+
10n, a1(g) =8s, ax(g) =80n+20—-20m u a3(g) =624 —-80n+ 16m — 8s.

Pa6ota BbInosiHeHa npyu (puHaHCOBOI nmoaaepskke PH®, mpoekr 14-11-00061 (Teope-
Ma 2 ¥ CJIefICTBME) U cOoIIalieHMsI Mexxay MuHMCTepcTBOM 00pa3oBaHms 1 HayKu Poccuii-
ckoii @enmepatuy 1 YpanbCkuM ¢enepanbHbIM YHUBEpcUTETOM OT 27.08.2013,

N2 02.A03.21.0006 (Teopema 1).

JInteparypa

[1] MaxueB A. A., Ilagyuux/[l.B., XamrokoBaM.M. O enonHe pezynsipHbIX JIOKATBLHO
GQ(5,3)-2pagax // Doxnanpl akagemun Hayk. —2010. — T. 435. — N2 6. — C. 744-747.

[2] MaxHeB A. A., [Tagyuux [. B., XamrokoBa M. M. O nokansHo GQ(5,3)-epagpax // Tes.
ook, MexXayHapomHoii KoHd. “Anre6pa ¥ KOMOMHATOPMKA”, MOCBALIEHHON 60-
netuio A. A. MaxHeBa, EkaTepun6ypr. — 2013. — C. 64-66.

TEOPUS ATTPAKTOPOB YPABHEHUI THAPOAUHAMUKU

B.T. 3Bsiruu!

lzvg vsu@mail.ru, BopoHeCKuii roCyJapCTBEHHbI YHUBEPCUTET

[Ipu M3yyeHUM OIMHAMUKM CUCTEM U, B YACTHOCTU, CUCTEM TUAPOAMHAMUKMA OCOOBIN
MHTepec MpencTasisieT HapsAay C TeopeMaMu CYyILeCTBOBAHMS HaualbHO-KpaeBbIX 33424
" TIpeieJIbHOE TIOBeJleHMe UX PelleHni, KOrja BpeMsl CTpeMUTCS K 6eckoHeuHOoCTH. [Tpu
5TOM YaCTO BCTPEUAIOTCSI CMCTEMbI CO CIeIYIOIINM CBOMCTBOM: “Ha 6ECKOHEUHOCTU” MX
OMHAMMKa COCpeIoTaurBaeTCss Ha HeOOIbIoi yacTu (pa3oBOro MpoCcTpaHCTBA, Ha3bIBa-
eMoi1 aTTpakTopoM. IToHsTHe “aTTPakTOp” BO3HMKIIO B TEOPUM AMHAMMUYECKUX CUCTEM,
OJIHAKO IS IPMMEHEHMSI TEOPUM aTTPAKTOPOB AMHAMMUUYECKUX CUCTEM TPEOYeTCS OHO-
3HauyHas miobanbHas pa3peuMmMocCTb 3a1a4UM C 33JaHHbIM HauaJIbHbIM ycsioBueM. Ho ajist
OOBIIMHCTBA MOJIe/el TUAPOAMHAMUKI 3TOTO HeT.

B pa6orax M. U. Bummka u B. B. YenbiskoBa 1 He3aBucMMO B paborax k. Cemiom
ObLT TIpeJIokKeH MOAXO0/, OCHOBAHHBI/ Ha PACCMOTPEHUM TPAEKTOPHBIX MTPOCTPAHCTB U
TPaeKTOPHbBIX aTTPAKTOPOB (cM. 0630p [1] u ccbuiky Tam). OCHOBHAS Mesl STOTO IOJ-
XOZla COCTOUT B TOM, YTOObI pacCMaTpuBaTh ciabble pelleHUs] UCCIeSyeMOTo ypaBHe-
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HMSI KaK TOYKM HEKOTOPOTO TPAeKTOPHOIO IPOCTPAHCTBA, ITPU 3TOM Ha HEM pacCMart-
pUBaeTCs HEKOTOpas MOMYrpyIina TpaHIAnuii. Toraa, eciu TpaeKTOpHOe IPOCTPAHCTBO
TPaHCISUMOHHO MHBAPUAHTHO ¥ 3aMKHYTO, TO K ITOJYTPYIITEe TPAHCISILUIA MOXHO TIPU-
MEHSTb aHAJIOTU MeTOla TEOPUN IMHAMMUECKUX cucteM. OgHAKO, aTTPaKTOPbl MHOXe-
CTBa MoJeJieil HeHbIOTOHOBOM TMAPOAMHAMUKM He yAAaBaJIOCh UCCIE0BATh C IIOMOIIbLIO
3TON Teopun. OrpaHUUYUTEILHBIMU 0Ka3aaUCh YCJIIOBUS HAa TPAEKTOPHOE MPOCTPAHCTBO
TPaHCISUMOHHON MHBAPUAHTHOCTU U 3aMKHYTOCTHU. [I. A. BopoTHUKOBBIM U B. I. 3BAru-
HBIM [2, 3] 66U ITpeI0sKeH APYroil MeTo J0Ka3aTeabCTBa CylleCTBOBaHMS aTTPAKTOPOB
ypaBHEeHUI, OCHOBAHHbIM He Ha alliapaTe w-IpeneabHbIX MHOXeCTBaX, KaK B TeOpUn
OIVHAMUUYEeCKUX CUcTeM U Teopuu Buinka-YemnbokoBa-Cesia, a Ha TOIOJIOTUYECKO JieM-
Me llypbi-bypsl 1, HA OCHOBE 3TOTO MeTOAa, JOKAa3aHO CYILIEeCTBOBAHME aTTPAKTOPOB AJIsI
60JIBIIIOTO YMC/Ia aBTOHOMHBIX ¥ HEaBTOHOMHBIX YpaBHEHMI T HEHbIOTOHOBCKOJ MeXaHM-
K1 [3, 4].

Pabora BbITIONHEeHa mpu GuUHAHCOBOW mommepskke Poccuiickoro HayunHoro ®onpa
(mpoexTt N2 14-21-00066, BbITIO/IHSI€MBII1 B BOpOHEKCKOM roCy1apCTBEHHOM YHUBEPCU-
TeTe).
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MAKPOCKOITMYECKUE YPABHEHUS SVHINTEVHA /1
KOCMOJIOTUYECKO MOJEJIU C A - WIEHOM

10.T. UrnatbeB!

IKasauckmii (TIpMBOKCKMIt) (pemepanbHblil YHUBEPCUTET

[TokazaHo, uTo mMomenu BcejlleHHON ¢ TepBOHAYaAbHOM MHAUISLMENH QU3NIECKU
HEYCTONYMBBI. JTA HEYCTOMNUYMBOCTD MPOSBISIETCS B Tpex Bumax: 1. Momenu ¢ paHHen
MHOSIME HeYCTOMUYMBEI 110 OTHOIIEHMIO K T0OaB/IeHMUsIM MaJjlbIX IIpumeceil pusnde-
CKOI1 MaTepuy C ypaBHEHMEM COCTOSIHMUS, OTIIMYAIONIEerocst OT MHGISILMOHHOTO € + P = 0.
ITpu sTOM BeenenHast npuobpemaem Hauaio B KOHEUHOM ITPOIIJIOM, & MacCIITaOHbIN (ak-
TOp B Hauva/le UCTOpuM BcesleHHO pacTeT 0 CTelIeHHOMY 3aKOHY, IIOCTEIIeHHO Iepe-
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XOJISl Ha SKCIIOHeHIIMaIbHbINA. 2. Momenu ¢ paHHel MHQSIMe HeyCTOMYMUBBI 10 OTHO-
IIEHUIO K BBIPOKIEHHOMY PellleHMIO C MOCTOSIHHBIM CKa/ISIpHBIM TToieM. [Ipu mpaBuiib-
HOM pellleHUU IT0JIeBbIX YPaBHEHU I BO3HMKaeT BcesleHHas ¢ KOHEUYHBIM HavyaioM. 3. Mo-
ey ¢ paHHel MHQIISILIMe HeyCTOMUMBLI 10 OTHOLIEHUIO K ITOTepeuyHbIM rpaBUTaLIM-
OHHBIM BO3MYVIII€HMSIM, KOTOPbIE€ HA PAHHUX CTAAUSIX OAIOT YAbTPAPEIITUBUCTCKYIO J10-
0aBKYy B 9HEPIUIO-VMITY/IbC, YTO MPUBOAUT K YHUUTORKEHUIO Ae-CUTTEepOBCKOM CTagum
sBOMIOIIMM. [TocTpoeHa 3aMKHYTas CCTeMa OOBIKHOBEHHBIX AM(depeHIaaIbHbIX YPaB-
HEHU, ONMMCHIBAKIINX KOCMOJOTMYECKYI0 SBOMIOLMI0 MaKPOCKOIIMYECKM OLHOPOLHOM
M30TPOITHON BceneHHOI, 3aM10/IHEHHOM TPaBUTALIMOHHBIM M3JIydeHueM B MOJeIn JiiH-
HITe/iHa C KOCMOJIOTUYECKUM YWIEHOM.

[TomyyeHO aCMMIITOTMUYECKOE pellleHMe KOCMOJIOTMYeCKMX ypaBHeHMi1 B BKB-mpuoin-
SKeHMM, OTTUChIBAIOIIee IMePexo]l C YIbTPapesiTUBUCTCKO ¢asbl paciipeHnst Ha MHIIS-
LVOHHYIO.

®OPMYVJIbI IVIOIIAIU JIJI1 OTOBPAJKEHWI HETOJIOHOMHBIX CTPYKTVYP

M. B. Kapmanosa'

Imaryka84@gmail.com, NUuctutyT matematuky um. C.JI. Co6onesa CO PAH

Mb1 uccnenyem auddepeHianbHble CBOICTBA OTOOpakeHUii-IrpadMKOB Ha MSITUMeEp-
HBIX CyOpPMMAaHOBBIX U CyOJIOpEHIIeBbIX CTPYKTypax. Pe3yabTaThl MpMMeHeHbI K ToKasa-
TeJbCTBY (POPMYIJI IUIOIIAAM U K OTIMCAHUIO S3KCTPEeMaJIbHbIX TOBEPXHOCTEIA.

Mpel paccmaTpuBaem RO ¢ HabopoMm moneit {X1,..., X5} ¥ mpearonaraeM, 4To TPYIIIIbI
Teitzen6epra Hy u Hp TakoBsl, uto THy = span{Xi, X2, X3} u THy = span{Xy, Xy, X5}.
onga ¢ = (p1,¢94,95) : H — H cTtpoutcs adanmuposanHsiii 6a3uc {X;C}?:l’ 3aBUCS-
IMii OT 3HaUeHuit ¢(x) u Dg1(x). HecmoTpst Ha TO, 4TO oTOoOpaskeHue-rpaduk @r(x) =
exp((pl(x)Xl + @q(x) Xg + <p5(x)X5)(x) He SBJISeTCs JUIIIUIIEBbIM, OH 00j1aJaeT HeKo-
TOPBIM CBOJCTBOM PETY/ISIPHOCTH: TTOJIMHOMMAIbHO CYOpMMaHOBO AuddepeHIipyeM B
TOUKax hc-auddepeHIpyeMOoCTH .

Teopema. /[15 omobpax;ceHusi-2pauka o1 8 kaxcdoli mouke x cyujecmayem omoopaxe-
Hue Ly, a67510ujeecst NOJIUHOMOM 0M KOOPOUHAM 3/1eMEHMO8 8 OKPECMHOCMU X, U AnnpoK-
cumupyrujee @ ¢ mouHocmuto 4o 8eaUUUHbL O(-) OMHOCUMENBLHO CYyOPUMAHO8A PACCMOSHUS
00 Xx.

AHaJIOTMUHBIN pe3ylbTaT CHpaBeIuB U IJISI KJIaCCOB KOMITO3UIIMIA OTOOpaskeHMix;
oToOpaskeHMne-TpaduK SIBISIETCS MX CAMBIM ITPOCTHIM ITPUMEPOM.
OnuiieM cyb70peHIeBO pacCTOsIHMeE [1Jisl TOUeK Ha obpase ¢r:

=S
(do?)? (v, y) = max{maxiy{, y5} - y3,sgn(y5 — v/ 1y2 - y21}.

[yt ToCcTpoeHusI BHYTPEeHHe CcybopeHIieBoit Mepbl Xaycaopda Mbl IpUMeHsSIeM KOH-
cTpykuuto Kapateogopy K COOTBETCTBYIOIIMM LIapaM, oIlpeessieMbIM COOTHOLIeHMEeM
(J§,§2)2 < r?. CripaBeIBbI ceAyIolIe pe3yabTaThl O CYOpMMaHOBO 1 Cy6IOpeHIIeBO
TJIOIIAAM TTIOBEPXHOCTM-TpaduKa KJIacCOB JMUIIINIIEBBIX OTOOPakeHMI 1 K/IacCOB KOM-
MTO3UIIMI TUTIIIUIIEBBIX OTOOpasKeHMIA.
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Teopema. /Insa ¢ : H; — Ho cnpasednusa cnedyowas gopmyna ons eviuucieHus 6Hym-
peHHell CyOpuMaHosoli Jfl‘} -Mepbl hogepxHocmu-zpaguka Jfl‘} (pr(€2)):

[ V1 ez + Cepa2oy/1+ (Xsgs 20 de o,
Q

Kpome mozo, cybnopenyesa 6HympeHHss SLZJflil—Mepa nosepxHoOCMu-2pagpura
SLZJL”{% (pr(€)) pasHa

V1= pzn/1 - epa2wn/1 - Xegs 2w de o),
Q

OTWU pe3y/bTaThbl IPMMEHEHbI [JIS BBIBOAA YPAaBHEHMI SKCTPEMaJIbHBIX IIOBEPXHOCTEN
B CyOpMMaHOBO# reoMeTpuM 1 cyosiopeHIieBoi reometpun [1, 2]. [Tompo6HbIe onmcaHMs
MOBEPXHOCTEN U TOUHbIE (POPMYIMPOBKU BhIlIENIepeuNCIeHHbIX TEOpeM CM. B [1, 2].

Pa6ora BbIinoiHeHa npu prHaHCcoBOV noamepkke POOU (mpoekt 14-01-00768).
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VMHTEIrPUPOBAHME I10 HECITPSIMJISIEMbBIM KPVBbIM
" ETO ITPUJIOKEHUSA

B. A. Karr!

IKaszancknii ([TpuBoKCKMii) dhemepanbHblii YHUBEPCUTET

CTpOI/ITCH ITOTOK C HOCHUTEeJIEM Ha HeCHpHMI[HEMOI‘/JI KpMBOﬁ, KOTOprﬁ MOXHO paCCMaT-
PUBATDb KaK O606H.[€HM€ KOTYPHOT'O MHTETPUPOBAHNMS HA TaKME KPUBbIE.

HOJIY‘IGHHOG O606H.I€HI/I€ IIO3BOJILIET OAaTh pellleHMe pdaaa KpaeBbIX 3a1a4 B 0071aCTIX C
HECIIpAMJIAEMbIMU I'PaHULIAMU M MUMEET OPYyTIue IPUIOKEHMA.

TEOPEMbI Ob OTPAHMYEHNH OIIEPATOPA
HA KOOPOVHATHOE ITOAIIPOCTPAHCTBO

B. C. Kammu!

IMaTtemaTuueckuit uHCTUTYT UM. B. A. Creknosa PAH
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ITPOCTDIE AJITEBPBI JIN C HEBBIPOXKIEHHBIM INOOEPEHIIMPOBAHUEM
M. 1. KysHenoB!

IHyskeropomckuii yausepcutet um. H.U. Jlo6aueBcKoro

VHTepec K IMPoCThIM ajredpam JIu ¢ HEBBIPOKIEHHBIM AubdepeHIMpoBaHMEM BO3-
HMK B CBSI3M € JoKkasaTenbCTBOM A. IllaneBa u E.M. 3eibMaHOBa I'UIIOTE3 O p-I'PYIIIAX KO-
HEUHOTO KoKJiacca. [lajibHeiiIee pa3BuUTHe TEXHUKM, CBSI3aHHOI ¢ airedpamu JIn, mpuse-
JI0 K BOSHMKHOBEHMIO HOBOTO HAITpaBJIeHUSI B T€OPUM TpagyupoBaHHbIX anre6p Jin. Han
MOJIIMM XapaKTepUCTUKU p > 3 BCe MPOCTbie anred6psl JIu ¢ HeBBIPOKAEHHBIM Iudde-
peHIMpoBaHueM O0bUIM HalimeHbl k. Benkapt, A.W. Koctpukiuuasim 1 M.U. Ky3HelioBbIM
B 90-x rogax.

B moknazme 6ymeT maH 0630p M3BECTHBIX Pe3y/lIbTaTOB, HAUMHAS C KJIACCMYECKON pa-
60Tbl H. /Ixkeko6coHa 06 anrebpax JIu ¢ HeBbIpOkAeHHBIM IuddeperupoBanmem. Oc-
HOBHOE BHMMaHMe OyIeT yeJleHO HOBOMY MaJIOM3yueHHOMY KJIacCy IMPOCThIX HeaslbTep-
HUPYOIMX TaMUIbTOHOBBIX anrebp Jin. OmHa u3 cepuii Takux anare6p 6sl1a MoCTpoeHa
KUTaNCKUM MaTeMaTukoMm L. Lin. Ot anre6psi JIn “>KMBYT” TOJBKO B XapaKTEPUCTHUKE 2
U SIBJISIIOTCS aHa/IoraMy (6eCKOHeUHOMEePHbBIX) TaMUJIBTOHOBBIX cyriepanre6p Jin. C aToit
TOUKM 3peHMsI OHM u3ydannuch /l. Jleitrecom 1 ero yueHnkamu. B moknazge 6ymet gaHa o6-
1At KOHCTPYKIIMST HeaJIbTePHUPYIOIIMX TaMUIbTOHOBBIX aireop JIu, mpuBeeH psii HO-
BBIX Pe3Y/IbTATOB 00 3TUX ajaredpax, B YaCTHOCTH, OYAYT ITOCTPOEHbI HOBbIE CepUM MPO-
CThIX aynre6p JIu, morycKawinx HeBbIpokAeHHbIe nuddepeHIMpOBaHMS, yCTAaHOBIEHA
UX CBSI3b C anrebpamu Bioka. Takske TIaHUPYeTCs] OOCYIAUTD PSif, pe3yIbTaToB o aedop-
MaLMSIX KIaccuueckux aareop Jin.

PROBLEMS ON STRUCTURE OF FINITE QUASIFIELDS
AND PROJECTIVE TRANSLATION PLANES

V.M. Levchuk!, O. V. Kravtsova?

Lylevchuk@sfu-kras.ru, SFU, Krasnoyarsk
20171@bk.ru, SFU, Krasnoyarsk

It is well-known that finite projective plane is coordinatized by a field iff it is desar-
guesian. Failure of commutativity and associativity of coefficients leads to concept of
semifield; it is a simple ring S in which non-zero elements form a loop S*. The weaken-
ing of two-sided distributivity to one-sided leads to concepts of quasifield and translation
projective plane, that is coordinatized by quasifield.

The problem on solvability of collineation group for the finite non-desarguesian pro-
jective semifield plane is unsolved still. The structure of even well-known proper (i.e., it
isn’t a field) finite semifields and quasifields is little studied [1].

The report presents the investigations of problems on structure of finite quasifields
and semifields: the element orders of its loop, automorphisms and autotopisms, maxi-
mal subfields and their orders, the hypothesis that a loop S* is 1-generated for a finite
semifield S. Anomaly properties are shown by the structure of semifields of orders 32 and
64, which are counter-examples to Wene’s hypothesis.

The investigations are supported by RFBR, project 16-01-00707.
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ON CONFORMAL AND PROJECTIVE MAPPINGS
OF COMPLETE RIEMANNIAN MANIFOLDS

A. Melnikov!

IMassey University, New Zealand

A large portion of classical mathematics is concerned with classifying structures, usu-
ally up to the right notion of similarity (i.e., isomorphism, homeomorphism etc). When
objects are algorithmically presented, it is natural to classify such objects using some
algorithmic tool.

We will discuss several classification-type results, some of these results have applica-
tions outside computability theory. Among other things. the talk will cover the recent
solution of Goncharov’s problem on Delta-alpha categorical torsion-free abelian groups
(M.), the recent description of computably categorical torsion abelian groups by M. and Ng
(thus solving a problem that goes back to Mal’cev in the important case of torsion groups),
and the positive solution to problem of Goncharov and Knight on Friedberg enumeration
of computable equivalence relations (Downey, M. and Ng) up to isomorphism.

T'OMOTOIIMYECKAS KITACCUPUKALIA
TPAH3UTVBHBIX AJITEBPONOB JIN

A. C. MumieHko!

IMTY umenu M.B. JloMmoHOCOBa

Joxiaz MOoCBSIIeH U3JI0KEeHUIO Pe3y/IbTaTOB IPYIIIIbI UCC/Ief0BaTesIel 10 TPaH3UTUB-
HBIM ajire6pouaam Jiu. dta mporpamMma O6bUIa MHUIIMMPOBAHA 6e3BpeMeHHO YIIeqIINM
npodeccopoM nonuTexHmueckoro yuusepcurera B Jlogsu (ITonbia) Suom Kybapcku, Ko-
TOPbIVi COBMECTHO C aBTOPOM Haval U3y4eHMe CUTHATYP TPAH3UTUBHBIX aarebponaos Jin
B 2003 ronmy.

B 11e/10M mporpaMma mccjieloBaHuit MOXKeT ObITh OIICaHa KaK TOMOTOITMYecKast Kiac-
cuduKaLys TPaH3UTUBHBIX ajaredbpousom JIiv mpu GMUKCMPOBAaHHOM MHOT0O0Opa3um B Ka-
yecTBe 0a3bl ¥ PUKCUPOBAHHO KOHEYHO MePHOJi anire6pe JIn, mpucoeqMHEeHHOJ K TpaH-
3UTUBHOMY anire6bpouny Jiu. Enie B kHure MakkeH3u ([1]) ObIIO yCTaHOBJIEHO, UTO €C/IN
pacciioeHme L co cjioeM KoHeuHoMepHasi anrebpa JIu g v CTpyKTypHO¥ TPyTIIoii aBTOMOD-
(bU3MOB 3TOTrO €108 IOITyCKaeT KaIJIMHT ff ¢ KacaTeabHbIM paccioeHueM T M MHOToobpa-
3ust M, TO TOr[a Takoe paccjioeHue L pacimpsieTcs 0 TPaH3UTUBHOTO ajareopouga Jin,
y KOTOPOTO JaHHOe paccioeHue L MpucoeaHeHO K MolydeHHOMY anrebpouny Jiu, ripu
YCUIOBUM TPUBUAIBHOCTYU NPenITCTBUSI MakKeH3u B BULEe TPeXMepPHOTro Kj1acca KOrOMO-
yoruit obs(f) € H3(M; ZL) c Ko3bduilMeHTaMu B IIJIOCKOM paccioeHuu Z L.

[l 3aBepiiieHMs TOMOTOINMYEeCKOol KiaccubuKaimuy TpaH3UTUBHBIX anredponos Jin
HaJo pelnThb aBe 3amaun: 1) HaitTu HeoO6xomuMbie M JOCTATOYHbIE YCTIOBUS CYIIECTBO-
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BaHM KaIlJIMHIA [J151 3aJaHHOr0 paccioeHus L u 2) omucaTb yCUIOBUSI TPUBUAIBHOCTH
npensaTcTBus Makkensu. O6e 3t 3amaun B KHUre MakkeH3u ([1]) He cTaBWINCh U He
obcykmannch. JJokaz MocBsiieH pelieHno chopMynMpoBaHHbIX 3amau. [lepBas 3ama-
ya pellleHa MoaHOCThIO ([5], [3]). B pamKkax BTOpoOit 3aiaun O BbIYMCIEHUN TIPETSITCTBUS
MakkeH3M TTOKa3aHa ero GyHKTOpMUaabHOCH ([5])1 1Moka3aHa ero TpUBaJbHOCTh B HEKO-
TOPBIX YaCTHBIX cityvasx ([4],[6]).
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COBMECTHBIN CITEKTPAJIbHBIN PAJIUVC:
KAK HAVITU U KAK ITIPUMEHUTD?

B. 0. IIpoTacos!

IMTY umenu M.B. JloMmoHOCOBa

CoBMeCTHBIN CITIEKTPaIbHbBIN PaiNyC HECKOIBKMUX MATPUL] — 3TO MAKCUMAJIbHBI IMOKa-
3aTesb pOCTa HOPM MX BCeBO3MOXXHbIX IIpOM3BeAeHNIA. [IJ11 OIHOV MaTPULIbl OH COBIIA1a-
eT C 0OBIUHBIM CITEKTPaIbHBIM paanycoM. COBMeCTHBbIV CIIEKTPaIbHbIN PagnyC MOSIBUICS
B 1960 1. B pabore JXK.K. Pota u I. CTpanra, ¢ TeX Mop OH HallleJl MHOXXeCTBO IIPUMeHEeHM
B Teopuu (QYHKILINIA, TEOPUM BCILJIECKOB (BEIBIETOB), JaHAMUUECKMUX CUCTeMaX, TeOpUU
KOAMPOBaHMSI, TEOPUM BEpPOSTHOCTE, KOMOMHATOPMKeE, a TakK)ke BO MHOXeCTBe MHXKe-
HepHbIX 337a4.
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Vi3yueHneM ero CBOMCTB ¥ METOAOB BbIUMCAeHMs 3aHuManch M. [lob6emn, k. Jlara-
puac, B. bionpeins, 0. Hecrepos, [Ix. Linuukiuc, I1. ITappuio, u MHOrue apyrue. B oTiu-
yyie OT OOBIYHOTI'O CIIEKTPATIBHOTO Payca, IJis COBMECTHOI'O CIIEKTPAIbHOTO paanyca He
CYIIIeCTBYET 3aMKHYTOI opMyJibl. 3a/1aua O ero BIUMCIEHUM Upe3BbIUaiiHO CJIOKHA (IS
0-1 matpuir oHa N P-Clo5kHa, a IJisl O0IIMX MaTPULL — AJITOPUTMUUECKM Hepaspelnma).
Tem He MeHee, B TTOC/IeHYE TO/IbI TOSIBUJIOCH HECKOIBKO 3 (eKTUBHBIX TeOMeTPUUECKUX
MEeTOZO0B BBIUMCIEHMS U layKe TOYHOT'O HAXOXKAEeHUS STOV BeJIMYMHbI, YTO IIPUBEJIO K 3HA-
YUTEIbHOMY IIPOrpeccy BO MHOTUX 3aavax.

KBAHTOBbBII AHAJIN3 U KBASUKOH®OPMHBIE TOMEOMOP®VI3MbI
A.T. Ceprees!

IMaTemaruueckuit uactuTyT uM. B.A.CrexnoBa PAH, MockBsa

OmHoIt U3 I7IaBHBIX 3aJaUy HEKOMMYTATUBHOM reOMeTpUM SIBJISIETCSI TTepeBOoj OCHOB-
HBIX ITOHSITUIi aHA/IM3a, TeOMETPUM U TOTTOJIOTUY Ha SI3bIK 6aHAXOBbIX are6p orpaHUYEeH-
HBIX OIIEPaTOPOB B IMJIbOEPTOBOM MPOCTPAHCTBE. B mokiame OymeT mpuBeneH psif, Ipu-
MepOB TAKOTro MepeBoja AJIs1 KIaCCUMUEeCKUX MTPOCTPAHCTB Teopuy GYHKIMIA, TaKUX KaK
coboIeBCKOe TPOCTPAHCTBO MonyauddepeHIMpyemMbix GYyHKIMIA, ITpocTpaHcTBO BMO,
MIPOCTPAHCTBO KBa3MCMMMETPUYHBIX TOMeoMOp(M3MOB. Bo3HMKalOIIIee Mpu 3TOM OIle-
paToOpHOe MCUMCIeHe TIPUHSTO Ha3bIBaTh, caenysd KoHHY, KBAHTOBBIM aHaAIM30M.

IMPUBJIDKEHUE AJITEBPAUYECKUX ®VYHKIIWUI PAIIMOHAJIbHBIMU,
®VYHKIIMOHAJIBHBIE AHAJIOTY TUO®AHTOBBIX ITPUBJIVDKEHUI

A.T. Domenko!

IMTY umenu M.B. JloMoHOCOBa

3a rocjegHMe roJbl ObLIM OTKPBITHI HOBBIE (hM3MUeCcKye CYCTeMbl, 06/1afaroliye 6ora-
TBIMU CKPBITBIMM CMMMETPUSIMU, YTO ITO3BOJISIET UX «MHTEIPUPOBATH», TO €CTb 3hdeK-
TUBHO OINMCBIBATh TPAEKTOPUM ABYMKeHMSI. OKa3bIBaeTCs, TaKMe UHTerpupyeMble CUCTe-
MBI C IBYMS CTEIIeHSIMM CBOOOIbI AOITYCKAIOT TOIOIOTMYECKYIO Kinaccudukaimio. OgHa-
KO BO MHOTMX KOHKPETHBIX CJIy4yasiX 3BOIIOLMS CUCTEMbI BeCbMa NpUuyajinBa. TakoBbl,
Hanpyumep, HEKOTOPbIe CIyday OAMHAMUKU TSKEJIOTO TBEPAOTro Tela B mpocTtpaHcTse. C
IPYyTOit CTOPOHBI, HeJAaBHO ObII OTKPBIT KJIacC «0000IEeHHBIX OMJITMapI0B», OMMChIBae-
MBIX CKOJIbKEHMEM MaTepUATbHOI TOUKU IO ABYMEPHBIM JIOKAIBHO TVIOCKUM ITOBEPX-
HOCTSIM C «XOpollei rpaHuiieit». HeoxkugaHHbIM 1 HETPUBUAIbHBIM (haKTOM 0Ka3aJioCh,
YTO TaKyMe KYCOUHO-IIagKye OM/uIMapabl HaIsAHO” MOLEIMPYIOT BaKHbIE (M JOCTATOY-
HO (JIOXKHBIE) C/Ty4au MHTerPUPYyeMOCTH, HATIpUMep, B IMHAMUKe TBepLOro Tesna. To ecTs,
HEKOTOpbIe 3alTyTaHHbIE U 1a’Ke HEYCTONUMBBIE SBOIIOLUYM TaKUX CUCTEM Terepb MOKHO
HAIJISIIHO YBUIETh KaK ABMKeHMe I1apa o ABYMepHO OM/IIMapaHO 06/1acTy C HeCIOXK-
HOJ TOIIOJIOTHEIA.
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O CTPYKTYPE OBH.[Eﬁ AJITEBPANYECKOI OYHKIINN
A. K. Inx!

1Cubupckuii dhemepanbHblii yHUBEPCUTET

KATETOPU®UKAILIVUSI THBAPMAHTOB KOHEUYHOI'O TUITA
H. A. lllupoxosa!

ISanta Clara University, USA

We categorify invariants of finite type and construct a classification theory for Floer-
type homologies. In particular we construct a local system of Khovanov complexes on the
space of knots and a wall-crossing morphism for this local system. We extend it to the
singular locus (discriminant) by the cone of this morphism and introduce the definition
of the local system of finite type.

We prove the following properties of the Khovanov’s complex:

Theorem 1. Let k denote the kth crossing point of the knot projection D, then for any k the
Khovanov’s complex C decomposes into a sum of two subcomplexes A = A(’)C ® A{C with matrix
differential of the form

do do,1
dp= ( 0 d )

Consider two complexes A* and B* adjacent to the generic wall of the discriminant.
When we change kth overcrossing to an undercrossing, 0 and 1-resolutions are exchanged
, 80 A* = Ay @ A7, B*[1] = By[1] ® B} [1], thus for every k we can define the wall-crossing
morphism w as follows:

Theorem 2. The map defined as the identity on Ay and as a trivial map on Aj:

. ] 1d .
w: A BJ 1]

. . ¢ .
w: A} B} [1]

is the morphism of complexes.

Definition. The local system is of finite type n if for any self intersection of the discrim-
inant of codimension n, the result of the extension of the local system to the discriminant is
quasi isomorphic to C*(n)(U), where U is the complex corresponding to the disjoint union of
unknots.

Theorem 3. Restricted to the subcategory of knots with at most n crossings, n = 3, Kho-
vanov local system is of finite type < n.

References

[1] Khovanov M., A Categorification of the Jones Polynomial, Duke Math. J. 101 (2000),
no. 3, 359-426.



CEKLUMOHHBIE OOKALDI

AN INEQUALITY FOR PROJECTIONS AND A CONVEX FUNCTION
S.A. Abed!

Lsamialbarkish@gmail.com, University of Diyala

Let H be a Hilbert space, B(H) be an algebra of all bounded linear operator in H,
B(H)P! be the set of all projections in H. For a set A in B(H) by A’ we denote the com-
mutant of A.

Lemma 1. For each pair of projections p, q € B(H)P" such that pq = qp and for continu-
ous function f € C[0,1], such that f(x) < f(1)x+ f(0)(1-x), the inequality f(Ap+(1—-1)q) <
Af(p)+ (1 —A) f(q) holds for every A € [0,1].

Proof: For p, g consider the von Neumann algebra {p, g}”. It is Abelian, therefore,
{p, V"' = Loo(Q, Z, ) and there exist A, B < Qsuchthat p ~ I 4, g ~ Ig. Evidently, f(A14+
(1 —A)IB) = f(l)IAﬂB +f(0)I(AUB)C +f(A)IA\B +f(1 _A)IB\A’ also ﬂf([A) +(1 —A)f(IB) =
FIgnp+ fO) I aupyc+ Af Q)+ (1 =A) f(0)Ia\p + (1 -A)f(1) + Af(0))Ip\ 4. To finish
the proof, we note, that f(x) < f(1)x+ f(0)(1 — x).

Lemma 2. For A € [0, 11, for each pair of projections p, q € M (C(Q))P* and for a continu-
ous function f € C[0,1] such that f(x) < f(1)x+ f(0)(1—x) the inequality f(Ap+(1—-1)q) <
Af(p)+ (1 —A) f(q) holds for every A € [0,1].

Proof: 1t is sufficient to consider p = diag(1,0) and

_ ¢ oVi(l—1)
9=\svia=n 1-t )’

with r € [0,1] (see [1]).

Note, that for any w there exists r € M (C)P such that Ap+ (1 —A)q = pyr + por+,
rt+r=1, 1, po €10,11, puq + po = 1. Therefore, fAp+ 1 -N)q) = f(u)r + f(u2)rt.

On the other hand, Af(p)+ 1 -A)f(q) =AfDVp+AfO)A-p)+1 -V fD)g+ Q-
MDFO)YA-g)=fO1+(fD) - fONAp+A-A)q) = (fDur+ fO)A—p))r+(fF(Du2+
fOA =),

To finish the proof we note that f(u1) < f(1)u1 + f(0)(1 — 1) and f(u2) < f(Du2 +
FO)(1 = p2).

Theorem. For each pair of projections p, q € B(H)P' and for continuous function f €
CI0,1], such that f(x) < f(1)x+ f(0)(1 — x), the inequality f(Ap+ (1 - q) < Af(p)+ (1 -
A) f(q) holds for every A € [0,1].

Proof: Consider the von Neumann algebra {p, g}"" = 4. By Lemma 3 [1], there exists
a central element z € 4 N A" such that &/ = A, & AN,1. An algebra A is Abelian,
therefore, by Lemma 1, f(Apzt+(1-A)gz) < Af(pzt)+(1-2) f(gz1). The algebra A;
is equivalent to M>(C(Q2)) and, therefore, f(Apz+(1—-1)gz) < Af(pz)+ (1 - A1) f(g=z).
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To finish the proof it is sufficient to note, that f(p) = f(pz® pzl) = f(pz) ® f(pzl).

Corollary. For each pair of projections p, g € B(H)P' and for continuous convex function
f €Cl0,1] the inequality f(Ap+ (1 —-A)q) < Af(p)+ (1 —A) f(q) holds for every A € [0, 1].

Example. For f(x) = x3 the inequality f (% p+ %q) < % f(p)+ % f(q) holds. Note, that

fGp+30) =3+ +1(pa+ap)+g(pap+qpq). Since p—pg—qp+q=(p—q)* =0,
it folows that pg+gp < p+ g. Also, pgp < p and gpq < g, since g, p < 1. Therefore,

1( + )+1( + )+1( + )<1 +1 —lf()+1f()

819 q 41961 qp 8196119 67196/\219 267—2 P+3 q),

50 f(zp+39) <5f(P)+3f(@.

This work was supported by the Ministry of Higher Education and Scientific Research
of Republic of Iraq.
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AN ENSEMBLE TRAFFIC TABLE BASED INTRUSION DETECTION SYSTEM
FOR MOBILE ADHOC NETWORKS

M. K. Al-Anni'

maadk-anni@live.com, N.I. Lobachevsky Institute of Computer Mathematics and Infor-
mational Technologies, Kazan (Volga Region) Federal University

We study an algorithmic dependence of Artificial Neural Network on Multilayer Per-
ceptron (MLP) relative to the classification and Clustering presentations.We give com-
plete description of standard back propagation(BP) normally utilizes computationally
training algorithms in which there is a computable machine learning. Work has been per-
formed to classify patterns using multilayer perceptron learning by artificial back prop-
agation algorithm, a proposed system are used a distributed mobile agent incorporated
with Intrusion Detection Mechanism that expected to detect the deviating behaviours of
some nodes in Mobile Adhoc Networks, as such this work led us to comparison studies
made in NN learning based on Data Set(Traffic Table) which divide into training set and
testing set, consequently have to specify any experimental results is better in solving the
case study(IDS for MANETS) in terms of less Mean Square Error and high Accuracy Level,
in this article we are going to show the effectiveness of BP used as a machine learning
to classify the malicious behaviour in simulated Networks, as we are going to prove it in
Problem Identification and Proposed Solution, Despite BP having been used for decades,
Feed-Forward Back-Propagation (FF-BP) systems are still the most commonly used ANN
topology. FF-BP ANNSs are applied in an extensive range of areas including computer
network security, handwriting analysis, medicine, intrusion detection, computer vision,
physics, retail, battlefield management, and finance. Their performance depends on sev-
eral factors, including: the number of neuronal layers, the number of neurons at each
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layer, the activation functions used by the neurons, and the choice of initial connection
weights. There are many algorithm for ANN learning algorithm such as Adaline, Hebbian,
Perceptron Learning rule, Back propagation, Artificial Bee Colony.
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THE EINSTEIN-MAXWELL-AETHER-AXION THEORY: DYNAMO-OPTICAL
ANOMALY IN THE ELECTROMAGNETIC RESPONSE

T. Yu. Alpin!
ITimur.Alpin@kpfu.ru, Kazan Federal University

We consider a pp-wave symmetric model in the framework of the Einstein-Maxwell-
aether-axion theory. Exact solutions to the equations of axion electrodynamics are ob-
tained for the model, in which pseudoscalar, electric and magnetic fields were constant
before the arrival of a gravitational pp-wave. We show that dynamo-optical interactions,
i.e. couplings of electromagnetic field to a dynamic unit vector field, attributed to the
velocity of a cosmic substratum (aether, vacuum, dark fluid etc.), provide the response of
axionically active electrodynamic system to display anomalous behavior.
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ON CURVATURE STRUCTURE OF PSEUDO-RIEMANNIAN MANIFOLDS
ADMITTING INFINITESIMAL PROJECTIVE TRANSFORMATIONS

A.V. Aminova', M. N. Sabitova?
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2maria.sabitova@qc.cuny.edu, CUNY, New York

A vector field X on a manifold M" with affine connection V(Fj. ) Is an infinitesimal
projective transformation (p.m.) if and only if Vy (Lx —Vx) = R(X,Y) - ¢p(Y)-id - Y¢
for a 1-form ¢ and all vector fields Y on M", where R is the curvature tensor. In local
coordinates we have L XF} (=0 ;.(/) k +0}.¢;. For a pseudo-Riemannian manifold (M", g),
this is equivalent to the equations Lxg=h, Vh(Y,Z, W) =2g(Y,Z)We+g(Y,W)Z¢p +
g(Z, W)Y, where Y,Z,W € TM and (n+ 1)¢ = divX. The first of these equations is
the generalized Killing equation, and the second one is the Eisenhart equation. The met-
rics g admitting non-trivial solutions & # cg of the last equation are called h-metrics. If
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divX = const, then X is an infinitesimal affine transformation, or affine motion (a.m.),
in particular, homothety (h.m.), when % = cg, and isometry (i.m.), when i = 0. The set
22 (M™) of all projective motions in M" forms a projective Lie algebra in M". The set of
all complete projective vector fields X in M forms a Lie algebra of the group 2#(M) of
projective transformations in M”. The following inclusions for the isometric, homoth-
etic, affine and projective Lie algebras in (M", g) are valid: . (M") € A(M") € of (M™) <
P (M™M).

The structure of curvature 2-form Q; ; of the so called rigid h-spaces (M " g) of arbi-
trary dimension and signature is described, and it is proved that an affine group acting in
the rigid h-space consists of homotheties at most, and a proper k-dimensional projective
group of such space has a (k — 1)-dimensional homothetic subgroup.

GROUP GRADED SEMIGROUPS

V.A. Arzumanian!, S. A. Grigoryan®

lyicar@instmath.sci.am, Institute of Mathematics, National Academy of Science of RA
2gsuren@inbox.ru, Kazan State Power Engineering university

Last years the attention of many experts is focused on the constructions of algebras
associated with irreversible dynamical systems. Since the concept of the group crossed
product can not be directly transferred on the case of semigroups, new methods are being
developed to avoid the difficulties.

The involvement in considerations the concept of graded algebra seems to be most
promising in this regard. In the first step the concept of group-graded system arises
which can be interpreted in different ways.

We proposed in [1] a modified version of the so called Fell bundle (C*-algebraic bundle)
considered by Ruy Exel in [2].

In our new interpretation, it is an involutive semigroup structured in a special way with
the help of a group.

In the case when initial group is Abelian we consider main properties of such systems,
based on the C*-module structure of a graded system and an action of the dual group,
their modular representations and the associated operator algebra in a suitable Hilbert
module.

In addition, the realization of the associated C*-algebra as a subalgebra of the algebra
of continuous C*-valued mappings on the dual group is given.
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POLYNOMIALLY COMPLETE FINITE QUASIGROUPS

V.A. Artamonov!
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matics, Moscow State University

A general finite algebra Q is polynomially complete if any the clone of its operations
is generated by all basic operations and by all constants.

A finite quasigroup Q is affine if Q admits a structure of an Abelian group (Q, +) such
that the basic operation of multiplication x- y has the form x-y = a(x)+ (y)+c, where a, §
are automorphisms of (Q, +) and c € Q. Itis known that a finite quasigroup is polynomially
complete if and only if Q is congruence-simple and non-affine.

For a quasigroup Q denote by Mult Q the permutation group on the set Q generated by
the permutations Ly, Ry of left and right multplication by x in Q.

A finite quasigroup is usually given by lis Latin square (= Cayley table). We consider
the problem of recognition of polynomially complete qusaigroups given by their Latin
squares. The case of a quasigroup of order 4 was considere in [?].

Theorem 1. Let Q be a finite quasigroup such that Mult(Q) contains a subgroup isomor-
phic the alternative subgroup A;;,, where

m:1+max([§],4). (D)

Then Q is polynomially complete.
Denote by G(Q) the subgroup in Mult(Q) generated by all elements LxLyl, RyR71y,
where x, y € Q. In contrust with Mult Q we have
Theorem 2. Under an isotopy (m, 71, m2) the group G(Q) is mapping to rGQn~ L.
Research is partially supported by grant RFBI-DST 15-51-45031
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ABOUT INTERSECTION OF A SET WITH A HYPERPLANE
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We consider the set-valued mapping whose images are intersections of a fixed closed
convex bounded set A with nonempty interior from a real Hilbert space with shifts of a
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closed linear subspace L:
A3x—F(x) =A[)L+x).

We characterize such strictly convex sets in the Hilbert space that the considered set-
valued mapping F is Holder continuous with the power % in the Hausdorff metric. We
also consider the question about intersections of a fixed uniformly convex set [1] with
shifts of a closed linear subspace. We prove that the modulus of continuity of the set-
valued mapping in this case is the inverse function to the modulus of uniform convexity
[2, Theorem 3.1] and vice versa: the modulus of uniform convexity of the set is the inverse
function to the modulus of continuity of the set-values mapping. The report is based on
the paper [3].
The research was supported by RFBR (grant N2 16-01-00259.)
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THE CRITERION OF THE EXISTANCE OF NONLINEAR MAPPING WITH THE
JACOBI MATRIX COMMUTING WITH MATRIXES OF THE RING

Yu. A. Chirkunov!

Lchr101@mail.ru, Novosibirsk State Technical University

We obtained a criterion for the existence of a nonlinear mappingu: C" — C™ (m = 2),
whose Jacobi matrix commutes with each constant complex matrix of a given ring Q. We
showed that such mapping exists if and only if the ring Q has at least one (r,I)—pair [1-
4]. Such problem arises, for example, in the group analysis of differential equations in
the study of the dependence of the main Lie group of transformations with respect to the
dependent variables [1-4].

The proof consists of the series of lemmas, with the help of which we obtained the
result for all possible cases. A characteristic feature of the proofs of these lemmas is the
induction in two directions (sorting of rows and columns of the block matrix). Proof of
the induction step is most often carried out on an example of the second step. Important
meaning has the following

Lemma. Let My and Mp be constant matrixes, and max{rank(Ma),rank(Mﬁ)} > 1. If

for all i € Jo and all j € Jg we have: aiKg = hg;(®)Mg and 0;Kg = hq j(x) Mg, where

hg;(®), hgj(x) are scalar functions of the variable x = (x!, %2, ..., x™) T, then OiKg =0 and
0;Kg =0 forall i€ Jq and for all j € Jg. In particular, if K = h(x)M or 0;K = h;(x) M
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(i=1,2,...,m), where M is a constant matrix, whose rank is greater than 1, and h(x), h;(x)
are scalar functions, then 0K = 0.

The lemma shows the result of the interaction of Schur’s lemma, and compatibility
conditions, since the matrices of the ring commute with the Jacobi matrix. This lemma
plays the same role in the “Multi-dimensional factors” as the condition concerning the
existence of an (r,I)—pair in the “One-dimensional factors”.
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ON HOLOMORPHICALLY PROJECTIVE MAPPINGS
OF PARABOLIC KAHLER MANIFOLDS
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We study the fundamental equations of holomorphically projective mappings of para-
bolic Kahler spaces (which are generalized classical, pseudo- and hyperbolic Kihler
spaces) with respect to the smoothness class of metrics. We show that holomorphically
projective mappings preserve the smoothness class of metrics.

We remind that Kdhler spaces characterized by conditions F?=—-1d, g(X,FX)=0,
VF =0, were first considered by P.A. Shirokov, see [1]. The monography by V.V. Vish-
nevskii, A.P. Shirokov and V.V. Shurygin [2] inspired us to introduce the following no-
tion: a n-dimensional (pseudo-) Riemannian manifold (M, g) is called an m-parabolic
Kihler manifold K™ | if additionally to the metric tensor g, a tensor field F of a rank
m = 2 of type (1, 1) is given on the manifold M, such that the following conditions hold:
F2=0, g(X,FX)=0,VF=0,where X is an arbitrary tangent vector, V denotes the covari-
ant derivative.
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We study the fundamental equations of holomorphically projective mappings of para-
bolic Kahler manifolds in dependence on the smoothness class of the metric. I. Hinter-
leitner solved similar problems for classical, pseudo- and hyperbolic Kihler manifolds,
[3, p. 427].

M. Shiha [4] (see [3, p. 427]) proved the following theorem:

Theorem 1. A diffeomorphism f: K2 — R is q holomorphically-projective map-
ping if and only if the linear Cauchy-like system of differential equations

ap
11ij

ap

aij,k:A(igj)k""e(iFj)k;ei,j:TFij+aaﬂT 3|

;7,i=0aTy; +agpT
has a solution a;j, A; and 7 satisfying the conditions

aij=ajj, aqjF{+ aa,-F]‘.” =0, deta;; #0.
The tensors Tfl'?j, Tg”., T?‘TI[; are determined from the metric and structure tensors g;; and
F! of the space K9m,

This theorem was proved assuming that I_(,‘l)(m) and K2 belong to the class C3 [4].
We proved Theorem 1 if K2 € €3 and K% e C2. Further

Theorem 2. Let K9 € C” (r = 3) and K2"™ e 2. 1f K2 admits holomorphically-
projective mapping onto K™ then K™ ¢ C.

The system of equations in Theorem 1 has at most one solution for the initial values
at the point xo: a;j(xo), 1;(xp) and 7(xp). Hence, the general solution of this system
depends on no more than (n+2)(n+1)/2 - m(n— m+ 1) real parameters.

References

[1] Shirokov P. A. Selected investigations on geometry. — Kazan’: Kazan’ Univ. Press,
1966. — 432 p.

[2] Vishnevskij V., Shirokov P. A., Shurygin V. Spaces over aglebras — Kazan’: Kazan’
Izd. Kazansk. Univ, 1985. — 263 p.

[3] Mikes]., et al. Differential geometry of special mappings. — Olomouc: Palacky Univ.
Press, 2015. — 568 p.

[4] Shiha M., On the theory of holomorphically-projective mappings of parabolically-
Kdhlerian spaces. — Opava: Math. Publ. 1993.— P. 157-160.

2- AND 3-TENSOR-STABLE POSITIVE QUBIT MAPS
S.N. Filippov!, K. Yu. Magadov?
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Tensor product structures play a vital role in quantum information theory. Positivity
of linear maps under tensor powers was analyzed in the recent seminal paper [1] where
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the notions of n-tensor-stable positive maps were introduced. Such maps were found to
provide new bounds on quantum channel capacities.

Definition. A linear map ® : B(A4 ;) — B(A,;) is called n-tensor-stable positive if the
map ®®" is positive.

We give a full characterization of 2- and 3-tensor-stable positive qubit maps (d = 2) [2].
We start by analysis of unital qubit maps ® satisfying ®[I] = I. Such maps can be ex-
pressed in the form ®[X] = W(Y[VX VJr])WJr where V and W are appropriate unitary
operators, Y[X] = %Z?:O Ajtr[on]aj = Z?:o qjoiXoj, with o9 = I and {ai}?zl being
a conventional set of Pauli operators [3]. Thus, an n-qubit unital map ®®” is positive if
and only if Y®” is positive.

Theorem 1. Y is 2-tensor-stable positive if and only if Y2 is completely positive, i.e. A2 +
AS =127 £A3).

Theorem 2. Y is 3-tensor-stable positive if and only if the following 12 inequalities are
satisfied:

Ao = A7 =3A;A% 32047 >0,
Ao+ A7 +3A:A5 +310A7 >0,

where (i, j, k) is a permutation of indices (1,2,3), i.e. i,j,k=1,2,3and i # j # k # i.

An interior map of the cone of positive non-unital qubit maps @ : (B(F%))"T —
(%B(#5))T can be represented in the form of concatenation ®[X] = B(Y[AXAT)BY
where A,B € JB(A») are positive-definite operators [4,5]. As A and B are non-
degenerate, the condition (@|®®"[|w){y|]l@) = 0 holds for all [y), |p) € #,n if and only
if (@IY®™[|y)y|]l@) = 0 holds for all |),|p) € H5n, since |§) = A®"|y) and |@) =
(BT)®”|<p>. Thus, the positivity of a tensor product of non-unital maps ®®” is equiva-
lent to the positivity of the tensor product of corresponding unital maps Y®”. In other
words, the above theorems can be applied for characterization of 2- and 3-tensor-stable
positive non-unital qubit maps too.

The study is supported by Russian Science Foundation under project No. 16-11-00084
and performed in Moscow Institute of Physics and Technology.
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NEW SIMPLE LIE P-ALGEBRA OF DIMENSION 248
OVER A FIELD OF CHARACTERISTIC 2

A.N. Grishkov!
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The classification of simple finite dimensional Lie algebras over fields of characteristic
p =2 and p = 3 is open and difficult problem. In the case of p-algebras this problem is
more easy but still open too. In the case of characteristic p = 2 the last new simple finite
dimensional Lie p-algebra (of dimension 34) was constructed by V. Kac and B. Weisfeiler
in 1969 (see [1]).

We constructed (in collaboration with V.Kac) new simple finite dimensional Lie p-
algebra E»4g which is the direct product of Cartan special Lie p-algebra S(5) of dimension
124 and dual S(5)-module S(5)*. It is clear that dimEj4g = 248.
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WEIERSTRASS CONTINUOUS VARIETIES ARISING FROM COVERINGS OF
COMPACT GROUPS AND TENSOR APPROXIMATION PROBLEMS

R.N. Gumerov!
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Motivated by problems in topological groups theory and tensor analysis [1,2], we con-
sider polynomials in one variable over Banach algebras of continuous functions.

As is well known, parameterized families of polynomials arise in different branches
of Mathematics. For instance, in connection with the Weierstrass preparation theorem
there naturally appear the covering mappings associated with the polynomials whose co-
efficients are holomorphic functions.

Let X be a topological space. A Weierstrass polynomial of degree n € N over X is a
mapping R: X x C — C of the form

n .
R(x,z)=z""+ Z fj(x)zn_],
j=1

where x € X, z € C, and the coefficients f,..., f; are continuous functions from X into
C. A Weierstrass polynomial R is said to be separable if, for every x € X, the polynomial
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R(x, z) in the variable z with complex coefficients has no multiple root in C. For a sepa-
rable polynomial R, consider the subspace W in X x C defined as follows:

W={(x,2) e XxC|R(x,z) =0}.

The space W and the projection onto the first coordinate pr: W — X : (x,z) — x are
called a Weierstrass continuous variety and a polynomial covering mapping associated with
the Weierstrass polynomial R, respectively.

The properties of Weierstrass polynomials over algebras of continuous functions and
polynomial coverings were studied by various authors (see, for instance, [3] and references
therein).

One of the main tools in our study of Weierstrass continuous varieties associated with
polynomials over compact groups is the covering group theorem [4, Theorem 1]. This
theorem is a generalization of Pontryagin’s theorem about lifting a group structure [5,
Theorem 79] for not necessary locally connected compact groups. As an example, we
consider the coverings of the P-adic solenoids studied in [6].
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In 2012, Alahmadi, Jain and Leroy considered the concept of ADS modules. A right
module M over a ring R is said to be ADS if for every decomposition M = S® T and every
complement T’ of S, we have M = S@ T'. The authors Quynh and Kosan continued their
work and obtained nice results of ADS modules (see [2]). In Proposition 2.2 of [1], the
authors showed that if M and N are modules and X = N& M, then N is essentially pseudo



PT. Hai, T.C. Quynh 49

M-injective if and only if for any complement K of N in X with KNnM =0, X = Ne K.
Combination of the above problems, we consider generalizations of ADS modules, named
generalized ADS modules.

Definition. A module M is called generalized ADS if, for every decomposition M =S& T
of M and every complement T' of Swith T'nT=0, M=Se& T'.

We have the implication ADS = generalized ADS. However, the converse is not
true in general. The following example show that a generalized ADS module is not an

ADS module:
F F F

Example. Let R = (0 F 0) where F is a field which has 2 elements. Call N = e R.
0 0 F

We have N be an automorphism-invariant module, indecomposable, not quasi-injective
with End(N) local. Consider M = N& N. Then, M is a generalized ADS module but M is
not an ADS module.

It is well-known that M is ADS if, for any decomposition M = A& B, then A and B are
relatively injective. For generalized ADS modules, we obtained the following results:

Theorem. M is generalized ADS if, for any decomposition M = A® B, then A and B are
relatively essentially pseudo-injective.

We know that every direct summand of an ADS module is an ADS module. However,
direct summand of generalized ADS modules under weak conditions.

Proposition. Let M be a generalized ADS module. Then:

(1). Every CS direct summand of M is generalized ADS.

(2). If M is a distributive module then every direct summand of M is generalized ADS.

In the following theorem, we study the properties related to a generalized ADS module
M when it is semisimple in the category o [M].

Theorem. The following conditions are equivalent for a module M:

(1). M is semisimple.

(2). Every module in o[M] is generalized ADS.

(3). Every finitely generated module in o [M] is generalized ADS.

(4). Every 3-generated module in o[M] is generalized ADS.
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CHOQUET ORDER OF ORTHOGONAL MEASURES
AND ABELIAN SUBALGEBRAS

J. Hamhalter!, E. Turilova?
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The aim of the paper is to show equivalence between two seemingly different ordered
structures resulting in functional analysis. On one side, it is the structure of abelian sub-
algebras of an operator algebra ordered by the set theoretic inclusion. This structure cov-
ers the normal part of the whole algebra and it is an important operator theoretic invari-
ant. It has received a great deal of attention recently in connection with topos approach
to foundations of quantum theory and plays a central role in “bohrification program”
for quantum structures. The other structure has geometric content. It is the the set of
orthogonal representing measures on a compact convex set endowed with the Choquet
order. This order plays a decisive role in Choquet theory and has important applications
to decompositions of states in quantum mechanics and elsewhere.

Let us state a few definitions. Given a von Neumann algebra .4, we shall denote by
V () the poset of all abelian von Neumann subalgebras containing the unit of .#. The
order is given by the set theoretic inclusion.

Let K be a compact convex set in a locally convex topological space X. The symbol
C(K) will stand for the C*-algebra of all continuous complex functions on K. Let A(K)
and P(K) represent the set of all continuous affine functions on K and all continuous
convex functions on K, respectively. By a Radon measure ¢ on K we mean an element in
the dual space C(K)*, canonically identified with a regular Borel measure du on K. The
set of all probability Radon measures on K will be denoted by M;" (K). Let u € M; (K). The
point b(u) € K is called the barycenter of p if, for each a € A(K), a(b(w) = [} a(w) du(w).
Measure u is called representing for a given point x € K if x is the barycenter of u. The
set of all representing measures of x will be denoted by M} (K). Let u and v be positive
Radon measures. The Choquet order relation is defined in the following way [1]:

p<v if u(f) <v(f)forall fe P(K).

Let us now specify the convex theory to the state spaces of C*-algebras. Let S(<#) be
the set of all states (norm one positive functionals) on C*-algebra =/ endowed with the
weak* -topology. It is a compact convex set. Let us fix a state ¢ on /. The measure u €
M(‘; (S(«)) is called orthogonal if, for each Borel set E c S(«f), the positive functionals ¢
and @ g(7)\g on  given by pp(a) = [ alw) du(w) and @ g\ (@ = [0\ g A(©) dp(w)
are orthogonal. (Recall that the positive functionals are called orthogonal if there is no
nonzero positive functional dominated by both of them.)

Let us denote by O (/) the set of all orthogonal measures in M(‘; (S()).

We have proved the following main result linking Choquet order with the set theoretic
order on abelian subalgebras.

Theorem. Let ¢ be a faithful normal state on a von Neumann algebra /. Then Oy ()
is order isomorphic to V ().

An important role in the poset 7 (.#) is played by finite dimensional subalgebras that
are unions of finitely many atoms. Given a von Neumann algebra .4, let ¥ Fin(_4) denote
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the set of all finite dimensional unital abelian subalgebras of .# ordered by the set theo-

retic inclusion. For a state ¢ on a C*-algebra «f let Ogm(d ) stand for the the set of all
measures in Oy (<f) that have finite support ordered by Choquet order. We have identified

these two structures by showing that Oéin(./% ) is order isomorphic to vIin ).
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ON CONTROL OF N-LEVEL QUANTUM SYSTEMS
BY NON-SELECTIVE MEASUREMENTS
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Manipulation by quantum systems using back-action of non-selective quantum mea-
surements is considered as a useful resource for various problems [1,2,3]. We consider the
problem of maximizing the probability of transition from a given initial state to a given
final state of an n-level quantum system using non-selective quantum measurements
as control action [4]. We estimate from below the maximum transition probability at-
tained by a fixed number of measurements and find optimal observables which achieve
this estimate.

The evolution of the density matrix p of a quantum system between measurements is
described by Schrodinger equation

dp

I ar [H,p].
Hence density matrix between measurements is transformed by unitary evolution op-
erator U; = e HL: p — 9,(p) 1= e7HIpelHT Under the influence of non-selective
measurement of an observable Q, density matrix of the system is transformed ac-
cording to the following rule: p — .#g(p) := ¥; P;pP;. Here P; are spectral pro-
jectors of Q. Non-selective measurements of Qj at time instants f; and uni-
tary evolution during time intervals [f}, ;1] together define the following trans-
formation of the density matrix: pn = %7ty ;) © AQn © Uty_1~tn_o) - HQ ©
%, (po). The problem of maximizing the transition probability from an initial state
lw;) to a final state |y;) at time T on the set consisting of sequences of observ-
ables Qjq,...,QpN can be formulated as maximization of the transition probability

Pn[Qq, ... Qn] = (1[/f|02[(T_tN_1)0 ./%QNO ... © ./%QIO %tl(|wl><1jll|)|1ﬂf> Opti-

mal observables Q?pt,...,QR})t are those which satisfy P}{}a" = Qmaé( PnIQq,...QpN] =
L---On
t t
PyIQ, .., Q%)

We consider the non-trivial case |y ¢) # |y;). For this case, we can define the matrices
ox = W@+ H Wl oy = illy) @l -l )y, and oz = 1 - 2[y;)(y;|. Here

[y = yillwll, where w = [y £ — (Wi ly ly;).



52 CEKLIMOHHBIE AOKTALDI

Theorem. Let |v;) and wa> be initial and final states of the system, quf> Zlwp), A=
(W rloly ) and a:= (y;loly;). Then maximum Py® [y, ¢l of the transition probability
satisfies the estimate

PRy > (14 [cos 2]

Here A = /(a, \) = arccos [2|<wf|e_iT1L"|1//i)|2 -1].
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In our report we develop a new algorithm for counting the greatest common divisor
GCD of natural numbers. Our algorithm is based on the k-ary GCD algorithm and uses
the Farey Series to approximate the relation A/B of given naturals.

We remind that k-ary algorithm is a generalization of the binary GCD algorithm and
was invented in 1990 by J. Sorenson [1]. Let k = 2% be chosen, and A > B > 0 be naturals
that have no common divisors with k (i.e. A, B are odd). The k-ary algorithm consists of
iterations. At each iteration the algorithm searches for small integers x and y such that

Ax+By=0 mod k. (1)

Then set C = (Ax + By)/k is defined and the original pair (A; B) is replaced by a new pair
(B; C) or (C;B) depending on whether C < B holds or not. The procedure stops when
second argument B becomes equal to 0. Then the first argument A is the GCD that we
need or its multiple. To remove extra factors from GCD g that we found we need to apply
the standard Euclid algorithm g = Euclid GCD(A; Euclid_GCD(B;g)), where A, B are
original integers.

Our Algorithm
Let g be equal to A/B mod k, 0 < g < k. From (1) we have

y=—-Ax/B(modk) =—-gx(modk) — y=—-qgx+ ks for some s € Z.
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So we have a possibility to diminish C by changing parameters x and s. Let us define a
rational r = A/B, r > 1. Then

|Ax+ By|=Blrx+yl=Blrx—qx+ ks| = Bk|(r —q)x)/ k + s|,

Let ro=(r—q)/k mod 1, 0 < rg < 1. We search for an integer x < k such that function
d(x) = rox takes a minimal value.

Theorem 1. For any a € (0;1), there exists a fraction m/n with 0 < m,n < k such that
pla,m/n)=|la-—m/n|<1/(k-1).

Now we can give a sketch of instructions for the Algorithm:

1. Let k = 25 and odd integers A > B > 0 be given. Calculate r = A/Band g = A/ B (mod
k) and define ro = (r—qg)/kmod 1,0<ryg<1,s=(r—q)/ k—ry.

2. Find a fraction m/n close to a = rg as in Theorem 1.

3. Define x = nand y = —((g+ sk)x+ mk). Set C equal to (Ax+ By)/k. While C is even,
divide C by 2.

4. Define a new pair (B; C) and go to the next step.

Example. A =30825, B =583, k= 16.
1. r=A/B=52,87, g = %modk: %mod 16 =15, r9g=(r—¢q)/kmod k = 0,37, s =
(52,87-15)/16-0,37 = 2.
2. Find m/n = 4/11.Define x =11, y = —(15+2-16)-11 —4-16 = —581. Calculate C =
(Ax+By)/k=(30825-11—-583-581)/16 = 22. After reduction by 2, we obtain C = 11.

Conclusion

Our Algorithm has the same complexity estimate as the standard k-ary method,
namely O(n?/1nk), when k does not exceed a processor’s word. But at each iteration
its coefficient of reduction A/C exceeds k — 1 and significantly overcomes the analogous
coefficient of the standard k-ary equal to vk/2.
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SOME PROBLEMS FOR LINEAR MEASURE ON 3X3 MATRICES
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In the book [1] problems were formulated about description of the measure on quan-
tum logics (see Problem 110, page 371, and the Problem 88, page 547). In present paper
we formulate problems whose solution can solve Birkhoff’s problems in quantum logics
(of projections in Hilbert space with conjugation operator).

Let B3 be the unitary (=Hermitian) real space with usual scalar product (-,-) and let
S2 = {x € R3: ||x| = 1} be the unit sphere in R3. Denote by B the set of all self-adjoint
operators of the form c[(-, e)et + (-,el)e]. Here ceR, e, e- € S, (e,el) = 0.
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For any operator (-, e)e™ + (-, e1) e there exist vectors v, w+ € $2, (w,w+) = 0 such that
(,e)et +(,eNe=(, )y —(,wH)wr. Let us represent a number ¢ = 0 in the form ¢ = ab,
a=0, a’-b%=1.

Definition. Two operators a by [(:, el)ell + (-, ef)el], arbo (-, eg)ezL + (- ezl)eg] are said
to be orthogonal

if ajay (e, e2) = blbz(ell, egl) and a; by (e, ezl) = —blaz(ell,ez).

Note that: 1) Any maximal set of mutually orthogonal operators includes three elements.
2)Let arbi[(, en)ey +( e )erl, azba((, e2)ey + (-, e3)eal, asbsl(- es)ez +(- e3)e3] be mu-
tually orthogonal. Then

a1b1((, e1)er +( eP)er] + axbal(-, ex)es + (-, ey )ea]l + asbsl(, e3)ez + (-, e3)e3] = 0.

Define a function F: B — R with the properties:

(1) F(abl(-,e))et + (-,eN)el) = abF((,e)e + (-,eM)e) (then F((,y)y — -,y Dyt =
~F((,ywt - ¢, w)p) were abl(,w)y — (- y )yt € B);

) arb1FCy)y1— Gy DyD) + aba FG w2y — (yy)yy) =

= Flaib1[( eDe + (,e)er]) + azba[( e2)ey + (-, e3) el

for any mutually orthogonal operators aj by [(-, e1) ef- +(-, ef-) e1l, azba[(-, e2) eé- +(-, eé-) eo].

Problem 1. Can we extend the function F(-) to the linear functional on the set of all self-
adjoint operators in R3?
It is interesting to prove the weak variant of Problem 1.

Problem 2. Does the equality
F((,ep)er— (-, e2)e2) + F((-,e2)e2 — (,e3)e3) = F((,e1)e1 — (-, e3)e3)

hold for all mutually orthogonal vectors ey, es, e3 € §2?
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Liosef.mikes @upol.cz, Palacky University of Olomouc, Czech Republic
2s.e.stepanov@mail.ru, Finance University under the Government of Russian Federation

Let (M, g) be an n-dimensional (n = 2) complete Riemannian manifold. Recall here
that f € C>M is subharmonic (resp. superharmonic or harmonic) if

Af=0 (resp. Af<0 or Af=0)
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for the Laplace-Beltrami operator A f = div (grad f).
The following lemma is true.

Lemma. If (M, g) is a simply connected complete Riemannian manifold, then any super-
harmonic (or subharmonic) function f € C2M with lgrad f|| € L', g) is harmonic.

A diffeomorphism f: (M,g) — (M, g) onto another Riemannian manifold (M, g) is
called conformal if it preserves angles between any pair of curves. From the Lemma above
we conclude that the following theorem holds.

Theorem 1. Let (M, g) be an n-dimensional (n = 3) simply connected complete Rieman-
nian manifold, a{zd f:(M,g) — (M, g) be a conformal diffeomorphism onto another Rieman-
nian manifold (M, g) such that

g=e’%g and s<e®’s
for some function o € C>*M and the scalar curvatures s and § of (M, g) and (M, &), respec-
tively. If ||grad o] € LM, g), then f is a homothetic map.

A diffeomorphism f: (M, g) — (M, g) is called projective or geodesic mapping if f maps
any geodesic curve in (M, g) onto a geodesic curve in (M, g). In this case from the Lemma
above we conclude that the following theorem is true.

Theorem 2. Let (M, g) be a simply connected complete Riemannian manifold and f :
(M, g) — (M, g) be a projective diffeomorphism such that

tracegRic =s or tracegRic <s

for the scalar curvature s and the Ricci tensor Ric of (M, g) and (M, &), respectively. If the
detg
detg

gradient of the function log( ) has integrable norm on (M, g) then f is an affine map.

The work of the second author was supported by RBRF, grant 16-01-00053 (Russia).
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COMPUTABLE NUMBERINGS AND REDUCIBILITY
M. Mustafa'

Umanat. mustafa@nu.edu.kz, Nazarbayev University, Astana, Kazakhstan

Uniform computations of families of computably enumerable sets, also called com-
putable numberings, are a classical object of research in the theory of algorithms. The
theory of numberings is one of the fundamental topics in computability theory and math-
ematical logic. It is basically due to Godel’s idea to code countable families of objects by
numbers, so that objects of the family cann be effectively identified with numbers, or in-
dices, and studied from their indices. Given its relevance, the theory of numberings has
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seen the contributions of many distinguished scholars. While numberings are a power-
ful tool to use the set of natural numbers in order to study families of constructive ob-
jects (in recursive algebra, recursive model theory, etc.), they are an interesting object of
study in themselves: Here, an important device is that of reducibility between number-
ings, where a numbering is reducible to another numbering, if there is an effective way
to go from indices of an object in the first numbering to indices of the same object in the
second numbering. Thus the relative complexity of numberings of objects of a same fam-
ily can be measured by this notion of reducibility, and gives rise to the so called Rogers
upper semilattice of the family, whose elements are the degrees of numberings, where
two numberings have the same degree if they are reducible to each other.

Aim of this talk considers reductions between types of numberings; these reductions
preserve the algebraic properties of Roger’s Semilattices. It is shown how these reductions
can be used to answer some open problems. Furthermore, it is shown that for the basic
types of numberings, one can reduce the left-r.e. numberings to the r.e. numberings and
the k-r.e. numberings to the (k + 1)-r.e. numberings; all further reductions are obtained
by concatenating these reductions.

The part of the work is supported by Social Policy grant from Nazarbayev University.
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FINITELY GENERATED FLAT MODULES IN WISBAUER CATEGORY
M. F. Nasrutdinov!

Umarat.nasrutdinov@kpfu.ru, Kazan Federal University, Nikolai Lobachevsky Institute of
Mathematics and Mechanics

Let R be an associative ring. For an R-module M we denote by o[M] the category of
those R-modules which are submodules of M-generated modules or the Wisbauer cate-
gory.

o[M] is the full subcategory of the category of right R-modules consisting of all sub-
modules and homomorphic images direct sums of copies of the module M. Note that o[R]
coincides with the category of all modules.

It is well known [4] that the properties of module categories of ring allow to character-
ize the properties of the ring.
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A classic result of this kind is that every R-module is projective if and only if the ring
R is a direct sum of matrix rings over division ring.

In the book [2] Wisbauer has been shown that many of the homologous classifications
can be transferred to the category of o [M].

The report examines the properties of the module M, under which category of o [M] is
projective every finitely generated flat module.

Note that the ring in which any finitely generated flat module is projective first consid-
ered prof. Sakhaev (see. [3]) and have been studied by many authors (see [4]). In particu-
lar, it remains an open question as to whether the condition is done all right projectivity
of finitely generated flat modules if all left projective finitely generated flat modules.
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ON AUTOMORPHISM-INVARIANT RINGS AND MODULES
T.C. Quynh!

ltcquynh@dce.udn.vn, tcquynh@live.com, Department of Mathematics, Danang Univer-
sity, Vietnam

In this talk, we study rings having the property that every right ideal is automorphism-
invariant. Such rings are called right a-rings. It is shown that (1) a right a-ring is a direct
sum of a square-full semisimple artinian ring and a right square-free ring, (2) a ring R is
semisimple artinian if and only if the matrix ring M, (R) is a right a-ring for some n > 1,
(3) every right a-ring is stably-finite, (4) a right a-ring is von Neumann regular if and
only if it is semiprime, and (5) a prime right a-ring is simple artinian. We also describe
the structure of an indecomposable right artinian right non-singular right a-ring as a
triangular matrix ring of certain block matrices.

Definition. A module M is called automorphism-invariant if M is invariant under any
automorphism of its injective envelope.

Rings all of whose right ideals are automorphism-invariant are called right a-rings

Example. Consider the ring R consisting of all eventually constant sequences of el-
ements from Fo. Clearly, R is a commutative automorphism-invariant ring as the only
automorphism of its injective envelope is the identity automorphism. Hence R is an a-
ring by the above lemma. But R is not a g-ring because R is not self-injective.



58 CEKLIMOHHBIE AOKTALDI

Theorem. A right a-ring is a direct sum of a square-full semisimple artinian ring and a
right square-free ring.

Theorem. A ring R is semisimple artinian if and only if the matrix ring M, (R) for some
n>1is an a-ring.

Theorem. If R is a right a-ring, then R is stably-finite, that is, every matrix ring over R
is directly-finite.

Theorem. A right a-ringis von Neumann regular if and only if it is semiprime, and a prime
right a-ring is simple artinian.
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MODULES WHICH ARE COINVARIANT
UNDER IDEMPOTENTS OF THEIR COVERS

T.C. Quynh!, A.N. Abyzov, P.H. Tin

Ltcquynh@dce.udn.vn; tcquynh@live.com, Department of Mathematics, Danang Univer-
sity, Vietnam

In this paper we introduce and study the dual notion of & -idempotent-invariant mod-
ules. Namely, a right R-module M is called & -idempotent-coinvariant if there exists an
Z -cover p: X — M satisfying that for any idempotent g € End(X) there exists an endo-
morphism f: M — M such that fop = pog. Several characterizations of & -idempotent-
coinvariant modules are provided and used to describe some well-known classes of rings.

Definition. Let M be a R-module. We will say that M is & -idempotent-coinvariant if
there exists an & -cover p: X — M satisfying that for any idempotent g € End(X) there
exists an endomorphism f: M — M such that fop=pog.

Example. (i) If & = Mod — R, then each right R-module is trivially & -idempotent-
coinvariant.

(ii) Let R be a right perfect ring. If & is the class of all projective modules, then & -
idempotent-coinvariant modules are precisely the quasi-discrete modules.

Theorem. Let p: X — M be an epimorphic & -cover. Then M is % -idempotent-
coinvariant if and only if Ker (p) is invariant under every idempotent endomorphism of X.
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Theorem. Let f € Z[x] - decomposable monic polynomial of degree n > 1. Assume
p: X— Misan & - cover where & is closed under isomorphisms and finite direct sums. The
following conditions are equivalent:

(i) M is & -endomorphism-coinvariant.

(ii) Iffor each ¢ € End(X™) for which equality f (¢) = 0 is executed, thereis ay € End(M™)
such that yo p™ = p" o .

Definition. We call a module M % -discrete if,
(1) M is & -idempotent-coinvariant.

(i) If f € End(M) with f o p = po g for some automorphism g of X, then f is an automor-
phism of M.

Theorem. Assume that M is an & -discrete module. Then End (M) is a semiregular ring.
Moreover, J(End(M)) = V(M).
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ON CONTROL LANDSCAPES FOR QUANTUM SYSTEMS
A. Pechen!

Ipechen@mi.ras.ru, The National University of Science and Technology MISiS, Steklov
Mathematical Institute of Russian Academy of Sciences

The analysis of objective functionals which describe various quantum control problems
attracts high attention of researchers [1, 2, 3]. If a quantum system is isolated from the
environment, its evolution under the action of coherent control can be described by the
Schrodinger equation for an unitary evolution operator Uy:

AU
i— = (Ho+ f(OV)Ur,  Up—o =L
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Here f(t) € L1 ([0, T];R) is the control, e.g., a shaped laser pulse, Hy and V are free and in-
teraction Hamiltonians. For an n-level quantum system, Hy and V are (n x n)-Hermitian
matrices.

First important for applications class of objective functionals describes quantum aver-
age of an observable A (a Hermitian operator) of the system at some final time T > 0:

Zalfl= TI(UT,O()U;A).

Here py is the initial density matrix of the system.

Another class of objective functionals describes the problem of gate or process gener-
ation for an n-level quantum system. Let W € SU(n) be a special unitary matrix. The
goal of control is to find such f that U7 is as close as possible (up to unphysical phase) to
the target unitary matrix W. This goal can be described as maximization of the objective
functional

1
Fwlfl= ﬁTr(W*UT)F.

Much interest is directed towards analysis of traps, that is, local but not global extrema
of the objective functionals [1]. We will discuss the following two results on this topic.

First result is the existence of second-order traps for some systems with n = 3 described
by the following

Theorem 1 ([2]). Let [Hyp, V] # 0 and V;j = 0 for some i # j in the eigenbasis |i) of Ho.
Then there exist pg and A such that the control f(t) =0 is a second-order trap of _# 4.

Second result is the absence of traps for n = 2. Define

3 T foi= Tr(HpV)
T\ Ho- (U/2)TrHo + fovIT 0T T (v

To:

Theorem 2 ([4]). Let n =2 and [Hy, V] # 0. If T = Ty, then all maxima and minima of
the objective functionals ¢4 and gy are global. If f # fo, then f is not a trap for any T > 0.
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A FEW STATEMENTS CONCERNING THE OPERATION
OF A CARTESIAN-QUOTIENT EXTENSION OF A THEORY

M. G. Peretyatkin!

Imperetyatkin@gmail.com, Institute of Mathematics and Mathematical Modeling, Al-
maty, Kazakhstan

We consider theories in first-order predicate logic with equality and use general con-
cepts of model theory and algorithm theory. Special concepts used in this paper are de-
fined in [1]. Generally, incomplete theories of either enumerable of finite signatures are
considered.

Given a signature o and a finite sequence of formulas of this signature:

K=(p] " e1, 95 2 1€2,..., 5 I€s), (1)

where ¢} is a formula with my, free variables, €. (7, Zi) is a formula with 2m. free vari-
ables such that leny; = lenz; = my.. In the case when €1 (j, Z;) coincides with j;. = Zj
for all k < s, we use the following simpler notation

K=(p]" 052,05, (2)

instead of the common entry (1). We consider the most interesting case when the se-
quence (1) satisfies the following technical condition:

(Vk < 9)[ (X)) and ex(jk, Zt) are AN Y-presentable in T |. 3)

Inthe work [1], there is a definition to the concept of a Cartesian-quotient extension T (k)
of a theory T with the sequence x of the form (1); moreover, there is an interpretation
ITy : T — T<{x) which is said to be a special Cartesian-quotient interpretation of T in T(x).
In the case when « has the form (2), T'(x) is said to be a Cartesian extension of T.

We formulate the main statement of the paper.

Theorem 1. Given a theory T of signature o and a finite tuple of formulas x of the form (1)
satisfying (3). Interpretation I, : T — T{(x) preserves locally the model-theoretic property
of V3-axiomatizability.

Statement of Theorem 1 strengthens a result of [1], cf. property pig in the list (2.3) in
[1], establishing a similar estimate with a longer prefix X3; i.e., with the quantifier prefix
of the form 3Vv3.

One more statement concerning V3-axiomatizability.

Theorem 2. There are decidable theories T and S of pure predicate signatures without
finite models such that T and S are mutually 3 N V-definable interpretable in each other;
moreover, T is V3-axiomatizable, while S is not.

A couple of examples of theories having interesting properties:

Theorem 3. There are two theories T and S together with a tuple x of the form (2) satis-
fying (3) such that both T and S are applicable to x; moreover, T =4 S but T{(x) %4 S{x).

Theorem 4. There are two theories T and S together with a tuple x of the form (2) sat-
isfying (3) such that both T and S are applicable to x, and we have T{x) =, S{(x); however,
T #a4S.
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The two latter results show that the operation of a Cartesian extension of a theory
as well as that of a Cartesian-quotient extension of a theory is defined in a non-regular
manner relative to the classes of theories modulo algebraic isomorphisms =,,.
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ON KOSTANT’S THEOREM FOR THE LIE SUPERALGEBRA Q(N)

E. Poletaeva!

Lelena.poletaeva@utrgv.edu, School of Mathematical and Statistical Sciences, University
of Texas Rio Grande Valley, Edinburg, TX, USA

A finite W-algebra is a certain associative algebra attached to a pair (g, e), where gis a
complex semisimple Lie algebra and e € g is a nilpotent element. It is a generalization of
the universal enveloping algebra U(g). It is a result of B. Kostant that for a regular nilpo-
tent element e, the finite W-algebra coincides with the center of the universal enveloping
algebra U(g) [4].

In the full generality, the finite W-algebras were introduced by A. Premet [6]. His def-
inition makes sense for classical Lie superalgebras classified by V. G. Kac in [3]. However,
Kostant’s theorem does not hold for Lie superalgebras.

Finite W-algebras for the general linear Lie algebras gl(n) were described in terms of
Yangians (a class of Hopf algebras) by ]J. Brundan and A. Kleshchev [1]. Then ]. Brown,
J. Brundan and S. Goodwin generalized this approach to the general linear Lie superal-
gebras gl(m|n) in the case of a regular nilpotent element [2]. The super-Yangian of the
queer Lie superalgebra Q(n) was defined by M. Nazarov [5].

We study finite W-algebras for basic Lie superalgebras and Q(n) associated to regular
even nilpotent elements. In the case of Q(n) we give an explicit description of the finite
W -algebra in terms of generators and relations and realize it as a quotient of the super-
Yangian of Q(1). Our main result is the following

Theorem ([7]). There exists a surjective homomorphism of the super-Yangian of Q(1) onto
the finite W-algebra for Q(n).

This is a joint work with V. Serganova.
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REPRESENTATION OF AN AFFINE CONNECTION
BY THE 2ND ORDER VECTOR-VALUED FORMS

K. V. Polyakova'

1 KaPolyakova@kantiana.ru, Immanuel Kant Baltic Federal University, Kaliningrad

We continue the study of frame bundles and tangent bundles of the 1st and 2nd orders
over linear frame bundle on a manifold X;;, by means of covariant method [1] and based
on structure equations and derivation formulae. Exterior differential and ’ordinary’ dif-
ferential of forms are considered.

An affine connection is given by 2nd order vectors called horizontal. It is shown that
if we proceed from the 1st and 2nd orders tangent vectors to a manifold X}, then condi-
tion of invariancy of horizontal subspaces for the 1st order affine connection concerning
action of group is unnecessary. Vertical vertical-valued and horizontal horizontal-valued
forms of the 2nd order are constructed for the 1st order affine connection.

It is proved that a symmetric affine connection in the bundle of tangent linear frames
LX;, defines a vertical linear operator (a vertical vertical-valued form of the 2nd order
for the 1st order affine connection) from the 2nd order tangent space into the 1st order
tangent space to a manifold X;;;,. This operator: 1) takes the 2nd order vector (osculat-
ing vector or diffusors) to its vertical component [2]; 2) is a projector; 3) annihilates all
the 2nd order horizontal vectors; 4) is the identity when restricted to a vertical subspace
V T2 X, = T X of the 2nd order tangent space.

It is shown that an affine connection in tangent linear frame bundle defines a linear
operator (the 2nd order vertical vertical-valued form for the 1st order affine connection)
from the 1st order cotangent space (space of forms of degree 1) into cotangent space of
the 2nd order (space of the 2nd order forms or codiffusors) [2].

It is proved that affine connection in tangent linear frame bundle defines a horizontal
linear operator (the 2nd order horizontal horizontal-valued form for the 1st order affine
connection) in the 2nd order tangent bundle. This operator: 1) takes the 2nd order vector
(osculating) to its horizontal component; 2) is a projector; 3) annihilates all vertical vec-
tors; 4) is the identity when restricted to a horizontal subspace of the 2nd order tangent
space.
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It is shown that the second ordinary differential of a point of a manifold with the 1st
order affine connection can be presented as the sum of the vertical and horizontal pro-
jectors.
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SECTIONS OF HARMONIC MAPPINGS

S. Ponnusamy!

lsamy@iitm.ac.in, Indian Statistical Institute

The lecture is based on the class # of sense-preserving harmonic functions f = h+g
defined in the unit disk |z| < 1 and normalized so that 2(0) =0 = h'(0)—1 and g(0) =0 =
g'(0), where h and g are analytic in the unit disk. In the first part of the lecture, we review
a number of known results concerning convolution of harmonic mappings and recent
advances in discussing harmonic analog on Polya—Schoenberg conjecture on convolution.
As application, we study the harmonic sections (partial sums)

sn,n(f)(2) = sn(h)(2) + sn(8)(2),

where f = h+g € A, sp(h) and s,(g) denote the n-th partial sums of & and g,
respectively. We prove, among others, that if f = h+ g € A7 is a univalent harmonic
convex mapping, then sy ,(f) is univalent and close-to-convex in the disk |z| < 1/4 for
n =2, and sp ,(f) is also convex in the disk |z|] < 1/4 for n = 2 and n # 3. Moreover, we
show that the section s3 3(f) of f € %”2[ is not convex in the disk |z| < 1/4 but is shown to
be convex in a smaller disk. Some open problems will be discussed.

ASYMPTOTIC CONFORMAL WELDING
VIA LOEWNER-KUFAREV EVOLUTION

D. Prokhorov!

Iprokhorovdv@info.sgu.ru, Saratov State University

For the unit disk D = {z: |z| < 1} and the complement D* = {z: |z| > 1} to the closure
of D,let f:D— Qand F:D* — Q* be conformal maps where a domain ( is bounded by
a closed Jordan curve I', and Q* is the unbounded complementary component of I'. The
composition F~!o f determines a homeomorphism of the unit circle T = 0D = D* which
is called a conformal welding. Suppose that 0 € Q, f(0) =0, f/(0) > 0, and F(co) = oo,
F'(00) > 0.
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An asymptotic conformal welding for domains close to D was proposed by the author
[1]. It is based on asymptotic formulas for conformal mappings due to Siryk [3] and those
in [1].

Theorem A. For the polar coordinates (r,y), let T = 0Q = 0Q* have the polar equation
r=ry)=1-06(y), 0 <y <2m, where §(y) is twice differentiable and

6l <e, 16'w)l<e, 16" W)l <e.
Set
— X
2
Then, for f:D — Q, f(0) =0, f'(0) >0, and F : D* — Q¥, F(co) = oo, F'(c0) > 0, the

conformal welding o = o (s) for the domain Q bounded by T = {f(e'$) : 0 < s < 27} = {F(e'?) :
0 < o < 27} satisfies the asymptotic relation

1 27 w
h(x) = —f (O0(w) —6(x)) cot dy, x€[0,2n].
27 Jo

s+h(s)=0—h(o)+0(?), se[0,2n], €— +0.

From the other side, the Lowner-Kufarev evolution with smooth boundary conditions
also can produce asymptotics for mappings onto domains close to Q and Q¥, e.g., for
Q =D, see [2] for comparison.

Theorem 1. Let the driving function p(z, t) holomorphic in z € D, Re p(z,t) > 0, be C?
inD for 0 < t < T, p(z,-) be continuous in [0, T) for z€ DB, p(z,1), p'(z,t) and p"(z, ) be
bounded in D x [0, T). Then solutions f(z, t) to the Loewner-Kufarev differential equation

0f(z,1) _Zaf(Z, t)
or 0z

for z € D and for almost all t € [0, T), where Q(0) = D, Q(¢) = f(D, t), generate the curves
0Q(t) = I'(¢) which determine the conformal welding ¢ : T — T, ¢ = @({), satisfying the
following relation

p(z, 1)

o=¢+2ImpE'?,0)t+o0(r), r— +0.

Research has been supported by the RF Ministry of Education and Science (project
1.1520.2014Kk).
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NILPOTENT STEINER LOOPS OF CLASS TWO
M.N. Rasskazova!

Umaromsk@yandex.ru, Omsk Polytechnik University

By definition a Steiner loop P is a loop such that every two different elements of P* =
P\ {1} generate the group C» x Co, where C» is the group of order two. If P is a Steiner
loop then the set P* is a 3—geometry (Steiner system of the type S(2,3,n), n=|P*|) such
that a line Iy, that contains two different elements x,y € P*is {x,y,xy}. If (x,y,2) =
(xy.z)(x.yz) then a Steiner loop is nilpotent of class two if it satisfies the identity
((x,y,2),a,b) =1.

We (in collaboration with A.Grishkov, D.Rasskazova and I.Stulh) described the struc-
ture of nilpotent of class two Steiner loop and calculate the order of free nilpotent of class
two Steiner loop F;, with n generators: F,, = 2", where m = %(22”_1 +1)-3-2"" 14 pn+1.

BIANCHI IDENTITIES IN PRINCIPAL BUNDLE
N. A. Ryazanov!

Uryazanov-92@mail.ru, Immanuel Kant Baltic Federal University, Kaliningrad

Structure equations of the bundle G,(My), whose base is an n-dimensional smooth
manifold M,and typical fiber is a Lie group G, have the form: dw' = w/ A w;., dw?® =

C% wP A WY + 0! Aol i, j,..=1,m a,p,...= n+1,n+r. The derivation formula can be

By

written as [1]: dA = wiei +w%ey, where A € G-(My,). The set of the first order vectors
e = {ej, eq} forms a frame for the tangent space Tj,+, = span(e;,eq) at A to the bundle
Gr(Mp). The vectors ey are tangent to the fiber, they are called vertical, vectors e; are
called non-vertical. The coframe w = {w’,w?} is dual to the frame e.

We define the horizontal vectors é; = e;—T'{ eq and vertical connection form @% = 0%+

F;?‘wi (sf. [1]), and AT} —w? = F?ja)f . It is shown that the vertical connection form @%

are annulled by the horizontal vectors €;, and acting on the non-vertical vectors e;, they
give the components of the connection object F?. Exterior differential of the connection
forms is

1 . ;
~A _ o~ =0 =Y~ pa i j
dw Cﬁyw A@ 2R”w Aw’. (D

The structure equation (1) for the forms of the fundamental- group connection can be
written as follow do® ngwﬁ AT — Q% where Q% = %R“ o' Awl are the curvature

forms, R“ = Zl“g]] ZCE‘}/F ? 'Y are the components of the curvature tensor R = {R?j}.

It is shown that the horlzontal curvature forms Q% acting on a pair of horizon-
tal or non-vertical vectors provide the curvature tensor R = {Rf‘j}, ie. Q%e;,é i) =
Rf‘j, Q%ej,ej) = R;"j, and Q% vanish if at least one vector is vertical, i.e. Q%(eg,ey) =0
Q“(eﬂ, ej) =0, Q“(eﬁ, e;)=0.

Prolonging the structure equations (1) and taking into account the tensor charac-

ter of R, we obtain (R“ + 2C'gr R’B I“Y)w Awl A wF =0, where Rf‘j . are Pfaffian (non-
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holonomic) derivatives of the curvature tensor R?j. Using the linear independence of the

basis forms we have 5
a a Y _
Rijjig +2Cpy Ryt =0
Lemma. Alternation in three indices of an object, which is skew-symmetric in two of them,
coincides with the cycling in these three indices.

Theorem. In an arbitrary principal bundle the Pfaffian analog for the Bianchi second

identities for the components of the curvature tensor is Rg"l.]. K +2cgyR£.jl“Z} = 0; the covariant

analog of the Bianchi second identities is V{kR%} + Rf{j Tléi} =0, where Tléi is torsion of affine
connection additionally set on manifold M.
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ABOUT NON-HOLONOMICITY OF QUOTIENT MANIFOLD OF HOLONOMIC
DISTRIBUTION ON SEMI-HOLONOMIC SMOOTH MANIFOLD

Ju.I. Shevchenko, E. V. Skrydlova!

Leskrydlova@kantiana.ru, Immanuel Kant Baltic Federal University, Kaliningrad

Akivis derivation formulas [1] for an n-dimensional smooth manifold M, can be writ-
ten in the form dx = w'e;, dej = w{E] +w’er;, ... (I,...=1,n), where dx is vector char-
acterizing the displacement of the point x € M;, up to the 1st order; wl, w}, ... are linear

differential forms that satisfy the Laptev structure equations [2]:

de:w]/\w} dwfzwf/\w}(+wKAw§K, ) (D
I i L I _ 1 _
Wk = Agkr®™ Agxr =0 Ak =0 2)

where the square brackets denote alternation, round brackets denote symmetry, and
braces denote cycling. The manifold M, with the structure equations (1), in which the
three-index forms wﬁK satisfy the conditions (2) is called smooth semi-holonomic man-
ifold M;g. If the condition of the local symmetry (21) degenerates into a condition of
symmetry w[I 1k =0 then M, is called [3] holonomic smooth manifold M,I,;I . On the
other hand, if the condition (21) does not hold, then we will say about internally non-
holonomic smooth manifolds M ,]1\’ . Finally, if instead of the equations (12) we have more
general structure equations, then we say about externally non-holonomic smooth mani-
fold N My,

Equations for distribution T, (M}) of m-dimensional tangent subspaces T;; on semi-

holonomic manifold M,, are w;." = A;."]w] (i,...=1,m,a,..= m+1,n). Denote le"j = Aﬁj]
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is tensor of non-holonomicity of the distribution. Consider a holonomic distribution
Tm,n, when le". = 0 and My = M, (Fp—m), where Fy_;, is quotient manifold of m-

dimensional submanifolds M;, € M;, enveloping subspaces Tj;,. For the smooth manifold
Fy—m we have 5 .
a _ a a_,a_aa 0.
do” =w /\Qﬁ, Qﬁ =wg Aiﬁ‘” ;
a_ oY a Y a a
aQ Qﬁ/\QY +w /\Qﬁy+Nm6
where Nl?”j p= /1;?‘]. gt Zlg[ij] is the external non-holonomicity object for the manifold
Frn—m, as well as

o' AN/,

a i a _ qa a
Qg i9 Ngyi =gy + 216y

is the internal non-holonomicity object for the manifold F;,— ;. These objects satisfy the
following differential comparisons:

_ 0 «
= /1,67/6(” +N/3y

AN, . + =0 (mod w)).

a ~ a a
ijp w[ij]ﬁ—O’ AN, .+ w

Byi (Byli

Theorem. The quotient manifold of holonomic distribution T,%,n on semi-holonomic
smooth manifold Mg is externally and internally non-holonomic smooth manifold NF,{lV_m.
The quotient manifold holonomic distribution T,,Ig,n on holonomic manifold M1 is holonomic

smooth manifold FL ..
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METHODS OF DEMOLITION OF THE BOUNDARY CONDITIONS
BY MEANS OF PERTURBATION

0. A. Shirokova!

Loshirokova@mail.ru, Kazanckuii (IIpuBomKCKMii) dhemepanbHblii YHUBEPCUTET

This paper is devoted to an application of methods of the perturbation theory [1].

The flat filtration flow of fluid through the weakly inhomogeneous flow domain Q
which has an arbitrary shape and a free boundary, when there is the stationary mode,
is investigated. The boundary value problem for the function of head h(x, y) in Q flow
with a free surface has the form [2]:

U=-K(x,y)-Vh, divU=0, (x,))€Q,
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0h/on=0, (x,y)ely;
h=h;, (x,y) e}y, i=1,2;
p=pgh(x,y)-y)=0, (x,y)elp;
p=0, 0h/on=0, (x,y)eF',

where p — pressure, K(x, y) — filtration coefficient, 1“3, — depression curve, I';, — imper-
meable base, I', — seepage area, I';, (i = 1,2) — input and output boundary of the flow
Q with heads h;.

Since the ground is weakly inhomogeneous, we assume that the filtration flow in Q is
the result of a perturbation of “reference” flow in the homogeneous ground in the initial
filtration area Qq. Thus, we have K(x, y) = Ko+£x(x,y), €< 1,where¢ey(x,y)—asmall
perturbation of the filtration coefficient, Ko = const.

The variation of the filtration coefficient €y (x, y) leads to a shift, by 6y of the curve
of depression I'y, of the reference flow and to perturbations e¢(x, y), ev(x,y) , 6Q of the
head hy, the speed U, and the expense Q in the initial area of filtration Q.

The relationship between the function of pressure variations ¢(x, y) and the displace-
ment of N(x) of I'y is reached through the condition of impermeability on I'y, which has
the form:

(Vh-n)=(Vhg+eVe)-(n-6n)=0.

Then we will find an expression for the 7. For this we consider in detail the deforma-

tion of the line I'y, which is shifted by the vector § y = € N(x) j.

As the result, we have: 6n = —¢- N’ cos?a-17.

Thus, for the steady flow we get the boundary value problem for the function ¢(x, y)
in the “reference” field Q:
Op Ion=0, (x,y)ely,
(,0 :0y (x;J/)erl;FZJFp,

do 0 ¢
an ——smoc-cosa-as[l_aholay]+
2 2
@ 0“hy . 0“ hy
. . - . , (x, ry. (1
+1—0h0/6y xdy sina 6y2 cosal,(x,y)el'y. (1)

Moreover, for the connection between ¢(x, y) and N(x), the ratio is obtained:

N(x) = ¢(x,y)/ (1 —0hg/dy).
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ON KT-FIELDS AND SHARPLY 3-TRANSITIVE GROUPS
A.1. Sozutov!, O. V. Kravtsova?

Isozutov_ai@mail.ru, Siberian Federal University
20171@bk.ru, School of Mathematics and Computer Science

Sharply 2- and 3-transitive groups are closely related with nearfields, neardomains and
KT-fields [1,2].H. Zassenhaus gave the complete classification of finite 2- and 3-transitive
groups and nearfields [1, p. 419-421], [2, p. 215]. Locally finite sharply 3-transitive groups
were classified by O. Kegel. The locally finiteness of binary finite sharply 2-transitive
groups and nearfields with binary finite multiplicative group was stated in [3]. Locally
finiteness of sharply 3-transitive permutation groups with periodic two points stabilizator
was proved in [4]. The articles [5,6] demonstrate the examples of sharply 2-transitive
groups without regular Abelian normal subgroups, an article [7], using the groups from
[5,6], presents the examples of sharply 3-transitive groups. In particular, there exist KT-
fields (F,0), where the neardomains (F,+,-) are not the nearfields. These results gives
another reason to study the K T-fields and the groups T3(F, €) with additional restrictions
(see necessary definitions in [2, ch. V]).

We study infinite K T-fields (F,€) and groups T3(F, ) with some additional conditions
for involution € and for the group N = F* X (€). An involution x from infinite group K is
said to be finite in K, if any commutator [x, g] (g € K) has an finite order. An involution x
from a group K is said to be perfect in K, if any two non-commuting involutions from xX
are conjugated by the involution from xX [1]. The next results were obtained.

Theorem 1. If an involution ¢ is finite in N = F* X (€), then (F, +,-) is locally finite field.

Theorem 1 implies

Corollary. Sharply 3-transitive permutation group with finite involution, that stabilizes at
least one point, is locally finite.

Theorem 2. If an involution ¢ is perfect in N = F* X {(¢), then (F, +,-) is (commutative)
field.

Theorem 2 implies the corresponding corollary on the structure of a group T3(F, €) with
perfect involution.

Supported by RFBR, project No. 15-01-04897a.
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NEW APPLICATIONS OF THE GLOBAL DIVERGENCE THEOREMS
S.E. Stepanov', ]. Mikes?

ls.e.stepanov@mail.ru, Finance University under the Government of Russian Federation
2josef-mikes@upol.cz, Palacky University of Olomouc, Czech Republic

S. Bochner devised an analytic technique to obtain vanishing theorems for some geo-
metric objects on a closed (i.e. compact without boundary) Riemannian manifold, under
some curvature assumption (see [1]). Currently, there are two different points of view
about classical Bochner technique; the first one uses the divergence theorem, and the sec-
ond uses the classical maximum principle. In our paper [2] we presented applications of
the classical Bochner technique and, in particular, the divergence theorem to cosmolog-
ical models.

In our report we will use the generalized Bochner technique which used for the case
of noncompact Riemannian manifolds (see [3]). Our proofs will be based on general-
ized divergence theorems and a generalized maximal principle for complete, noncompact
Riemannian manifolds. In particular, in our report will be prove Liouville-type theorems
for some types of complete, noncompact Riemannian almost product manifolds, projec-
tive and Riemannian submersions of complete, noncompact Riemannian manifolds which
generalize similar well known results for closed manifolds.

In particular we will prove a proposition which generalizes the theorem on two orthog-
onal complete totally umbilical distributions on compact Riemannian manifold with non
positive mixed scalar curvature, and its a corollary.

Theorem. Let (M, g) be a complete, noncompact and simply connected Riemannian man-
ifold with two orthogonal complementary totally umbilical distributions V and H such that
their mean curvature vectors &y and & i satisfy the condition ||Ey + &gl in LY(M, g). If the
mixed scalar curvature syin of (M, g) is nonpositive then V and H are integrable and (M, g)
is isometric to a direct product (M7 x M>, g1 ® g2) of Riemannian manifolds (M, g1) and
(M>, g2) such that integral manifolds of V and H correspond to the canonical foliations of the
product My x M.

Corollary. Let (M, g) be an n-dimensional complete, noncompact and simply connected
Riemannian manifold and f: (M, g) — (M, &) be a projective submersion onto another m-
dimensional (m < n) Riemannian manifold (M, ). If the mixed scalar curvature sy, is non-
positive and the mean curvature vector & gy of the horizontal distribution (Ker f*)l satisfies
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the condition || & gl € LY (M, g), then (Ker fx)* is integrable and (M, g) is isometric to a direct
product (M7 xM>, g19g2) of some Riemannian manifolds (M, g1) and (M2, g2) such that
the integral manifolds of Ker fi and (Ker f*)L correspond to the canonical foliations of the
product My x M.

References

[1] WuH. H., The Bochner technique in differential geometry. — Harwood: Harwood Acad.
Publ., 1987.

[2] StepanovS.E., Mikes]., The generalized Landau-Raychaudhuri equation and its appli-
cations. — Int. J. Geom. Methods in Modern Phys., 12:8 (2015) 1560026 [9 pages].

[3] PigolaS., Rigoli M., Setti A. G., Vanishing and finiteness results in geometric analysis.
A Generalization of the Bochner Technique. — Berlin: Birkhauser Verlag AG, 2008.

THE KILLING TENSORS ON A MANIFOLD
WITH AN EQUIAFFINE STRUCTURE

I.1. Tsyganok!, T. V. Dmitrieva®

1j.i.tsyganok@mail.ru, Finance University under the Government of Russian Federation
2ztv77@mail.ru, Russian State Social University

The “structural point of view” of affine differential geometry was introduced by K. No-
mizu in 1982 in the lecture at Miinster University with the title “What is Affine Differential
Geometry?” (see [1]). K. Nomizu suggested the term affine differential geometry for ge-
ometry of a manifold M endowed with an equiaffine structure is called affine differential
geometry.

In recent years, there has been a new wave of papers devoted to affine differential ge-
ometry. Today the number of publications (including monographs) on affine differential
geometry reached a considerable level. The main part of these publications is devoted to
geometry of hypersurfaces (see [2] and [3] for the history and references).

In our report, we solve the problem of finding integrals of equations determining
the Killing tensors (see [4] for the definitions, properties and applications) on an n-
dimensional differentiable manifold M endowed with an equiaffine structure.

The first of two present theorems proved in our report is an affine analogue of the
statement published in the paper [6], which appeared in the process of solving problems
in General relativity.

Remark The work of the first author was supported by RBRF grant 16-01-00053 (Russia).
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NONDENSITY OF BUBBLE PAIRS
M. M. Yamaleev!

Umars.yamaleev@kpfu.ru, N.I. Lobachevsky Institute of Mathematics and Mechanics of
Kazan Federal University

Given a 2-computably enumerable (2-c.e.) set D with an effective approximation
{Dg}sew such that |Dg— Ds_1] < 1, we say that L(D) = {s: 3 x € Dg— D} is the Lach-
lan set of D. It is easy to show that the Turing degree of L(D) doesn’t depend on the
approximation (e.g., by Ishmukhametov [1]), hence we say that deg(L(D)) is the Lach-
lan degree of D. In [1] Ishmukhametov proved that there exists a 2-c.e. set D such that
deg(L(D)) =7 deg(L(B)) for all 2-c.e. sets B =1 D, hence the degree of D has a unique
Lachlan’s degree. He called such degrees deg(D) as exact 2-c.e. degrees.

Exact 2-c.e. degrees are superset of the tops of bubble pairs. We say that noncom-
putable 2-c.e. degrees e < d form a bubble pair if all 2-c.e. degree below d is comparable
with e. Bubble pairs was introduced by Arslanov, Kalimullin and Lempp [2], in the same
work they used a generalization of bubble pairs to disprove Downey’s conjecture showing
that partial orders of 2-c.e. and 3-c.e. Turing degrees are not elementarily equivalent.
Moreover, they investigated an important property of bubble pairs, namely, they showed
that the degree e must be c.e., and even more, L(D) € e for all 2-c.e. sets D € d (hence,
the tops of bubble pairs are exact 2-c.e. degrees). So, the distribution of bubble pairs
(and exact degrees as well) in 2-c.e. degrees presents a great interest from a point of view
of distribution of definable singletons in 2-c.e. degrees. In a joint work with Andrews,
Kuyper, Lempp and Soskova we obtained the following result.

Theorem. There exists a noncomputable c.e. degree a such that there is no a pair of
noncomputable 2-c.e. degrees e < d < a which form a bubble pair.

This result contrast with the resent result of Liu, Wu and Yamaleev [3] where they
showed that exact 2-c.e. degrees are downwards dense. As a corollary, we conclude that
in 2-c.e. degrees the class of tops of bubble pairs is a proper subset of the class of exact
degrees.

The work is supported by Russian Foundation for Basic Research (projects 15-41-02507,
15-01-08252), by Russian Government Program of Competitive Growth of Kazan Federal
University, and by the subsidy allocated to Kazan Federal University for the project part
of the state assignment in the sphere of scientific activities (project 1.2045.2014).
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WEIL FOLIATIONS OF ANY SIGNATURE
N.I. Zhukova'

Inzhukova@hse.ru, National Research University, Higher School of Economics

Let Q" (N) be the space of external forms of degree m = 0, where Q°(N) is the algebra
of smooth functions on a manifold N.

By a Weil geometry of the signature (v, g—v) on a g-dimensional manifold N we call the
pair ([g], V), where [g] is the class of conformally equivalent pseudo-Riemannian metrics
of the signature (v,g—v) and V is a torsion free linear connection on the manifold N such
that:

(i) there is a map f : [g] — Q' (V) satisfying the equality f (e)'“g) = f(g) —dA for all
1eQO(Ny;

(i)) VR + f(h) ® h =0 for every h € [g].

Foliations of a codimension g admitting a Weil geometry of the signature (v, g —v) as
the transverse structure are called Weil foliations of the transverse signature (v, g —v).

We investigate the influence of the transverse Weil geometry of a foliation (M, F) on
topology and geometry of this foliation. We consider Weil foliations on n-dimensional
manifolds.

At first we give the following characterization of Weil foliations.

Theorem 1. A smooth foliation (M, F) of the codimension q is a Weil one of the transverse
signature (v, q —v) modelled on the Weil geometry (N, [g],V) if and only if (M, F) is a Cartan
foliation of the type (G,CO(v, q —v)), where G = CO(v, g —v) x RY is the semidirect product
of the conformal group R* - O(v, g — v) and the Abelian normal subgroup RY.

Using Theorem 1 we get a criterion for a Weil foliation (M, F) to be a pseudo-
Riemannian one.

Consideration of Weil foliations as Cartan foliations allowed us to apply in our investi-
gation the results from [1]. In particular, the holonomy group I'(L, x) of a leaf L = L(x) of
a foliation (M, F) defines the class of conjugated subgroups of the group H = CO(v, g—v)
which is denoted by H(L).

Definition. We say that the holonomy group I'(L, x) of a leaf L of a Weil foliation (M, F)
is a-essential, if the set H(L) contains an element of the form A- A€ CO(v,q—v) where A is a
real number, A # 1, and the matrix A belongs to a compact subgroup of the pseudo-orthogonal
group O(v,q —v).
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Theorem 2. If Weil foliation (M, F) of a signature (v, q — V) has a leaf L with a-essential
holonomy group, then the closure ./ := L of the leaf L is an attractor, and ./ is a minimal
set. The restriction of this foliation on the attraction basin <f ttr () is a transversely similar
pseudo-Euclidean foliation of the same transverse signature.

If, moreover, the Weil foliation (M, F) is complete, then ./ is both a global attractor and a
minimal set, with (M, F) is covered by a locally trivial bundle over the pseudo-Euclidean space
of the signature (v,q — V).

Several examples are constructed.

The work was funded by RFBR (the project N2 16-01-00132) and the Basic Research
Program at the National Research University Higher School of Economics (the project N2
98).
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OIIMCAHME COIIPSDKEHHBIX IJI1 ITIPOCTPAHCTB I'OJIOMOP®HbIX
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A.B. A6anusn', T. M. AHznpeeBa®

Labanin@math.sfedu.ru, 1Oxxab1it dbemepanbHblii yHUBEPCUTET, MTHCTUTYT MaTeMaTUKM,
MeXaHUKM ¥ KOMITbIOTEPHBIX HAayK

2metzi@yandex.ru, YO>xablii GpenepaabHblil YHUBEPCUTET, MHCTUTYT MaTeMaTUKM, MeXa-
HUKM U KOMITBIOTEPHBIX HayK

ITycts G — obnacts B C, H(G) — mpoCTpaHCTBO BcexX QYyHKIIMIA, roioMmopdHbIX B G.
C Kaxkmoi1 HeripepbIBHOV (PpyHKIIMeEN v : G — R (BecoM) cBsbkeM 6aHaXOBO IPOCTPAHCTBO

|f(Z)| oo}

v(2)

H,(G) := {fe H(G): |Ifly :=sup
zeG €

ITo yobIBatoIIeii (Bo3pacTaloleii) mocaeqoBaTeIbHOCTM BecoB V = (v;;) 06pa3yem Ipoek-
TUBHbI (MHAYKTUBHBI) npenen HV (G) := proj Hy, (G) (coots., ¥ H(G) := ind Hy, (G)).
B cBsI31 € psioM 3aa4 MpeicTaB/sieT MHTepecC 1CCiefoBaHye Bolpoca 06 onmMcaHmm Co-
npsokeHHbIX ¢ HV (G) u ¥V H(G), yooOHOM [IJISI MCIIOb30BaHMsI B IIPUJIOKEeHMSIX. B moKkia-
Ie OymyT IpeacTaB/IeHbl HOBbIe, Oojiee 00IIye TT0 CPABHEHMIO C ITPEABIAYIIVIMM, PE3YTh-
TaThl B YKa3aHHOM HaIlpaBJIEHUM JJIsI CIydasi, KOrja He TpeOyeTcst BhITYKIOCTh G U UC-
1ob3yeTcs peobpazoBanne Komm pyHkimonanos. Panee copmynmpoBaHHast 3amaua
M3y4asach 111 KOHKPeTHBIX BECOBBIX I10C/Ie0BaTe/IbHOCTel IPOeKTUBHOTO [1] M MHAYK-
TUBHOTO [2,3] TUIIOB IIPOCTPAHCTB.

OCHOBHOe OrpaHnyeHye Ha IPOEeKTUBHYIO BECOBYIO ITOC/I€I0BATE/IbHOCTD, UCIIOIb3Yye-
Moe B paboTe, COCTOUT B IIPEATIONIOKEHY, UTO MMEeTCs TaKas IOoIoKUTeIbHas QyHKIMS
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p(z) < dist (z,0G), uto gns noboro n € N cyiuiectsyeT Cy, > 0, TpM KOTOPOM

1
sup vp+1Q)+In—=<Cp+ inf vu(),VzeG.
|{—zl<d(2) p(2) (-zl<d(2)

JLJ1s1 UHOYKTUBHO MTOCIeA0BaTe/IbHOCTY HY>KHO JIMIIb IOMEHSITD Uy, 41 U Uy, MecTamu. OT
G TpebyeTcs, UTOObI OHa OblTa 06acThio KapaTeomopu.

[Ipu 9TUX OrpaHMUEHUSIX JOKA3aHO, YTO IMpeobpa3oBanHme Kol ycTaHaBIMBaeT U30-
Mmopdusm mexxny HV (G) (I/IHI/I VH (G)) 1 HEKOTOPBIM ITPOCTPAHCTBOM I'OJIOMOP(HBIX BHE
G (YHKIMIA, McYe3aiIMX B 06CKOHEYHOCTH Y ITPOAO/IKMMBIX B G KaK 6eCKOHEYHO and-
(dbepeH1MpyeMbIe B BellleCTBEHHOM CMbIciie GYHKUIMY g C OTIpefiesieHHOI O1leHKO 0g/0Z.
C nmoMmol1bI0 13BeCTHBIX pe3yabTaToB E.M. [IbIHbKMHA O KBa3MaHAIUTUYECKOM ITPOLOJI-
>KEHUM 3TO MIPOCTPAHCTBO MOYKET ObITh peaqn30BaHO KakK MPOCTPAHCTBO roJoMOpP(HBIX
BHe G (YHKLMII ¢ 3aJaHHOM I'PAHMYHOM IIaJKOCTHIO.

Pa6ota BbinosHeHa Ipu prHaHCcoBoI rogaepskke POOU (mpoekt N2 15-01-01404).

JIureparypa
[1] Tpynos K. B., FOnmyxametos P. C., KeasuarHanumuueckue knaccol Kapaemauna Ha o2pa-

HuueHHblx 06nacmsax // Anrebpa n ananu3s. — 2008. — T. 20. - N2 2. — C. 178-217.

[2] Bap3ueB B. A.;, MenuxoB C.H., O conpsixeHHOM K npocmpaHcmey aHaaiumuyeckux
(QYHKUULI NOMUHOMUAIBHOZ20 pocma 86nu3u 2paHulsl // BnagukaBK. MaTeM. XXYpPH. —
2008. - T. 10. — Boim. 4. — C. 17-22.

[3] AbaninA.V., Le Hai Khoi. Cauchy transformation and mutual dualities between
AT°(Q) and A®°(CQ) for Carathéodory domains // Bull. Belgian Math. Soc. Simon
Stevin. — 2016. — Vol.23. — P. 87-102.

IIPEJJCTABJIEHUE AHAJIUTUYECKUX ®YHKIIUI
A.U. A6mynHarumMoB!

Lpuffonishe@mail.ru, YbuMcKuii rocysapcTBeHHbI aBUALMOHHDBIN TeXHUYECKUI YHU-
BEpPCUTET

[Tycte Ay = {Ak}%’:l — IepeHyMepoBaHHas (KaKMM-JIMO00 00pa3oM) B MOPSIIKE He
yObIBaHMSI MOJy/Ieii MoCaeq0BaTeIbHOCTh BCeX KOMIIEKCHBIX UMCesT C 1e/I0UMCIeHHbI-
MM KoopauHaTtamu: A = m+il, m,l € Z. O603Haunm yepe3 D — OrpaHUUYEHHYIO BbI-
yKiTyio 06acts B C v H(D) — IpoCTpaHCTBO QYHKIMIL, aHAIUTIYECKMUX B OKPECTHOCTH
ee 3aMbIKaHus D. ITycTb {Kp}"’;’:l — T0C/IeI0BATENbHOCTD BBIITYKJ/IBIX KOMITAKTOB B 00J1a-

¢t D, KOTOPasi CTPOTO MCUEPITBIBAET €e, T.e. Ky cintKp11, p = 1, (cuMBoT int 03Havaer
BHYTPEHHOCTb MHOXeCTBa) U D = u;":le. Insg kaxkmoro p = 1 BBegeM 6aHax0BO IMPO-

CTpaHCTBO 1ocaeq0BaTeIbHOCTEM KOMILIEKCHbBIX YMce

Qp= {d ={dt:lldlp = supldeeXpHKp(}Lk) <oo}.
k=1
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ITycts Q(D, A7) = Np>1Qp HaZLENEHO TOMONOTHEN TPOEKTUBHOTO MpeJena.

Teopema. Ilycme D - ozpanuuennas evinykaas obnacme ¢ C. Tozda kaxcdas QyHKyus
g € H(D) npedcmasnsiemcsi psdom

g@)= Y dpy e zeD. 1)
m,leZ

Ipu smom {d,;, 1} € Q(D,Az) u pad (1) cxodumcs a6coOMHO U pABHOMEPHO HA KOM-
nakmusix nodMHoxcecmaax obaacmu D.

3ameuanue 1. CoznacHo meopeme Abens 0ns psidos IKChoHeHm u3 pabomelt [1] (meope-
ma 3.1) psd (1) cxodumcs 8 8binyK0ti 001aCMU (B03MOXCHO HE02PAHUUYEHHOT) aGCOMOMHO U
pPABHOMEPHO HA ee KOMNAKMHbLX NOOMHOMeCmBax. Ima o0b1acms onpedensiemcs npu NoMo-
wu popmynst Kowu-Adamapa ons pssdos sxkcnovenm ([1], meopema 4.1).

3ameuaHue 2. M3 1emmol 2.5 pabomel [1] cnedyem, umo dns kaxcdozo Habopa ko3 du-
yuenmos {d, 1} € Q(D,Az) cymma g(z) paoda (1) aensemcs ¢yHkyuetl, aHaAIumMuueckoll 6
obnacmu D (Ho He 006s13amenvHO 8 oKpecmHocmu D).

JIuteparypa

[1] KpuBomieeBa O.A. Ob6aacms cxodumocmu psido8 IKCNOHEHYUANbHbIX MOHOMO8
// Youmcknit mateM. kypH. — 2011. — T. 3. — N2 2. — C. 43-56.

METO[, ITPUBJIMKEHHOT'O KOH®OPMHOI'O OTOBPAJKEHUSA
KAHOHUYECKUX OBJIACTEN HA OTHOCBSI3HBIE U JIBYCBSI3HBIE
OBJIACTA

1. ®. A63ammnos, E. A. lllupokosa’

1Elena.Shirokova@kpfu.ru, Kasanckumii (IIpuBo/mKekuit) GpenepaabHblii yHUBEPCUTET

B paboTe mocTpoeHo oTobpakeHre eAMHMYHOTO Kpyra |{| < 1 Ha IMpOu3BOJIbHYIO OfI-

HOCBSI3HYI0 00/1acTh D C I71aKOi rpaHuiieit L, 3aJaHHO B KOMIIEKCHO IJIOCKOCTH T1a-
m .

pameTrpuueckn: z(t) = x(¢) +iy(t) = X cke’kt, t € [0,2m]. IlomydyeHa Takas mnepera-

k=—m
pameTtpusauus ¢ = t(0), 0 € [0,27], KpuBOI L, IIpM KOTOPOIt e€ rpencrasienme z(t(0)) B

n .
Buze psima dypbe He OyIeT comepkaTh OTPULIATEbHBIX CTereHeit: z(1(0)) = Y Cke’kg.
k=0

n
B 3TOM cnyuae orobpaskatomias GyHkuys umeet Bug z(() = Y, Ci( k.
k=0

Ins nmoctpoenust dyHkuuu t(0) cHavana ctpoutcst oopatHas byHkums 0(t) = arg z(t)+
q(t), rne

(e,0]
q(t)= > apcoskt+fysinkt, t€[0,2n] (D
k=1
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— pellieHle MHTeTpaJibHOTO ypaBHeHMs @penroibma 2-ro poaa

] 27 ] 27
q(t)=—fq(r)dr+—fq(r)[((r, Hdt+
2n0 no

I 27 ] 27
-t
+—fln|z(r)|ctg—T dT+—fln|Z(T)|L(T, ndr, (2)
27 2 T
0 0

rae HerpepbiBHBIE siapa K (T, t) v L(T, 1) CTPOSITCS C UCIIO/Ib30BaHMEM UCXOLHOM TapaMeT-
pu3auuy rpaHulibl. YpaBHeHMeE (2) CBOOAUTCS K PELIEHMI0 KOHEYHOM JIMHEMHON CUCTEeMbI
OTHOCUTEJIbHO TTepBbIX KO3 duiineHTOB pa3aoskenus (1). BansocTs penieHns yce4€HHOM
CUCTEMBI K PeIIeHNI0 6eCKOHEUHOI CUCTEMBI PEeTYIMPYeTCs COBMageHneM KoahduiimeH-
TOB OTOOpaskamIeit GyHKIMM, HaliIEeHHBIX 10 IBYM pa3HbIM (opmysaMm.

B cirydae mBycBsI3HOV 0671acTy D 3a1a10TCSI IBe TpaHMYHbIE KpUBbIe L jilx=x(), y=
yjt), t€[0,2ml}, j =0,1. 3gech 011 MOCTPOEeHUS aHATUTUYECKOH PyHKIMM, KOHPOPMHO
oToOpaskaIlei KpyroBoe KoJbIo Ha D, MbI TAK:Ke UIIeM ITeperiapaMeTpu3aIio Kaskaoit
13 TPAaHUYHBIX KPUBBIX, pelliasi Ijis MPOM3BOJHBIX BCIIOMOraTelbHbIX QYHKINIA g i@,
j =1,2 uHTerpanbHble ypaBHeHMsI. DTU ypaBHEHUSI JIETKO IPUBOASTCS K BUAY, TOLOOHO-
My (2), BbleeHueM CUHTYISPHBIX CJlaraeMbIX C SAPOM ctg%t 1151 IpuMeHeHust hop-
Mysibl ['Mb6epTa. PellieHe Takke CBOOUTCS K PEIIeHMI0 YCEUEHHO CUCTEMBI IMHEHBIX
ypaBHeHUI. MeTo 1OCTaTOYHO MPOCTO nporpammupyetcs. Ha puc. 1 npuBeneHsl npu-
Mepbl TOCTPOeHMsI KOH(POPMHBIX OTOOpakeHMI1 KOJbI]a Ha COOTBETCTBYIOIIME 06/IaCTH.

SR

SRR

Puc. 1

JIuteparypa

[1] lInpokoBaE. A. O npubauxeHHOM KOHGPOPMHOM 0mMobOpax;ceHuu eOUHUYHO20 Kpy2a Ha
00HOCB513HYI0 0071acmb // V13B. By30B. MaTemaTuka. — 2014. - N2 3. — C. 57-67.
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MHOI'OMEPHBIE OBOBHIEHNSI TEOPEMbI KE3U
H.B. A6pocumos!, B. B. Acees?

Labrosimov@math.nsc.ru, ucturyt matematuku um. C.JI. Co6onesa CO PAH
2aseevw@yandex.ru, JJabopaTtopusi KBauToBoji Tornonoruu Yenl'y

[Ipsimast u obpatHast Teopembl Kesu [1] sBisitoTcst 060611eHeM TeopeMbl [ITomemest,
OHM JAI0T, COOTBETCTBEHHO, HEOOXOIMMbIE U AOCTATOUYHBIE YCIOBMSI, KOIJa K YeThIpeM
OKPYKHOCTSIM Ha IJIOCKOCTM MOKHO ITPOBECTH OO0IITyI0 KacaTe/IbHYI0 OKPY>KHOCTb.

BymeM Ha3bIBaTh k-MepHYIO 006001IeHHYIO chepy S R"=R"u foo} ((n=2,1<k<n)
obuieii ¢p-kacamenvHoll 0151 HEKOTOPOro Habopa MOMeYeHHbIX 1-MePHBIX 000011eHHbIX
3aMKHYTBIX lIapoB B jc R" ¢ momeTkamu [0) j€ [0, ], eciu S KacaeTcst Kaxkmoro mapa B j»
puYeM yron Mexxay HopMasiMu S v B j B Touke Kacanusi p j = SNBj paBeH ¢ ;. [l mapbl
OTMeUYeHHBIX 71-MepHbIX I1apoB ¢;B; n ¢ ;B OnuHoti ¢ ; j ¢-xacamenvHozo0 ompeska oymem
Ha3bIBaTh PACCTOSIHIME MeXy TOUKaMM KacaHusi B; u B j c ux o011eii ¢p-KacaTerbHO! mpsi-
Moii. Hamu mosyueHsI caefyolye n-MepHble 00001eHMs TIPSIMOi M 00paTHO Teopem
Kesu.

Teopema 1. [Tycmob k-mepHas o606weHHas cgepa S sensiemcs odujeli ¢-kacamenvHoli
07151 uemeepKu nomeueHHbIx n-mepHsix 0600ujeHHbIx wapos ¢ B, (j =1,2,3,4). Tozda npu
J110001i nepeHymepayuu wapos ons ONuH ¢h-KacamesvbHvIX 0Mpe3Kos Ko 6ceM napam u3 yka-
3aHH020 HAOOPA ULAPOB 8bINOJIHEHO HepaseHCMB0 12034 + €230 14 = 13024, NpuueM mouxku
Kacanusi pj = Sn B pacnonazaiomes Ha Hekomopoli 0606uieHHoti okpyxcHocmu C < S u pa-
6eHcme0 docmuezaemcsi 6 Mom U MoOJIbKO MoM ciyuae, Kozoa p j 3aHymeposaHbl 6 nopsioke
06xo0da C.

Teopema 2. [Tycme daHsl uemoplpe NOMeUEHHbIX N-MepPHbLX 0000WeHHBLX Wapa iBj(j=
1,2,3,4), cpj = {0, 7}, npuuem wap HauMeHslWe20 paouyca He Kacaemcsi 0CMajbHblx Mpex wa-
pos. Ecnu 0ns onuH ¢p-kacamensHslx 0mpe3K08 Ko 6cem napam u3 yKazaHHo2o0 Habopa wapos
npu 110601 ux nepeHymMepauuu 86IN0JIHEHO HepaseHCcmao £ 12034 + 93014 = €13€24, Mo cy-
wecmsyem (n — 1)-mepHas 0606weHHas cepa, komopas sensemcs obweti p-kacamensHol
K uemeepke ommeueHHblx uapos ¢ ]-B i

B pa6orax [2] u [3] ycraHOBIeHa TeopeMa IITosemest Ha tiockocTy JIobaueBckoro. Teo-
pema Kesu Ha mmockocTu JIobaueBCckoro 1 Ha AByMepHOIi chepe momyueHa B [4]. B [5]
rpezioXkeHbl HOBble MHTEPIIpeTali eBKIUA0BO U ruriepbonmueckoii Teopem Kesn.

Pa6oTa BbIoHeHA MPU MoAAepskKke rpaHTa IIpesumenta (mpoekt MK-9572.2016.1) u
PO®U (mipoekT 16-31-00138).

JIuteparypa
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TJIABHBIE ITOIMO/IYJ/IN B MOZYVJIE LIEJIBIX ®VHKIIUA
AKCIIOHEHIIMAJIBHOT'O TUIIA U ITOJIMHOMMAJIBHOT'O POCTA HA
BEIIIECTBEHHOI OCU

H. ®. A6y3saposa!l

Labnatf@gmail.com, BalikupCcKuii roCyIapCTBeHHbI YHUBEPCUTET

[lycTb [ay; b1] € [a; bo] € ... — IOCTENOBATEIBHOCTh OTPE3KOB, MCUEPIbIBAIOIIAs KO-
HEUHbI WiIn 6eCKOHEUHBIV MHTepBas (a; b) BelecTBeHHO! mpsiMoit, X (a; b) — UHOYK-
TUBHBII ITpeien Moc/IefoBaTeIbHOCTM 6aHaXOBbBIX ITPOCTPAHCTB {P}}, Tae

~ { , ~ p(2)] }
Pr=19e HQO): |l@l=sup <oor,
zeC (1+|z)¥exp(bry™ - agy™)

y* = max{0,+y}, z = x+iy. Bcaxkuii aneMeHT ¢ pocTpaHcTBa P (a; b) siBnsieTcs PyHKIM-
el BITOJIHE PeryJISIPHOIO pOCTa MpU MopsaKe 1, MHAMKATOPHAs AyarpaMmma KOTOPOii eCTh
OTPe30K MHUMOV ocH [icy;idyp] < (ia;ib). B mpocTpancTBe &2 (a; b) onepanyist yMHOKeHMUST
Ha He3aBUCUMYIO IIepeMeHHYI0 zZ HellpepbIBHA, MO3TOMY £ (a; b) — TONOIOTUYECKIUIT MO-
IyJib HaJ, KOJIbIIOM MHOTOWIeHOB C[z]. 3aMKHYTbIe MOAMOayau Monyis &2 (a; b) COCTOST
B IBOVICTBEHHOCTY C 3aMKHYTBIMM TTOAIIPOCTPAHCTBAMM IpocTpaHcTBa C°°(a; b), MHBa-
PMAaHTHBIMMU OTHOCUTENIBHO onepatopa auddepeniuposauus (cm. [1], [2]).

O603HaunM _#, IIaBHbIIi TOAMO/IYIIb, IOPOXKAEHHbI QyHKLMEl @ € P (a;b) : Fp =
{py: p € Clz]}. [naBHbIi TOOAMOAY/b % HAa3bIBAETCS C1AO0 JOKANU3YEMBIM, €CIIV OH CO-
nep>xxut Bce GyHKuum ¥ € 2 (a; b) co cpoiictBamMu: GyHKUMS ¥ UMeeT Ty Ke MHIUKATOP-
HYI0 AarpaMmy, UTo U ¢, M o6palaeTcs B HyJlb HA MHOXeCTBe HyJeil PyHKIuK ¢.

B cuty pe3ynabTaToB paboThl [3] HaMOOMbIINIT MHTEpEeC MPeACTaBISIOT YCI0BUS Cla-
6071 T0Ka/IM3yeMOCTH IJIaBHOTO C MOAMOYJIS ¢ obpasywoleii ¢ € Py(a; b), rie MHOXe-

cTBO Yy(a; b) < P(a; b) coctout U3 Bcex GYHKUMI ¢, T KOTOPbIX | l|im lp(x)x™| =0,
X|—00

VneN, x €R. [Tonoxkum

Ui«(x)= sup LIl
* - —
neNU{0} Mn
roe M, = m.%lx”(p(x)l, n=0,1,..., uIycTb Ux(x) =InUx(x).
X€E

Teopema. ITpednonoxcum, umo cyujecmeyem nocmosiHHas Ly > 0 makas, umo ons 1106020
x € R natidemcsa x' € R co csoiicmsamu |x — x'| < Loux (x) uln|@(x')| = —Lou. (x').
Toz0a nodmodyne g cnabo 10Kausyem.

Pabora BbIloHeHa IIpy (MHAHCOBOI IMoOAmepkke MuHOOpHayku P®, rpant N2
01201456408.
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KOJIBIIA, HAJI, KOTOPBIMUA KA)K,H])Iﬁ MOIVJIb ABJISETCSA Ig -MO/JIVJIEM
A.H. A6b130B!

Laabyzov@kpfu.ru, Kazanckuii (IIpuBo/sKCKuit) GpemepanbHblii YyHUBEPCUTET

Mopynb M HasbiBaeTcst Iy-modysiem, ecyiv Kaskablii ero HeMaJiblii IIOJMOIY/Ib Comep-
SKUT HEeHyJIeBoe Mpsmoe cinaraemoe monyiass M. Konbiio, HaZl KOTOPbIM KasKAbIii IIPaBblit
MOIY/Ib SIBJsIeTcs Ip-MomyaeM, Ha3bIBaeTcsl npassim 0000weHHsiM SV -koasyom. Omumca-
HIe TIpaBbIX 00006IIeHHbIX SV -Kosell MpeacTBaeH0 B MoHorpaduu [1]. JIBoiicTBEHHO
onpenenseTcs IoHATUe I(’)k -mony/is. Mogyinb M HasbIBaeTCs IS‘ -Mo0yJieM, eCliv KasKIbIi
ero HeCyleCTBeHHbBIN IMOAMOIY/Ib COIEePKUTCSI B COOCTBEHHOM TIPSIMOM CjIaraeMoOM MO-
nymns M.

Teopema 1. /[n1a nonyapmuHo80z0 chpasa (cneea) konvua R ciedywoujue yciosust pasHo-
CUJIbHBL:

1) kaxcowiii npassiii Modyns Hao KObYOM R sensemcs I(’)" -Mo0yiem;

2) Kaxvlii npaswili R-modyne sensemcs aubo V-moodynem, aubo codepicum HeHynesoe
NpoeKmueHoe NpsIMoe Cl1azaemoe;

3) kaxcOvlli npaswlii R-modyne N, y komopozo J(IN) # 0, codepxcum HeHy1e60e NPOeKmue-
Hoe npsiMoe Cl1azaemoe;

4) 6 konvye R cywecmeayem cemeticmeo npasgwlx udeanos (A;) e, 0151 KOMopozo 6blNoIHe-
Hbl clledyroujue ycio8ust:

a) A; — J10KaNbHblll UHBEKMUBHBLL MOOY/b ONUHDBL 084 Ol Kax0020 i € I;
b) J(R)=@®;c1J(A;j)
¢) R/J(R) — npasoe SV -koawlo.

Teopema 2. /Insa konvya R cnedyroujue ycnosus pagHOCUNbHbL:
1) Hao konvyom R Kaxoolii MoOdy1b 00HO8pemeHHO asasemcs Iy-modynem u I(’)“ -mo0ynem;

2) R - nonyapmuHo8o cnpasa (cneea) Kovlo, HAO KOMOPbIM KaxcObvlii MOOY/b A87155emcs
npAMOoti CcymMmoti npoekmueHozo mMooysas u V-mooyns;
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3) R — nonyapmuHo80 cnpasa (cneea) Kovlo, HAO KOMOPbIM Kaxcblii MOOY/b A87151emcs
NpsAMOti CymMmoli UHBeKMUBH020 MO0y U V -M0o0yns;

4) R - npamoe npou3ssedeHue SV -Konbla u apmuHosozo NoayuenHozo Kojvyd, Y Komopozo
keadpam paduxana /Ix#eko0CcoHa paseH HyJio.

JInteparypa

[1] Jain S. K., Srivastava A. K., Tuganbaev A. A. Cyclic Modules and the Structure of Rings.
— Oxford : Oxford Mathematical Monographs, Oxford Univ. Press, 2012.

KOPPEKTHAS ITOCTAHOBKA 1 PEHIEHUE KPAEBBIX 3AZTAY 1JIS1 OTHOTI'O
KJIACCA UHTEI'PO-/IV®DPEPEHIIVIAJIbHBIX YPABHEHUI

I0. P. Araues!, M. 0. Tepmarun®

liagachev@gmail.com, Kasauckuii (IIpMBOIIKCKMIL) (emepanbHblil YHUBEPCUTET
Zmpershagin@mail.ru, Kasauckuii (ITpUBO/DKCKMit) GenepanbHbIil YHUBEPCUTET

PaccmaTpuBaeTcst 001ast KpaeBas 3a7ava

R;(x)=0,i=1,m, (1)

1711 MHTerpo-anddepeHMabHOTO YPaBHEHMS

m
Kx=Tx+Gx+Hx=x"(1)+ Z gk(t)x(m_k)(t)+
k=1
I
+Y | hjt9xPds=ywm, -1<t<1l,r>m, (2
j:0_1

rae {R;} — NMuHeiHO-He3aBMcKuMble QYHKIMOHAIbI Ha IPOCTPAHCTBE (m — 1)-pa3 Helpe-
peIBHO-AVIDdepeHnipyeMbIx Ha [—1, 1] dyHkuuit, y(1), gr (1), k=1, m, n hj(t, s),j=0,r,
— U3BeCTHbIe PYHKIVM B CBOUX 00J1aCTSIX OIpeaeneHus..

M3BecTHO, uTO 3a7aua (1), (2) ssBiseTcs, BOOOIIe TOBOPSI, HEKOPPEKTHO MOCTaBIeHHO
o Agamapy. [TosTomy B 001IeM crydae AJ1s1 HaXOKIeHMUS pellleHns] HeoOXoauMo Ipu-
MEHSITh U3BECTHbIE METO/IbI perysipusanyyu. B HeKOTOPBIX CIyUYasix Mpyu onpeeaeHHbIX
I7IaJIKOCTHBIX CBOJCTBaxX KO3 duiieHTOB ypaBHeHMs (2) ymaeTtcs 3agauy (1), (2) cTaBUTh
KOpPPEKTHO 3a cueT BbIOOpA MPOCTPAHCTB MCKOMBIX 3JIeMEHTOB U ITpaBbIX yacTeil. 3mech
rpezJjaraeTcsi HoBas mapa Takux IMPOCTPaHCTB.

3agauy (1), (2) 6ymem paccMaTpuBaTh B ITape mpocTpaHcTB (X,Y), rme Y =
WT™"MLy,(~1,+1) - npocTpaHcTBO GYHKIMIL y (1), MMEIOLIMX a6COMOTHO-HeIIPePHIBHYIO
[IPOM3BOAHYIO IIOPSIAKa I — m— 1 M IIPOU3BOAHYIO IIOPsIAKa I — m B IpoMekyTKe (—1,+1),
TIPUHAIJIeKaITyIo IMPOCTPaHCTBY Jlebera Ly(-1,1),Isp<oo,aXc Wer(—l, +1) - co-
OTBETCTBYIOIIlee IMTPOCTPAHCTBO (QDYHKIINIA, YIOBIETBOPSIOMIMX KpaeBbIM yciaoBusaM (1). B
yKa3aHHbBIX TPOCTPAHCTBaX HOPMbI 3a1aAMM CedyoluM 06pa3om:

Iyly =y, +1yT ™Iz, ye v, lxlx=1x"ly, xe X.
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Teopema 1. [Ilycmo 1 < p,q <o00,1/p+1/q =1 u 8sinonHeHsl npednooHeHuUs:

1) gk,kzl,_m,ye Y;

2) hj€ YxL,j=0,r-1;

3) hreY xLg;

4) ypasHeHue I'x = 0 npu Kpaessix ycnosgusx (1) umeem quiv HyJ1e80e peuletue.

Tozoa 3adaua pewenus (1), (2) 8 nape npocmparcms (X, Y) nocmasneHa KOppekmHo no
Adamapy.

bynem pemats 3agauy (1), (2) MOJIMHOMUAJILHBIM ITPOEKUMOHHBIM METOIOM

rae X; — MOAIPOCTPAHCTBO aaredpanyeckux MOJIMHOMOB cTerieHu n > r u3 X, Y, — nop-
MIPOCTPAHCTBO ajiredbpandyeckux MOJAMHOMOB CTelleHu n— m, a P, : Y — Y, — omnepartop
MPOEKTUPOBAHUS.

Teopema 2. Ecnu, 8 yciosusix meopemsl 1, nociedogsamenbHOCmMb NPOEKYUOHHbIX Onepa-
mopos Py, cxodumcs K eQuHUUHOMY onepamopy 8 hpocmpavcmee Y, mo ypasHeHue (3) ume-
em eduHcmeeHHoe peuleHue (xoms 0vl npu n = ny € N). [Ipu 3mom npubnuxceHHsle peueHus
cxo0simcs K mouHomy peweHuto 3adauu (1), (2) co ckopocmoio

1= xpll x = OEn—m(x"™) p},

20e Ep—m(2) p — Haunyuwee npubnusicerue yHkyuu z € Ly anzebpauieckumu noauHoMamu
cmeneHu He gblule n — m.

WccnemyeTcs Takke cy4dali pa3HOCTHBIX Silep B MHTErpajbHbIX OllepaTopax ypaBHe-
Hu (2).

K PEIIEHUIO TPOBHO-UHTEIPAJIbHBIX YPABHEHUI

0. P. Araues!, A. ®. TanumsiHOB?

Liagachev@gmail.com, Kasauckuii (ITpuBomKCKuMii) dbemepanbHblii yHUBEPCUTET
2anis_59@mail.ru, Kasauckuii (IIpMBO/DKCKMiT) pemepanbHblil YHUBEPCUTET

PaccmatpuBaeTcst Ipo6HO—-MHTETrpaJbHOE YpaBHEHME BUIA

1 ; pdt
['(a) | (x—pl-@

+(T(P)(x):f(x)» _ISXSI) (1)

roe I'(-) — ramma-pynkous, @ (0 < a < 1) — 3aJaHHbI YMCIOBOI mapaMeTp, T — TaHHBbIA
JIMHEeViHbIN oniepaTop, f U ¢ — u3BecTHas U uckomas GyHkiuu. [Ipennonaraercs, 4To B
ypaBHeHuM (1) IJITaBHBIM SIBJISIETCSI IPOOHO—MHTETpaIbHbIN orepaTop J f‘l, 3a/1aBaeMblit
TepPBbIM CJIaraeMbIM B JIEBOM YaCTH.

VpaBHenne (1) 6ymem paccmaTtpuBaTh B mape (@, F), rme ® = Lo = Lo(—1,1) ecTs 1Ipo-
cTpaHCTBO Jlebera KBagpaTUUYHO—CYMMUpPyeMbIXx Ha [—1,1] GyHKUIMIT ¢ OOBIYHOI HOP-
moH, a F = Hél, 0 = Hél, p(—l, 1) — OpoCTpaHCTBO KBaAPAaTUUYHO—CYMMUpyeMbIX Ha [—1,1]

dbyHkuMit c Becom p(x) = (x + D2 0<a<1/ 2, 0JIs1 KOTOPBIX MHTErpaJibHbII MOIY/b
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HernpepbiBHOCTU! B Ly yhoBjieTBOpseT HepaBeHCTBY w(f;6)s < cf5/1 a < A < 1. Hop-
My B IIpocTpaHCTBe F BBemeM ciaeaymoium obpasom (cMm. takke [1], c. 200): |fllF =

| fllz,p + H(f5A), f € Fyme 1 £13 , = [2y o) f(0)Pdx, H(f34) = sup 5 M A0 1 e+
0<o<2

1/2
o) —f (x)lzdx} — HauMeHblIas nocrosiHHas l'enbaepa GyHkumum f(x) B Lo.

Kaxk u3BecTHO, /i QyHKUMI @ € Ly IpO6HO-MHTErpaabHblii OTIepaTop ]fl uMeer Jie-
BbIit 06paTHbIi (J% D1 = D¢ 1, SIBJLTIOIIMIACS npobHo-nuddepeHIIaTbHBIM OTIEPATOPOM
NopsifiKa a:

o, 1 d[fod 1 fo [ f@-f
T ra-—a)dx 1 x—-0H% T(-a)) (x+1D)® 1 (x—t)a+1

Teopema. ITycmb yucnossie napamempeol & u A ydosnemeopsirom ycnoguam: 0 <a < 1/2
u cyuiecmgyem € >0, makoeumo a <1/2—-e<A<1.
Tozda onepamop D‘_”1 : F — © gen1semcs Henpepul8HbIM.

C moMoIIpi0 3TOTO pe3yiabTaTa ypaBHeHMe (1) MOXKeT ObITh CBEOEHO K YpPaBHEHUIO
BTOPOTO pofa B IIPOCTPaHCTBe Ly, IIpUUeM B CJiyyae BIIOJIHE HeIlpepbIBHOTO oleparTopa
T : ® — F OHO OTHOCUTCS K YPaBHEHMUSIM BTOPOTO pofa C BIIOJIHE HellpepbIBHBIM OIle-
patopom. CiienoBaTe/IbHO, K MTOCIeHEMY YPaBHEHUIO ITIpuMeHMa Teopust @penronbma.
Takas meronuka cBefneHus ypaBHeHUs (1) K ypaBHeHMIO BTOPOTO pofia B psifie CliyuyaeB
[03BOJISIET A 0KA3aTh MIPUMEHUMOCTD ITOJIMHOMMUAIbHBIX ITPOEKIMOHHBIX METOI0B K UC-
XOOHOMY ypaBHeHMIO (1).

JInteparypa

[1] Camxko C.T., Kunbac A. A., MapuueB O. A. lHmezpanst u npou3godHsie dpoOHO20 NO-
psdka u Hekomopsle ux npunoxcerus. — MuHck.: Hayka u Texunka, 1987. — 688 c.

K ITPUBIMDKEHHOMY PEIIEHNIO OBBIKHOBEHHbBIX
MUOOEPEHIIVAJIBHBIX YPABHEHU C IPOBHBIMU ITPOM3BOTHBIMU

I0. P. Araues!, A. B. CaBuHa?

Liagachev@gmail.com, Kazanckuii (IIpuBOIKCKMii) dhemepanbHblii yHUBEPCUTET
2AVSavina@kpfu.ru, Kasauckuii (IIpUBOKCKMIL) efepanbHblii yHUBEPCUTET

Psim mpuK/IagHbIX 33124 (B YACTHOCTM, MEXaHUKY, GU3UKM, OMOTOTUN) TPUBOIUT (CM.,
Harmp., [1, 2]) Kk HeobxoaMmMocCTH penieHus AudbepeHITMaTbHBIX YpaBHEHUI, COepsKallnx
MpOM3BOAHBIE IPOOHOTO MOpsAKA, BUIA

XM+ gD* (M =y, -1<t<l,0<a<m, (1)

13amernm, uTo PyHKUMS f € F IPUHAIJIEKUT U TIPOCTPAHCTBY Lo.
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e g, y — U3BeCTHble, X — uckomas GyHKuuu Ha [—1, +1]; 31ech Dflx €CTb [IPOU3BOAHAS
(meBocTOpOHHSST) Pumana-JInyBumis nopsigka a GyHkuym x(1):

t
da’ x(1)dt
IFr-a)dt™ ) (t-7)a-r+l’
1

(DY x)() = r=lal+1,

I'(-) — ramma-yHKIMS.
Iy oripenesieHHOCTM OyIeM pacCMaTpuBaTh it ypaBHeHus (1) 3amauy Ko

xD(-1=0, i=0,m-1. )

Ilyets Y = Lo p = L2 p(—1,+1) eCTb MPOCTPAHCTBO KBAAPATUYHO-CYMMMPYEMbIX Ha

[—1,+1] dyHKUMII c Becom p(t) = \/11_t2’ X= WmLz,p — IIPOCTPAHCTBO abCOMOTHO-He -

pepbIBHBIX Ha [—1, +1] QyHKIMI, yIOBAETBOPSIONIMUX YCIOBUSIM (2) ¥ UMEIOIIUX TTPON3-
BOJHYIO m-T0 MmopsifKa Ha Ly p. HOpMbI B 3TUX IMPOCTPAHCTBaX BO3bMEM COIVIACOBAHHBI-
vu: |yly = lyllzp, y€Y; lxlx = Ix"|ly, x € X.Yepes Y, Gynem 0603HAUATH
MOATIPOCTPAHCTBO Hj anred6panueckux MOAMHOMOB CTeIleH!M He BbIllle 71, a uepe3 X —
MOAMNPOCTPAHCTBO Hyyypy € X.

Ormetum, yto npu 0 < a < m — % n g,ye€ Ly, 3anava (1), (2) mocraBneHa KOPPEKTHO
1o Agamapy B mape npocrpaHctB (X, Y), a npu g € C[—1,+1] = C KOpPeKTHOCTb UMeeT
MEeCTO M IIPU M — 5 < & < M.

Bynem pemats 3agauy (1), (2) o61UIMM IMOTMHOMMATBHBIM ITPOEKIIMOHHBIM METOIOM:

Knxn=Vxp+PpGxp=Ppy (xp€Xp), 3

rae Py, : Y — Y, — nmpou3BobHO GUMKCHMPOBAHHBIN OIepaTop IIPOeKTUpOBaHms, V — orie-
paTop m-KpaTtHoro auddepeHupoBanus, a Gx = gD‘_‘lx.

PaccmatpuBaroTcs gBa Kiacca MeTOLOB (3); ITepBbIi K1acC XapaKTepu3yeTcsl IPOeKI M-
OHHOCTBIO oneparopa Py (P% = Pn), IJISI BTOPOTO Kj1acca oneparop Py, gBsieTcs IUIllb
JIMHEVIHBIM.

Teopema 1. [Iycms Py, : Y — Y — oz2paHuueHHslli onepamop, P% = Py, npuuem || Py =
O(), n— oo. Tozoa, ecnu 3adaua (1), (2) umeem eduHcMBeHHOE peuieHue npu 6ol npa-
goti uacmu u3 Lp p, mo ypasHeHue (3) makxce umeem eduHCcmeeHHoe peuieHue (xoms 6sl hpu
8cex n, HAUUHAas ¢ Hekomopozo ngy € N). IIpu amom, x, — X (n — ©0) N0 HOPpMeE NPOCMPAH-
cmaea X co ckopocmoio || x—xp|l x = O{ En(Vx)z,p}, 20e En(2)2,p — Haunyuwee cpedneksao-
pamuuHoe npubnusxeHue GyHKyuu z € Ly , nonunomamu u3 Hy.

Kak c1encTByue, OTCIoA4a BbITEKAET CXOOVMMOCTD ITOJIMHOMMAJ/IBHBIX METOO0B FanepKM-
Ha, HO,E[O6J'I&CT€I7[ M HaMMEHDbIINX KBaApaTOB.

Teopema 2. [Iycmo P% =Py, Py : Y — Y — HeozpaHuueHsl npu Kaxcoom puxcupo8aHHom
n, Ho Py : C — Y oepaHuueHst no Hopme 6 cosokynHocmu. Tozda npu g,y € C umeem mecmo
€X00uUMOCmb NPOEKYUoHH020 memoda (3) co ckopocmsio || x — x|l x = O{ En(Vx)}, 20e Ey(z)
— Hausyyuiee pagHomepHoe npubauxcerue gyHkuuu z € C nonuHomamu Hy; 8 uacmuocmu,
NONUHOMUANBHBLT MemMO0 KoloKayuu no y3nam Yeboviwesa nepgozo poda (unu Ikcmpemais-
HbIM MouKam nonuHoma Yebviuiesa nepsozo pooa) cxooumcsi.
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Teopema 3. ITycmes P% # Pp, HO |l2— Ppzl2 p = O{En(2)2,p}, Yz € Ly p. Tozda cnpa-
gednuewl ymeepxcdeHus u3 meopemsl 1. B uacmHocmu, umeem mecmo cxooumocms memoda
(3) c onepamopom Py, noJiyueHHbIM HA OCHOBE KOHKPEMHO020 A-Memoda CyMMUupo8aHust psi-
008 no cucmeme nonuHomos Yeboiuiesa nepsozo poda.

3aMeTuM, YTO yYKa3aHHbIe Pe3yJbTaThl COXPAHSIOT CUITY, eCiu B ypaBHeHuu (1) mo-
6aByieHbI cjIaraeMbie ¢ MIAAIIMMM ITPOU3BOJHBIMY 1€JIOTO IMOPSIKA U MTPaBOCTOPOHHSIS
Ipo6Hast MPOU3BOAHAS TOPSAKA &, IIPU 3TOM KO3(hGUIIMEHTHI IIPU YKa3aHHbIX ITPOMU3-
BOZIHBIX MPUHAAJIEXAT Lo p.

JIuteparypa
[1] Camxko C.T., Kunbac A. A., MapuueB O. A. lHmezpanst u npou3godHsie dpodHO20 NO-
psdKka u Hekomopsle ux npuioxerus. — MuHck.: Hayka u TexHuka, 1987. — 688 c.

[2] HaxyiieB A. M. ZIpo6Hoe ucuucneHue u ezo npumeHeHue — M.: ®usmataut, 2003. -
272 c.

TMMOBEJIEHUE PSIZTIA TUPUXJIE C HEPET'V/IIPHBIM PACIIPEOEJIEHUEM
TTOKA3ATEJIEH B ITOJIVIIOJIOCAX

H.H. Autkykmuna'!, A.M. Tajicun?

Yyusupovan@rambler.ru, BalmkupcKkuii rocygapCTBeHHbIN YHUBEPCUTET
2gaisinam@mail.ru, actuTyT MatemaTuky ¢ Bl YHII PAH

Iy1s Bcromy cxomsimmxcst psigoB [Ivipuxie
[0,@]
F(s9)= Y ane® (s=o+in, 0<Anloo, 1)
n=1

00BIYHO BBOJAMTCS TOHSITHE R-TIOpsiika — aHaJIOr OOBIUHOTO MOPSIAKA [/l CTelleHHBIX
pSIIOB.

[Tycte [lg = {s =0 +it: 0 <0} — DONYIJIOCKOCTh cxogumocTu psapa (1), S(a, tp) = {s =
o+it:|t— 1ty <a, o <0}. BennunHa

ps= lim ——————, M(o)= max |F(o+it)| (0 <0),
o—0- o]~} lt—tyl<a

HasbIBaeTcs nopsiakoM byHKuuu F B riomynonoce S(a, tg). [llyetb A(£) = Y, 1,v: Ry —
Ans<t
0,1, 0<yw(r) 11, 1 —w(r)]Inlnr — 0 npu r — oco. lonoxum D(t) = A(t)t_l, wi(r) =

min D(f), w2 (r) = maxD(1).
M stsr rs<t

[nmem A € Aly], ecu [1]:
1) cymiecTByeT KOHEUHBI rpefen A = rlirgo A(r) r~1In r;

2) yo(r)—y1(r) = Ol(L =y (1)) In~! r] mpu r — co.

Hanpumep, A € Aly], ecnu BoinonHSgeTCs yciaoBue 1), u n/l,_l1 | mpu n — oo. B [1]
IoKaszaHo, 4To e A € A[y], TO OPSIAKU p] U pp B MIOOBIX mosymnonocax S(a;,t;)
(a; >0, i =1,2) paBHBbI.
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Iycts K — knace pyukumii h:Ry — Ry, h(0) =0, h(t) 1 oo, h(H)t™1 | 0 mpu t — oo,

X X
R—{hEK. h(X)lnm—O(m), x—»oo}.

R-TIJTOTHOCTBIO TOC/IeA0BATEeIbHOCTM A Ha3bIBAE€TCS

G(R) = inf Tim FA@)

inf lim =52, 00 =[1,0+h(o),

rae pp(w(t)) — uuciao Touek A € (AN w(t)). Yepe3 D(R) 0603HAYMM TOUHYIO HUKHIOKO
rpaHb Tex uucen b (0 < b < 0o), Takux, uto: cymectsyeT I' = {u,} (0 < pup oo, AT,
npuyem |M(t) — bt| < h(t) (¢t > 0) onasa Hekotopoit byHkuuu h € R, M(t) = Y 1. Kak
u3BecTHo, D(R) = G(R) [2].

Teopema. Eciu G(R) = 0, mo nopsdku ¢pyHkyuu F 8 nto0six nosynonocax S(a, to (a > 0)
pasHul (0HU, 8000uUle 2080ps, omauuHbl om nopsoka F e Ily).

B yC/i0BUSIX TeopeMbl aHa/IOT 3TOTO YTBEPKAEeHMS [IJIS1 TOPM30HTAIbHBIX JIyyeil He Be-
peH. Teopema ycunuBaet pesynbTaT 13 [1]: eciu A € Aly], To G(R) = 0, ogHaKo, 06paTHOE
He MMeeT MeCTa.

Pabora BbinosiHeHa Ipu GrHaHCOBO rmoamepskke POOU (rpantsr 14-01-00720, 15-01-
01661).

JIuteparypa

[1] Tasicuu A. M. ITogedeHue cymmul pssda Jupuxne 8 nonynonocax // Matem. 3aMeTKU. —
1987. — T. 42. - N2 5. — C. 660-669.

[2] Taiicuu A. M., Cepreesa [I. V1. Oyenka psda [lupuxne 6 nonynonoce 8 ciyuae Hepezyasp-
Hozo pacnpedenenus nokazameseti II // Cu6. matem. kypH. — 2008. — T. 49. — N2 2. -
C. 280-298.

IMMAPAKOMIIAKTHOCTbD JIMTIIMIIEBBIX MHOTOOBPA3UI HAJT,
ITPOCTPAHCTBAMMU ®PENIE

3.1. Anb Hadue!

lzahirmath20_ru @yahoo.com, Kasanckuii (IIpuBO/KCKIIA) GefepanbHblii yHUBEPCUTET,
WHCTUTYT MaTeMaTuku 1 Mexauuku um.H.M.Jlo6aueBcKoro

[Tycts X — TOIOMOrMYECKOe TTPOCTPAHCTBO. Ero MoKkpeITHie Ha3bIBAETCS JIOKAJBHO KO-
HEUHBIM, eC/Ii JII06ast TOUKa X MMeeT OKPeCTHOCTb, ITepeceKaroIyocs JIUIIb C KOHEYHBIM
YMCJIOM TTOKPBIBAOIINX MHOKECTB. [IpocTpaHcTBO X HAa3bIBAETCS TAPAaKOMITIAKTHBIM, €C-
JI OHO Xaycaop@oBO U KaXkI0e ero OTKPhITOE TMTOKPHITHE NOMYCKAeT JIOKATbHO KOHEUHOe
M3MeJbueHMe.

I[Tycth F — BEKTOPHOE ITPOCTPAHCTBO. XaycaopdoBo TOMOIOrMYecKoe MpoCTpaHCTBO M
CO CYETHOJ 6a30¥i Ha3bIBaeTCsI MHOr0oOpa3meM Hap F (MM MHOrooOpa3ueM ¢ IIPOCTaH-
cTBOM Mogeneii F), ecau Kaxkgasi Touka X € M 06/1a1aeT OKPeCTHOCTbIO, TOMeOMOP(HOIA
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OTKPBITOMY MHOXeCTBY B F. Ha nmepeceyeHMsIX 3TUX OTKPBITHIX MHOKECTB eCTeCTBEHHbIM
00pa3oM BO3HUKAIOT OTOOpaskeHUsI corniacoBaHust. Eciu mpocTpaHcTBo F MeTpuueckoe 1
3T OTOOPaKeHUSI YIOBIETBOPSIOT YCI0BUIO JIUIIMIa ¢ mokasarenem k, To M Ha3bIBalOT
Li pk — MHoroob6pasueM. ITogpobHOe omucaHue 3TUX IMTOHSITUIT MOKHO HaliTU B paboTax
[1-4]. B paborTe [5] ronyyeH KpUTepuii TapakKOMITaKTHOCTY MHOTO00pa3us HaJ 6aHaxo-
BBIM ITPOCTPAHCTBOM. B maHHO# paboTe 3TOT BOIPOC M3ydaeTcs OJIsl caydasi, korma F —
npoctpaHcTBO @peite. BBeem ciemyroiye MOHSITHS :

Onpenenenue. Hazosem mempuueckoe npocmparvcmeo F Li pk -HOPMAJIbHBIM, eCalu Onsl
J10001i napwl €20 3aMKHyMblx NOOMHOMEeCm8 Ag:1 MOxHO ykazame gynxkyuio f : F — R, ydo-
éJiemsopsaoufyro ycrosuio Jlunwiuya ¢ nokazamenem k u makyio, umo fla, =0, fla, = 1.

Onpenenenue. Li pk-pa36ueHue eduHULbl Ha Mempu3zyemom npocmparvcmee X — 3mo
pasbueHue eOuHUYsl, cocmosiuiee u3 pyHkyuii, ydosnemeoparoujux ycaoguw Jlunuuya c no-
kazamenem k.

Onpenenenue. Mempusyemoe npocmpaHcmeo X Hazoeem Li pk -NapakomMnakmHbiM, ec-
JIU 8CSIKOE €20 OMKPbIMOoe NOKpblmue umeem J0KA1bHO KOHEUHOe U3MesbieHue, donyckarnujee
noouUHeHHOoe eMy Lipk—pa36ueHue eOuHUUbL.

OCHOBHOI1 pe3y/bTaT paboThl TAKOB:

Teopema. Mempu3syemoe MHo2000pa3ue M Had npocmpaHcmeom Ppeuwe F sensemcs
Lipk-napaKOMnaKMHblM mozda u moavko mozda, kozda F napakoMnakmHo u Lipk—HOp—
MAbHO.

JIutreparypa
[1] Jlenr C. BgedeHue 8 meoputo dupgeperyupyemoix mHo2o00pasuii — M.: Mup, 1967. -
203 c.

[2] ®pénuxep A., Byxup B., JupdepenyuanvHoe ucuucieHue 8 8eKMOpHvIX NPOCMPAH-
cmeax 6e3 Hopmol. — M.: Mup, 1970. - 165 c.

[3] durenbkuHr P. O6was mononoeus. — M.: Mup, 1986. — 751 c.

[4] Frolicher A., Kriegl A. Linear Spaces and differentiation theory, Pure and Applied
Mathematics. - J. Wiley: Chichester, 1988. — 259 c.

[5] Anb Hadwme 3. [1.,KnumenTos C.B., O napakomnakmuocmu 6ecCKOHeUHOMEPHbIX MHO-
2006pa3uii. // 3Bectust BY3oB. CeBepo-KaBKka3ckuii pernoH. EcrecTBeHHbIe Hay-
ku. — 2014. - T. 4. - N22. - C. 5-7.
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Ob OJTHOM OBOBHIEHNU K-APHOI'O AJITOPUTMA EBKJIMJA
N.®. Amep!, M.K. Anmb Auan?, A.M. Anp Xanugu®

Lsafadi121979@yahoo.com, Kasauckuii (IIpuBODKCKMit) defepaabHblii YHUBEPCUTET
2maadk_anni@live.com, Kasauckuii (IIpuBOIKCKUii) dhefepanbHblii YHUBEPCUTET
Sarkan4443@yahoo.com, Kasanckuii (ITpuBo/mKcKkuii) GenepanbHbIi YHUBEPCUTET

B HaleM Jokjazie Mbl pacCCMOTPUM OOHY MoauduKaiuio k-apHOro ajJiropuTMa ajisi
BBIUMCJIEHNST Haubobiiero obiiero aenutens H.O.[l. Tpex mau 60ee HaTypaabHbIX UM-
cen. Takas 3aaua BO3HUKAET, HAIIPUMED, IIPU BBIYMCIIEHMUM CTPOTO ICEBAOIIPOCTBIX UM-
cen (cM. [1]).

HarmomMHMM, 4TO k-apHbIN aArOPUTM SIBJISIETCSI 00001IeHeM OMHApPHOTO aJITOPUTMa
Bbrunciienust H.O.[I. u 6611 pazpaborad B 1990 rony 1. CopeHnconom ([2],[3]).

Boi6epem HaTypaJbHOE 4nciIo k = 25, umeroliiee MeHbIIMI pasMep 10 CPaBHEHMIO C
yucinamuu Au B, A > B > 1, gns kotopbix uinetcss H.O.]I. ITpeamnonoskum, 4To 3TU YUC-
J1a SIBJISIIOTCS HeueTHbIMMU. OCHOBHAsI uesi k-apHOTO aJrOpUTMa COCTOUT B BBIUMCIEHUN
Ha MPOU3BOBHON UTepalyuy HeOOMbIINX MHOXKUTENE X U Y TaKUX , UTO BBITIOTHSIETCS
TOKIECTBO

Ax+By=0 mod k. (1)

Torpa nonarast C = (Ax + By)/k, Mbl cMOXeM MepeiiTu K MeHblei nape (B;C), H.O.[1
KoTopoit 160 paBeH H.O./I. McxomHOi mapsl, IMOO SIBJSETCS ero KpaTHbIM. I[Iporiemypa
TOBTOPSIETCS O TeX IOp, 0Ka BTOPOI apryMeHT Mapbl HE CTAaHeT PaBHBIM HYJIIO, TOTAA
nepsblii aprymeHT A’ 6ymeT paBeH kpaTHOMY mckomoro H.O.JI. UTo6bl 0Tcedb ITOCTOPOH-
HMe aTpuOYThI, B KOHIIE aAropuTMa npoucxogut serancaenue H.O.JI. A’ ¢ ucxogupimmu A
" B 110 cTaHAapTHOMY airopuTMy EBKina.

[To Teopeme CopeHcoHa KO3hD@UIMEHTHI X M Yy MOXKHO BbIOpATh U3 MHTEpBaja
[—V'k; V'k], mosTomy BenmunHa C He ripeBbicut 2A/Vk.

B 11e/10M, CJIOSKHOCTb BbIUMCIEHMS k-apHOTO aJropuTMa OLleHMBAeTCsI BeIMUMHOI
O(n?/1n k), rme n-pnauHa 6osbiiero us umcen (A, B).

B Harteit moksae Mbl ITOKaskeM, UTO IJIsT CJTydast Tpex M 6oj1ee uuces1 9Ta OlleHKa MOKET
OBITD yIyUIlleHa.

Teopema. I[Tycms 3adamvl mpu HamypanvHwix uucaa A, B, C, 83aumMHO NpoCmMulX ¢ HAMY-

pansHsim uuciom k. Hatidymes uucna x, y u z, ydossnemeopsiowue ycuosuio | x|, |y, 1z| < K173
makue, 4mo 8vINOJIHIEeMcs yciosue
Ax+By+Cz=0 mod k. (2)

Omnpepensiss D = (Ax+By+Cz)/ k, NOny4uM CyL1eCTBEHHBIN BBIMTPBILI II0 OTHOLIEHUIO
K CTaHJAPTHOMY k-apHOMY aJITOPUTMY.

CnencrBue. OmHouweHue A/C Ha xkaxcdoli umepayuu k-apHozo anzopumma 01 mpex
apzymeHmos He MeHblle 6eUUUHDbI k3133, IIpu 3mom uucno onepayuii Ha 00HoUl umepayuu
ysenuuusaemcs 6 08a pasa. Obwas npou3sooumenbHOCMy Hawlezo ai20pumma oyeHu8aemcs
moti xce 8eUYUHOLL, UMO U CTIOHCHOCMb UCXO0HO020 AI20pUMMA, HO KOJu4ecmeo umepayuti
CywWecmeeHHo MeHbule.
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O ITOCTPOEHUMU 4-MEPHbBIX HEJIOPEHIEBBIX H-ITPOCTPAHCTB

A. B. Avunosa!, I. A. Cepsaxun?

Lavaminova@gmail.com, Kazauckuii (TIpuBO/KCKMI) pemepanbHblii yHUBEPCUTET
2George.Seryakin@kpfu.ru, Kasanckumii (IIpuBoKcKuii) dpenepanbHblii yHUBEPCUTET

Pabora mocBsilieHa MCCIeIOBaHMI0 4-MepPHbBIX HeJIOPEeHIeBbIX MHOr000pa3uit HyJie-
BOJi CUTHATYpbI, 00MafaIIenx CUMMEeTpUsIMU B ¢popMe MPOEKTUBHBIX ABVOKeHMI. C
KaKIbIM ITPOEKTUBHBIM [ABVKEHMEM CBSI3aHa COXPaHSIOIAsICs BeIMIMHa, KOTOpasi OCTa-
eTCsl TIOCTOSTHHOM BOJb KaxkA 0l 4-reofe3ndyeckoii 1 orpenaensieT 3aK0OH COXpaHeHMs.

[t Toro, 4ToObI BeKTOPHOE 1ojie X ObIJI0 MTPOeKTUBHBIM JIBMKeHMEM, He00XOOMMO U
IOCTATOYHO BBITIOJTHEHME CIEAYIOIINX YCIOBUIA:

(LxGaB):c =2GAB@.c + Gacw.B + GBcY; A (1)

3gecb A, B = [1,...,4], LxGap— npousBogHas JIu metpuku G,p B HaIlpaBJIeHUM IIPO-
eKTUBHOTO IBUxkeHus X, ¢ ectb 1-dbopMa, 1 TOUKa C 3aMsTOi 03HaYaeT KOBapMaHTHOe
nuddepeHIIMpOBaHE OTHOCUTENBHO MeTPUKY G 4 g. YpaBHeHMS (1) pa36MBarOTCs Ha iBE
TPYIIbI: YpaBHEHMS Jii3eHxapTa

haB,c =2Ga9.c + Gacy:B + GRcy; A (2)

1 060011eHHbIe ypaBHeHUs1 KninnHra

(LxGaB);c = hag- (3)
MeTpuKkHM, OONMyCKaloliMe HeTpuBHUalbHble pemieHus hag # cGap YpaBHeHMIt Dii-
3eHXapTa, Ha3bIBAalOTCI h-mMeTpukaMm, a COOTBETCTBYIOIIME IIPOCTpaHCTBA — h-

MPOCTPAaHCTBAMMU.

B paboTe paccmaTtpuBaloTcsi 4-mepHble h-TipocTpaHcTBa ¢ xapakrtepuctukoit Cerpe
[2,2] u [4]. TIpy momoIIy MeToma KOCOHOpMaJIbHOTO periepa A.B. AMuHOBOI [1] 661N
MoJTyyeHbl h-MeTpuKYM yKa3aHHOTO TUIIA U UCC/Tef0BaHa UX CTPYKTYpa.

JIureparypa

[1] AMuHOBa A. B. IIpoekmugHsle npeobpa3osaHus nces00pUMaHo8blx MH02000pasuti, M.:
“SAnyc-K”, 2003.
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O ITPOEKTUBHBIX ABIVDKEHUAX IIATUMEPHBIX ITPOCTPAHCTB
CITEHDVAJIBHOI'O TUIIA

A.B. Amunosa!, JI. P. Xakumos?

Lasya.aminova@kpfu.ru, Kasauckuii (TIpuBOKCKUii) demepaabHblii YHUBEPCUTET
2dzhamoliddink@mail.ru, Kypran-Tro6uHckuit rocyausepcuteT umenn Hocupa Xycpasa

C momonip0 MeToza KOCOHOPMAaJIBHOTO perepa [1] onpenensioTcs nsITUMepHbIe I1CeB-
IOPMMaHOBbI MHOTO0Opa3us (M°, g), moIyKawliye HeroMoTeTuyecKe MpoeKTVBHbIe
neyskeHus X tumna {221} (“h-npocrpadcrsa Tina {221}7). TUIl IPOEKTUBHOTO ABMKEHMS
X v Tun meTpuku g B obnactu Ve M 5 oTpenensIoTCs aJiredpanueckoit CTPyKTypoii IIpo-
U3BOIOHOV JIu Ly g MeTpUKM g B HAlIpaBJIeHUM IIPOEKTUBHOIO ABVKeHNs X, 3aaBaeMoin
B KaXK[I0i1 TouKe p € V xapaktepuctukoii Cerpe y = {221} TeH3opa h = Lxg.

B apanTMpoBaHHOM HETroJIOHOMHOM KOCOHOPMAaJbHOM peliepe BbIUMCIEHbI (op-
MbI CBSI3HOCTM M KPUBU3HBI h-TipocTpaHcTBa Tuma {221}. OnpeneneHbl meTpuka h-
MIPOCTPAHCTBA U MPOU3BOAHAS JIM MPOEKTUBHOTO ABVKEHMS TUNA {221} B TTOAXOASILEN
TOJIOHOMHO CUCTeMe KOOpAMHAT.

JInteparypa

[1] AMuHOBa A. B. TIpoekxmugHble npeobpa3o8aHust nceslopUMAaHo8slX MH02000pasuli. —
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O TEOMETPUY CYBMEPCUI HAJT OPBUTAMUA BEKTOPHBIX ITOJIEM

H. AxHaes!

Yhuriddin.annayev.91 @mail.ru, HauyoHanbHbIi YHMBEpCcuTeT Y36€KMCTaHa

PaccmoTpuM HekoTope MHOXecTBO D < V(M), u ajist Touku x € M uepe3 L(x) 060-
3HAYMM OpOUTY ceMeiicTBa D, MPOXOASIINYIO Yepe3 TOUKy x. B pabore [2] moka3zaHO, UTO
Kaxkaasi opouTa SIBJseTcs MIagKMUM IIogMHOrooopasmuem M.

MHOXeCTBO Bcex BEKTOPHBIX mojieii Kuymmara K(M) Ha MHOroob6pasunu M obpasyer
KOHeUYHOMepHYIo anre6py Jiu [1]. O6o3Haunm uepe3 A(D) HaMMeHbIITyI0 TToganreopy Jin
anrebpsl K (M), copepskaiiyio MHOXXecTBO D. Tak Kak aire6pa K (M) KoHeUHOMepHa, TO
CYIIEeCTBYIOT KOHEUHOE UMCIO BeKTOPHBIX Tonen X1, Xo, ..., Xjn u3 A(D), TakuX, UTO BeK-
TOpbI X1 (X), X2(X), ..., X7 (xX) 006pasyioT 6asuc st MoAIIpoCTpaHCcTBa Ay (D) IJIsI Kaska0ro
x e M.

B [1] mokasaHa wienyolas TeopeMa, KOTOpas [IOKasbIBaeT, YTO KaKaas TOYKa U3 Op-
61THI L(X() JOCTMKMMA U3 X( C TIOMOIIbI0 KOHEYHOTO UMCa “TIepeKITIYeHU” ¢ UCIIONb-
30BaHMeM BEKTOPHBIX nonein X, Xo, ..., X;; B OlpeaeieHHOM MOpSIKe.

Teopema 1. MHoxecmeo mouek euda

Y= XXl (X{ (x0)..),

20e (11, to, ..., tm) € R™, coenadaem c op6umoti L(xp).
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PaccmoTpuM ceMeiicTBO D BeKTOPHBIX Toseit KnynHra Ha AByMepHOii cepe, cocTo-
siee U3 CIeAyIIIMX ABYX BEKTOPHbIX I0JIe:
X + 9 X 9 + 9
1=—y—+x—,Xo=—2z—+x—.
Yox "5y ox 1oz
HeTpyaHo mpoBepuTh, UTO 6a311COM MUHMMAIbHO anredopsl A(D) SIBISIIOTCS BEKTOPHBIE
10711
X1, X2, X3 = [X2, X1],

1 II09TOMY OpOUTa cemMeiicTBa IJ1s1 KaskAo¥ TOuKM cpepsrl 110 TeopemMe 1 coBIazgaeT co Bceit
chepoir.
Ormpenenum otobpaxeHue 7 : R3 — §2 ciepyommm o6pasom

7(t1, t2, t3) = X352 (X2 (X[ (),

roe p— Touka ¢ koopauHaTtamu (1,0,0) chepsl S2.

Teopema 2.

1) OmobpaxceHue m sensemcs cyomepcueti.

2) Cy6mepcus 7 : R3 — S? nopoxdaem na R3 odHomepHOe coeHuUe, 10U KOMOpPozo ume-
10M NONOMHUMENbHbIE KPUBU3HBL U KPYUEHUSL.

PaboTa BbITIOJTHEHA TPV GMHAHCOBO¥ Mo Iepskke MUHMCTEPCTBA BBICILIETO U CPETHETO
crielayibHOT0 0OpasoBaHms pecityonmku Y3oekuctaH (poekT ®4-04).

JIuteparypa
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O ITNOOPEPEHIIUPOBAHUSAX B I'PYIIIIOBBIX AJITEBPAX
A.A. ApyTioHos!

Landronick.arutyunov@gmail.com, MOTU

PesynpraThl mosyuyeHbl COBMeCTHO ¢ mpodeccopom A.C. MHUIEHKO U [OOLLEHTOM
A.U. lltepHOM.

[Tyce G — HekoTOpas auckpeTHas rpymnma U C[G] COOTBETCTBYIOIIAS €1 IPYIIIOBast aji-
rebpa. HazoBeM nmHeliHbIN onepaTop d : C[G] — C[G] — oneparopoMm nuddepeHLpo-
BaHMs (UM IepUBaIieii) eI 151 HETO BBIMIOJIHEHO TOXIecTBO JleitoHMIIa

duv)=du)v+ud(),Vu,veC[G].

ITo rpymnime G mMoXXeT ObITh MOCTpOeH rpymmous I crengyoomyum o6pa3om. B kauecTBe
06bekToB Obj(I') BO3bMEM MHOXXEeCTBO 37IeMeHTOB Ipymibl G, a B KauecTBe MOPGU3MOB



C. C. AdaHacbesa 93

Mor(I') MHOKeCTBO BCeBO3MOXKHBIX Tap 3JIeMeHTOB I'pyIbl. Mopbusm (u, v) ornpefe-
JIVIM KaK CTPEJIKY 13 00beKTa v~ 1 B 06bekT 1v~ 1. Ha MHOXecTBe MOP(hM3MOB OIpe/e-
JIUM YaCcTUYHYIO0 oniepanuio o. Eciu koHel Mopbusma ¢ = (11, V1) COBIIafaeT C HAUaaIoM
Mopdusma ¢ = (up, v2) TO

¢p10¢P2 = (upv1, v207).

Teopema 1. OnpedenedHas maxkum o6pazom cmpykypa I sensemcs epynnoudom.

B TepMMHax IMOCTPOEHHOTO TaKMM 00pa3oM IpyImnouaa ynooHo nsydatsb auddepeH-
LMPOBaHMS Ha TPYIIOBOIi anirebpe. OToOpaxkenue y : Mor(I') — C Mbl 6yieM Ha3bIBaTh
XapakTepoM Ha rpynmnouze I' eciau ajis a1060ii mapbl MOpGU3MOB b1, (po MEKITY KOTOPbI-
MU OIIpefesieHa orneparys o BoinonHsaecs x (b1 od2) = y(h1) + x(¢h2).

HevictBue [lepuBatini d Ha 37ieMEHT IPYIIIOBOI anre6pbl u = Y, A8g, MOXKET ObITh
geG
3aMMcaHo B BUAe

dw=Y (Z dg/lh)g.

g€G \heG

Teopema 2. /[na nwboii depusayuu d cywecmeyem makoti xapakmep y, 4mo d;‘: =
x (g h).

Oxa3bIBaeTCs, UYTO XapaKTePbl MOTYT ObITh M3yUeHbI B TPYIIIOBBIX TePMUHAX, @ MUMEH-
HO IIPY IIOMOLIM LIeHTPaJIn3aTOPOB JIeMeHTOB Ipynmnsl G.

B yacTHOCTM MMeeT MeCTO

Teopema 3. Ecnu d — onepamop 8HympeHHez0 dupgepeHyuposarus (kommymamop c
anemenmom 2pynnst) mo x (¢p) = 0 015 6cex Moppu3Mo86 b y KOmopwvix HAUAI0 U KOHEY C08Na-
oarom.

JIOTAPYI®MBbI ®OPMAJIbHBIX A-MOJIVJIEN
B CJIVYAE MAJIOI'O BETBJIEHUSA

C.C. AdaHacbeBa!

Lcheery sonya@mail.ru, CankT-IleTep6yprckuii rocyLapCTBeHHbIN YHUBEPCUTET

B HacTosieit paboTe oncaHbl popmMasbHbIe IPYIITbI HAaZL O C KOJIbIIOM 3HIOMOPhNU3-
MOB, BK/IIOUAIOIIMM (PUKCUPOBAHHOE KOIbIO 0.

IIyctb Ko — n0KaIbHOE T0/Te (KOHEYHOe paciipenie Qp) ¢ KOMbIOM LIeNbIX O ¥ IPo-
CTBIM 3JIEMEHTOM 7(y; § — IOPSAOK I10J15 BeIueTOoB 1o Ko; K — KOHeYHOoe pacliypeHye
1mosist K, C KOJbIIOM 1ieJIbIX & ¥ ITPOCTBIM 3jIeMeHTOM 71; N — ToaIioe nHepiuun B K/ K,
O — ero KoIbLo LeNbIX; eg — UHAeKC BeTBieHus K/Ky; X = (X,..., Xi,). Kak n B [2],
M, (2l) 0603HavaeT KOJAbIIO MAaTPHUIL pasMepa m x nm Hag KoabloM 2, I, - eqMHUIHAs
MaTpulia pasmMepa m x m, Vg — HOpMMPOBaHue B moje K.

bynem nipenmnonaraTsh, 4TO

vk (1) < g.

XOopoII0 M3BeCTHO, YTO Mm-MepHbIe (popMabHbie On-MOAYIM HaZl O C TOYHOCTBIO JI0
mnsomopdusma knaccubuUMpyoTcs mapamu psiaoB (u, v), toe u € My, (O n[[A]]),

v € Mp@IA) n u = molym modA, v = molm — 1) — oo — 7O Lrg1, 75 €
My (ONI[A]D),
I1<i<ey—1.
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Crnepmytoliasi TeopeMa M03BOJISIET OIIpeleNIUThb TUIl Og-MOAY/S 10 Buay Jiorapudma, a
TaKKe aeT crocob rmocrpoeHus: GopManbHbIX Op-MOayei.

Teopema. ITycme A(X) € K[[X]]™, A(X) = X mod deg2 u A(X) = ZZO:_OIJI]%,C(X),
2de Ap(X) € NI[X]I™. Toeda A(X) sensemcs n02apu¢pmom m-mepHozo (HopManbHO-
20 Oy-modyns Had © mozda u monvko moezda, Kozda Onsi HEKOMOPbIX JIEMEHIM08 U €
M (GNI[IAI), v e My (@[[A]]), 20e u=mngly,, modA, v=mnglym—nr]—...— neo_lreo_l,

ri € My (ONIIAI'A), 1 < i< eg—1 8binonHeH b CPABHEHUS

ulp(X)=0 mod g
rilo(X)+mpA;(X)=0 modmgy, 1<i<eg—1.

Pabora BbIITOJTHEHA TIPU MToaIepskKe rpaHTa PODU N2 14-01-00393.
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K 3AKOHY ITOBTOPHOI'O JIOTAPM®MA B JIMHEMHO-UHBAPVAHTHBIX
CEMENCTBAX AHAJIMTUYECKUX ®VYHKIIUNA

A.U. Aponuna', 1. P. Karomos>

Lsanyagirl89@mail.ru, Kasanckuii (IIpuBO/KCKIMi) GpemepanbHblii yHUBEPCUTET
2ikayumov@kpfu.ru, Kasanckuii (IIpUBOIIKCKMIL) deaepanbHblii yHUBEPCUTET

[Ipenmnonoxxum, uTo QyHKUMS [ aHATUTUYHA U OGHONUCTHA B Kpyre D = {z:|z| < 1}.
Makapos [1] mokasasi, UTO CyleCTBYeT TaKas abCOMIOTHAsI MOJOKMUTe/IbHAsI TIOCTOSTHHAS
C, 4yTO

i llog f'(r)|
imsup
r—1- +/llog(1 - r)|loglog|log(1—r)|

IJISI TIOUTU BCexX { Ha OKPY>KHOCTH || = 1. [lommepeHKe [2, ¢.188] moka3sai, 4To 3TO Hepa-
BEHCTBO BepHO mnpu C = 6, HO CYyIIECTBYeT aHAIUTUYECKAasI U OJHOIUCTHAS B Kpyre D
dbyHKIMS, 11T KOTOPOI 9TO HEepaBEeHCTBO IepecTaeT 6bITh BepHbIM Ipu C < 0,685.

<C
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B cTtaTbe [3] mOKa3aHo, YTO 3aKOH IMOBTOPHOTO Jiorapudma crnpapenyins ripu C = 24/3.

B pab6ore [5] ycraHoBeHO, uT0 0.91 < C < 24/ @ =1.2326.....
[TomMepeHKe BBeN U MCC/IelOoBaj MOHATHE NMHEHO-MHBAapMaHTHOTO cemeiicTBa 91
byHKIMI KaKk Kaacca aHanuTuuecknux B Kpyre D = {z € C:|z| < 1} GyHKIMIT TaKUX, 4YTO
1) f(0)=0, f'0)=1, f'(2) #0 B D,
2) nnst Kaskpoit fe MmO € R f(zeie)e_ie €M,
3) oyst kKaxkpoil feMuaeD

fED-fla

/1 +az = Z+
a1 -lal?)
[Tpu 3TOM, opsinKoM GyHKLIMY [, yIOBAETBOPSIOILEeH yCI0BUIO 1), Ha3bIBA€TCS UUCIIO

i
0
ordf = sup /a0
aeD 2

fa(2) = e M.

)

a ropsigkoM cemerictBa T — umciIo

ord)N = sup ordf.
fem

VHUBepcaabHBIM JIMHEITHO-MHBAPUAHTHBIM ceMeicTBoM Uy Ha3bIBAeTCS 00beaHeHNe
BCeX JTMHENHO-MHBAPUAHTHBIX ceMeicTB ) Takux, uTo ordIN < a:

Uqg = : ordM < al.

[Tyctb Temneps f € Uy, 1 < a < 2. Pe3ynbraToM JaHHO pabOThI SIB/ISIETCS

Teopema. 3aK0H NOBMOPHO20 J102apupMa 8 TUHETHO-UHBAPUAHMHbIX ceMelicmsax aHa-
Jumuueckux gyHkyuii cnpasednue npu C = 2v/ a? — 1.

Iloka3aTe/NbCTBO JAHHO TeOpeMbl OCHOBBIBAETCS Ha pesyybTaTax pabotsl H.I. Maka-
posa [1] u U.P. Katomosa [3].
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OB dY®®EKTUBHOM KATETOPUYHOCTU JIJI1 TUCTPUBYTUBHbBIX
PEHIETOK U TEUTUHTOBBIX AJITEEP

H. A. BaskeHos!

Lpazhenov@math.nsc.ru, acturyt marematuku um. C.JI. Co6onesa CO PAH, HoBocu-
OMPCKUIA rOCYIapCTBEHHbIN YHUBEPCUTET

B pabore uccienyoTcs aiTOpUTMUIECKe CBOCTBA M30MOP(HU3MOB MEXKIY BbIUMCIIN-
MBIMM KOTIMSIMU JIJISI AUCTPUOYTUBHBIX PEIIETOK M TeTUHTOBBIX anreop.

[TycTh @ — BBIUMCIUMBIN OpAUHAI. Ag-pawvzepHocmbro BBIYMUCIIMMOM CTPYKTYpPBI &
Ha3bIBAETCS YMCJIO BBIYMCIMMBIX KOTIUI CTPYKTYPBI . € TOUHOCTBIO 10 Ag—BquMCHMMOFO
nsomopdusma.

[Ipenronoxum, YTo n — HaTypaJibHOe UKCII0, TaKoe 4To 1 = 2. B pabore [1] mocTpo-
€H BBIUMCIVMBbIIA KECTKMI Tpad, MMeIomuit BBIYMUIMMYI0 pa3MepHOCTh 7. B pabore [2]
I0OKa3aHo, UTO JJIs1 JII0O0TO BBIYMCIMMOTO OpAMHasa-mocjaeoBaTesl @ CylleCTByeT BbI-
YUCIMMAs KECTKAsl CTPYKTypa, MMEIOIast Ag-paSMepHOCTb n.

W3 pesynbraToB [2,3] cremyer, 4TO [HJig JiloOOrO BBIUMCAMMOIO OpAMHAJIA-
roceqoBaTessi & U JI0O0Tr0 HeHY/IeBOTO HATyPaJIbHOTO YMC/a 1 CYIeCTBYeT BbIUMC/IN-
Masl HeIUCTPUOYTUBHAS peIlleéTKa, MMeIoIast Ag-paSMepHOCTb n. B pabore monyuyeH
UlenyoLUniA pe3yabTar.

Teopema. ITycms n — 3mMo HeHynegoe HAMypaabHoe YUCI0, & — BbIUUCUMbLL OPOUHAT-
nociedosamens, makoii umo a = 4. Tozoa cyujecmayem 8uluucaumMas oucmpubymueHas pe-
wémka (8vluucaumas zetimuHzosa anzebpa), umeruas Ag-pasmepuocmb n.

KHccnepoBaHye BBITIONMHEHO NIpM GMHAHCOBOI noaaepkke PODU B pamkax HAydHOTO
rmpoekrta N2 16-31-60058 moi_a_ K.
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HEJIMHEWHBIE IMTPUBJIMJKEHNSA HEKOTOPBIX KJIACCOB ®VHKIIUNI
MHOI'X ITEPEMEHHbBIX

I.B. basapxaHoB!

Ydauren.mirza@gmail.com, IHCTUTYT MaTeMaTUKX ¥ MaTeMaTUUECKOTO MOZeIMpPOBa-
HUS

[yctb k€N, z;. = {1,..., k}, Ng = NU {0}, R4 = (0, +00). Kak 06b14HO, L, = L ([0, l]k) —
MpocTpaHcTBO QyHKuUMi f : [0, l]k — C, CcyMMUpPYeMBIX B CTeIleHU I (TIpU I = oo Cylle-
CTBEHHO OrpaHMUYEHHbIX) Ha [0, 1]k, c Hopmoii || f | Ly |-

g x=(x1,..., X)), Y = (Y1,--, Vi) € RX monosxum Xy=x1)1+ ...+ X Vi, |xI =|x1|+
«+-+|xp|. [Tyctb n €N : n < k. DUKCUpyeM MyIbTUUHIAEKC m = (my,...,my) EN" ¢ |m| =k
Y MIpefcTaBIeHue x = (xy,...,X) € RX g Bume x = (x1,...,x™), tme x¥ e R™v.

TMonoxum ek = ek (0) = {0, 13*, ek(1) =ek\{(0,..., 0} Ak, j) = ZF N 10,27 —11%, j e N.

ITyctn
o,,_J) L tel01)
X (”‘{0, teR\[0,1),
1 3, teld ,2),
Ww=< -1, reldn;
0, reR\0,1);

nanee, m—-KkpaTHylo cucremy Xaapa y ") onpegemm cnepyiomum o6pasom: y ™ =

o () | ree™@), A€ Alm,), @ e N, tme xt ) (0 = TP ot 40 (), x, () =

oI5 x@IxY = Ayt (xY) = ek, x“ (xx); 3mecs ™ (a) = ™ (sign(a1)) ® -
e (sign(ay)), A(m,a) = A(my,ay) x...x A(mp, ap).

Ilyctb 1 < p, g <o0; €g=4 q(l\l(’}) — MIPOCTPAHCTBO YMUCIIOBBIX [1OC/IeN0BATEILHOCTEN
(cq) =(cqla e Ng) C KOHEYHO HOPMOJ1

1/q
Iea)l gl =( X leal?) " (1< g <o), lltca)llooll= sup Ical

aeN[ aeN[
lq(Lp) = fq(Lp([O,l]k)) (coots., Lp(lq) = Lp([O,l]k;éq)) — TPOCTPAHCTBO (QYHKIINO-

HaJIbHBIX I10C/IeN0BATEIILHOCTEN (gq (X)) = (8o (x) |a € I\Ig) (x € [0, l]k) C KOHEYHOI HOP-
MOt

I (8a(N€g(Lp) I=1(IgalLp)I€q4l
(cootB., | (8aCNILp(l) Il =1I11(ga(N€glILpll).
Iins f € Ly onpenenuM “IBOMYHYIO ITAUKY”
Ag(f’ x) = Z Z f )anl(x) fal - f k f(x) Xix/l(x) dx.
lee™ (@) AeA(m,aq) 0,1]
[Tycth § = (s1,.. sn) € R, 1 < p,g < oco. Torma npocTpaHcTBo Tura HuKombckoro—

BecoBa )(Bls,’zlq = )(B 0,11%) (COOTB JInsopkuua-Tpubens )(LS m = L;’g([ﬂ,l]k)), ac-
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couympoBaHHoe ¢ cucremoit ¥, cocTouT u3 Beex GyHKIMI f € Lp, IS KOTOPBIX KO-
HeuHa HopMa

I F1XBYE I = 1R¥ AL, ) 1€ Lp)I;
(coos., | f1xLy7 Il = IR¥AL(f, ) | Lp(Lg)I).

[Tomy4yeHbl TOUHBIE TI0 TOPSAKY OLIEHKM HAMAYUIIMX N-UJIeHHBIX MPUOTMKEHN 10
cucreme )((m) eIVHUYHLIX IIIaPOB ITPOCTPAHCTB )(Bp g " )(LS M g mpoctpanctse Ly ([0,1] k)
LIS psiia COOTHOILEHUIT MeXAy p, ¢, T

Pab6oTa BbITIo/IHEHA ITpy GMHAHCOBOI IToAAe p>KKe 1iesieBoii mporpammbi 0085/PTSF-14
MOwuH Pecniyonnku KasaxcTaH.

0 'OMOJIOTMYECKOMH KITACCUDOUKALIU TPAIYVUPOBAHHBIX KOJIEIT
U. H. Baja6a’

libalaba@mail.ru, TynbcKUii TOCYNAPCTBEHHbIN IeNarormyeckuii  YHUBEPCUTET
um. JI. H. Tosicroro

CBoiicTBa Mopy/ieit Haj KaKMM-TMOO KOJIBbIIOM OTPaKalOTCSI Ha CBOMCTBAaX CamMoOro
KOJIbLIA, a B psZie CydasX XapakTepu3yrT 3TO KoibLo [1]. LIS CTYKTYpPHOI Teopuu rpa-
IYUPOBAHHBIX KOJIell, aKTUBHO Pa3BUBAIOIIENCS B ITOC/IefHME TOIbl, Ba)KHA XapaKTepu-
3aUus rpagyupoOBAHHBIX KOJIel IIPU IMTOMOIY TOMOJIOTMYEeCKUX CBOVICTB KaTeropuu rpa-
IYyUPOBAHHBIX MOAYJIEN HAJ HUMM.

K HacTos11eMy BpeMeH) U3BeCTeH PAL, pe3ylbTaToOB, YCTAHABIMBAIOIIUX CBA3b MEXIY
CBOJMCTBAaMM aCCOLMAaTMBHOIO KOIbLIA C eAVHULIeN, TPafyUPOBAHHOIO IPYIIIION, U CBOM-
CTBaMM I'PafyMPOBAHHBIX MOJYJIEl Hall HUM.

OTMeTHUM, 4TO KOJIbLIO A SIBJISIETCS IPAAYUPOBAHHBIM TE€JIOM B TOM U TOJIbKO TOM CJ1y-
yae, eCJIM BCE TIpaBbie (JieBble) TpafyMpOBaHHbIE A-MOIYIN SIBJISIOTCSI Er-CBOOOTHBIMMU
[2].

M3BecTHa roMojioruuecKkasi Kaaccu@pukaims KiaacCuyecKyu MOTyIPOCTbIX TPagyupo-
BaHHBIX KoJiel] [3], rpagynpoBaHHbIX KBa3upoOeHNYCOBbIX [4], peryasipHbIX [5] 1 mony-
COBepILEeHHBIX Kotel] [6].

B noknage 6ymeT mpencTaBieH 0030p M3BECTHBIX Pe3y/lIbTaTOB, X CUCTEMAaTHU3AIMS U
HEKOTOpPbIe 00001eHNS ; JaHa XapaKTepUCTUKa IPagypOBaHHbIX apTUMHOBBIX U HETEPO-
BBIX KOJIell.

Pa6ota BbIMojiHeHa Ipu (prHaHCOBO mogaepskke PODU (rmpoekTsl 5-01-01540 a, 16-
41-710194 p_a).
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KAHOHUWYECKHME CTPYKTYPbI HA OBOBIIEHHBIX CUMMETPUYECKUX
ITPOCTPAHCTBAX U UX ITPNJIOXEHHUS

B. B. Banamienko’

Lpalashchenko@bsu.by, Benopycckuii rocynapcTBeHHbIN YHUBEPCUTET

O6o061IeHHbIEe CMMMeTpuUeckue mpoctpaHcTBa (G/H,®) u3ydyanuch € cepeayHbl
1960-x romoB mHorumu aBropamu (B.M.BegepHukos, H.A.CtenaHoB, A.Ledger, A.Gray,
].A.Wolf, A.C.®enenko, O.Kowalski 1 ap.). Takue mpocTpaHcTBa 06/1aal0T KOMMYTaTUB-
HOJi a/ire6poit KaHOHMUeCKX abUHOPHBIX CTPYKTYP, coAepykallei CTPYKTYpbl OUTHU
npousBefileHUs1 P, MouTH KOMILIeKCHbIe ], o6obmiatoniue ux f-cTpyktypbl K.SIHO u psif,
npyrux [1]. OTMeTM OCHOBHbIE IPUJIOKEHUSI KAHOHMYECKUX CTPYKTYP Ha OLHOPOIHBIX
k-cuMMeTpu4ecKMx mpoCTPaHCTBAX @k = id):

060061mennas spmutoBa reomerpus (B.®.Kupuuenko, ¢ 1980-x). IIpenbsiBieH 06-
MIMPHBIN pecypc npubnmkeHHo kenepoBbix NKf, spmurtossix Hf 1 f-cTpyKTyp Knacca
G f, koTopbie cogepskaT 1 060011a10T cooTBeTCcTBYIONIMe Kiaacchl NK, H 1 Gy B kitaccudn-
Karuu I'pesi-XepBesuibl TOUTU 3PMUTOBBIX CTPYKTYD [2]. Hanpumep, npubinskeHHO KeJie-
POBBIMU SITISIIOTCSI BCe 6a30BbIe f-CTPYKTYpPbI HA k-CUMMeTPUYECKMUX MPOCTPAHCTBAX [3],
YTO IIMPOKO 06061IaeT Kaaccuueckuii pesynbrat A.I'pes mst k = 3.

I'pynmel JIn. ITocTpoeHbl JieBOMHBApMaHTHbIe KAHOHMYECKIE CTPYKTYPbl Ha HUJIBIIO-
TEeHTHBIX TpyTax JIu MHAeKca 2, B YaCTHOCTY, HA HEKOTOPBIX 0000IeHHBIX IpyTax ['eii-
3eH6epra [4].

OpHoponHasa pumMaHOBa reoMmerpus. [lonydyeHbl KpUTEpUM NPUHAIJIEKHOCTU Ka-
HOHMYeCcKux pacripeneinennini Ha G/ H knaccam AF (aHtu-cioenue), F (c1oenne), TGF
(BriosiHe reofesnveckoe cnoeHue) [5]. IlpeabsBaeH WMUPOKUIL CIIEKTP MHBApPMaHTHBIX
npuMepoB 11 knaccudukaunm A.Haseiipsl [6].

QIMIITUYECKMEe MHTerpupyemblie cucTemMbl. DDheKkTUBHOE UCII0/Ib30BaHNe KaHO-
HUYECKMX CTPYKTYP U paclipeleieHuii Ha OGHOPOAHbBIX k-CUMMMeTpUYeCKUX MPOCTpaH-
CTBax CM. B [7].

PaGora BbinosniHeHa npu ¢uHaHCOBOM mnopmepkke I'TIHU “Kouseprenuusa” (2011-
2015) Pecniyonuku Benapych (N2 rocpeructpaiinm mpoekra 20115455).
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OLIEHKU ITOITEPEYHUKOB ®YPBE KJIACCOB IMNEPUOANYECKUX ®YHKIINN
C 3ATAHHO MAJKOPAHTOM CMEIIAHHOT'O MOZYJIS ITIAIKOCTU

1. A. Banrum6baesa!, T. I. CMupHOB?

Lpalsholpan @yandex.ru, IHCTUTYT MaTeMaTUKM ¥ MaTeMAaTUIECKOIO MOZ,eIMPOBAHMS
2s¢ s@mail.ru, UHCTUTYT MaTeMaTMUKI ¥ MaTeMaTUIECKOTO MOZEIMPOBaHMUS

Mycts d € N, eg = {1,...,d}, Ng = NU {0}, Ry = (0,+00); T4 = R/2)? — d-
MEPHBI TOp; Lp(Td) — MPOCTPAHCTBO (PyHKIMIA [ : T4 — C, cyMMupyeMbIX B CTe-
rneHy p (IpU p = oo CYLIeCTBEHHO OrpPaHMUYEHHbIX) Ha Td, c Hopmoit | f | LP(TTd) I;
{9 — TPOCTPAHCTBO (KOMIUIEKCHBIX) UMCAOBBIX IIOC/IE€N0BATEIbHOCTEN (cj) = (c f)j el\lg
C KOHEYHOI HOpMO ||(c ]-) 1o l; €p (Lp(Td)) — IPOCTPAHCTBO (PYHKIMOHAIbHBIX TTOCIIE-
IoBaTeJIbHOCTEM (gv(x))veNg (x € Td) C KOHEYHOI HOPMOIil || (gv(x))lég(Lp(Td)) | =

I gy I Lp(THIN1 g 1.
[Tonepeunnkom Dypbe nopsinka N MHOKeCTBa F < L4 Ha3bIBAETCS BeTMYMHA

N

Y| feF 1=1

e HVDKHSISI TpaHb 6epeTcsl 10 BCeM OPTOHOPMMPOBAHHBIM CHCTEMaM {h,}ﬁ\i 1 € Loo-
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I[Tycte Q(1) = Q(t1,..., t7) — GyHKUMS TUIIA CMELIAaHHOTO MOJY/ISl HeIPEPbIBHOCTY T10-
psinxa [, ynoBaeTBOpsIOasi MU3BeCTHbIM ycioBusM bapu—-CreuknHa.
O6o03HaunMm uepes V(1) ssampo Banmne-Ilyccena mopsiaka 27 — 1. ITomoxkum

As(0) = T (Vs (x)) = Vo1 (D), s= (51, 50) €N
J€eq
nns f € Ly As(f,x) = f* Ag(x).

Omnpenenenmne. IIycms 1 < 6 < oo. Tozda npocmpaHcmeo Hukonsckozo—becosa
SBS’BZ(TTd) cocmoum u3 ecex pyHkyutl f € Ly, 0151 KOMOPbIX KOHEUHA C1edyouias Hopma

IF1SBO, 1= [{Astr010@79} 2oy

‘, 1<0 <o
|fISBosbll = sup | As(f,) | Lpll/Q@™%), 0=cc.
S

PaccmaTpuBaeTcst MOAY/b IJIaIKOCTU BUIA

th
[ljee, —— 7 eomtj>0, jeeg,
Q@) = (logl/tp),’

0, ecnt [[jee, tj =0,

rneby<---<bg<r; (logl/tj)+ = max{l,logl/tj} .
B noknazme npuBOISTCS TOYHbIE 110 MOPSIAKY OLIEHKM IOIIepeYHMKOB Dypbe enuHNY-
HBIX IIAPOB MpocTpaHcTBa Hukonbckoro—becosa SB,%,Q(W) repmuoguIecKux yHKIMit

C 3aJaHHOV MaXOPAHTOM CMEILIaHHOTO MOAYJISI IJIAAKOCTU B IMIPOCTPAHCTBE Lq(Td) o
psila COOTHOILIEHMI MeXAy ITapaMeTpaMu p, ¢, 0 Ipy HEKOTOPBIX YUIOBUSX Ha ().
O11eHKM CBepXY CJIEAYIOT M3 TOUHBIX T10 MOPSIAKY OLIEHOK MPUOIVKEHSI KITaCcCoB

SB?él(Td) BCIteckamy cucremsl W j, CIIEKTp KOTOPBIX HaXOAUTCS IMOJ, ITOBEPXHOCTHIO
ypoBHS GyHKuMM ). [loka3aTeJbCTBO OLIEHOK CHU3Y CaefyeT KJIacCUUecKoi cxeMme
B.H. Tem/sIKOBa 1 OCHOBAHO Ha ITOCTPOEHMM TaK Ha3bIBA€MBbIX IIPUMEPOB” : [1JIs1 KaXKI0-
ro orepaTtopa npubavkeHust (13 orpeAeneHns olepeuHka) CTPOUTCS TPUTOHOMETPHU-
YeCKUM MOJIMHOM CIeMaJIbHOrO BUAA, Ha3bIBAE€MbIN IIPUMEPOM, KOTOPBIN IJIOXO IPU-
OTVKAETCST STUM TTOJIMHOMOM.

Pabora BbIIIOJTHEHA IIpU MO AepykKe rpaHToB 5130/T®4 u 5129/Td4 MOH PK.

O HUKOJIAE BACWJIBEBUYE CTEITAHOBE U ETO TEOMETPUYECKOI
TEOPUU OBBIKHOBEHHBIX TU®OEPEHITUAJIBHBIX YPABHEHUI

I. A. Banapy!

Umihail.banaru@yahoo.com, CMoneHCKMii TOCyAapCTBeHHbI YHUBEPCUTET

B cenTsibpe 2016 roga ucnonHUTC 90 JIeT O IHSI POXKIEHMS U3BECTHOTO OTeUYeCTBEeH-
Horo reomeTpa Hukonast BacunbeBuua Crenanosa (1926-1991), nmpodeccopa, moKTOpa
dusuko-mateMaTndyeckux Hayk. [Tocmemume 10 et cBoeit sku3uy H.B. CTenaHoB 3aBeo0-
Bas1 Kapepoit reomeTpuyt CMOIEHCKOTO TOCYAapCTBEHHOTO MeJarornueckoro MHCTUTYTa
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um. K. Mapkca (HbpiHe 3TOT By3 MMeHyeTcs1 CMOJI€EHCKMM rOCyAapCTBEHHBIM YHUBEPCUTE-
TOM).

[IpakTMuecku Bcsl HayuyHas gestenbHOCTbh H.B. CTernaHoBa cBsi3aHa C O4HMM Hallpas-
JIeHEM — reoOMeTPUUYeCcKOoii Teopyei 00bIKHOBEHHBIX NM(pdepeHIIMaTbHbIX YPaBHEHUIA.
M ory6imkoBaHO 0Koj0 40 3HAUMTENbHBIX paboT 10 3TOi TemaTuke. Haubosee moaHo
€ro pe3y/bTaThl IPeJCTaBlIeHbl B IByX 0630pax [1], [2], KOTOpbIe yallie BCero LUTUPYIOTCS
CrienMaaucTaMiu B JaHHoi obmactu. JoctmskenusM H.B. CrermaHoBa B reoMeTpUUecKoii
Teopuu 00bIKHOBEHHBIX MM depeHIaTbHbIX YpaBHEeHMI yIe/leHO 3HauMTe/IbHOe MeCTO
B 0030pe [3] BbIgaoIerocst oredecTseHHoOro creiuanycra JI.E. EBrymmka.

Hoxnaz 6ymeT MOCBSINEH OCHOBHBIM pe3yinbraTam H.B. CTemaHoBa U uX CBSI3U C pe-
3yJbTaTaMM APYTUX U3BECTHBIX OT€YeCTBEHHbIX reomMeTpoB. HekoTopbie mOCTpOeHUs
H.B. CreraHoBa 6yayT IMpOMJUTIOCTPUPOBAHbI Ha MpMMepe 0ObIKHOBEHHBIX nuddepeH-
I[MaJIbHBIX YPaBHEHUIi TPETbero u MIToro nopsiakos [4], [5], [6], [7]-

[Tomumo 3TOrO, OyHeT MpencTaB/ieH psi HOBBIX Pe3yIbTaTOB aBTOPA, TAKKe OTHOCS-
IIMXCSI B OCHOBHOM K reOMeTpUM 0ObIKHOBEHHBIX AuddepeHIalbHbIX YPaBHEHMUII Tpe-
ThEro U TSITOro MOPSIAKOB (IPYIIIbl Tpeobpa30BaHMii, OTHOCUTEbHO KOTOPBIX YpaBHe-
HMSI MHBAPMAHTHBI; PaCCJI0O€HHbIE TIPOCTPAHCTBA CO CBSI3HOCTBIO, MPUCOEAMHEHHBIE K
YPaBHEHUSIM U AP.). DTU Pe3YyJIbTaThl, TIOTyYE€HHbIE KakK C UCIIOJIb30BaHMEM METO OB, pa3-
paboranHbix H.B. CTenmaHOBBIM, TaK ¥ APYTUMM CPECTBAMMU, Pa3BUBAIOT U TOTOIHSIIOT
nubdepeHIMaTbHO-TeOMeTpUUecKye TTOCTPOEHMSI ITOTO 3aMeuaTe/IbHOTO OTeUeCTBeH-
HOTO reoMeTpa.
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O TEOMETPHUU CIIEITUAJIBHBIX DPMUTOBBIX MHOI'OOBPA3UIA
M. B. Banapy!

Imihail.banaru@yahoo.com, CMOIeHCKUI rOCyIapCTBeHHbI YHUBEPCUTET

1. OgHOVi M3 cCaMbIX IIATUPYEMbBIX CTATEi 10 TeOMETPUM TTOUYTH SPMUTOBBIX MHOT'000-
pasuit SBJsieTCs 3HaMeHUTas paboTa BbIJaloIlerocss amepuKkaHCcKoro reomeTpa Anbdpe-
na I'pes u ero ucnanckoro koywieru Jlynca Xepsesuinl [1], B KOTOpO# OHM Bblaenmaun 16
KJIaCCOB MOYTH SPMUTOBBIX MHOT000Opasuit. Cpeay BbIIeJIEeHHBIX TUIIOB ITOYTH IPMUTO-
BBIX CTPYKTYP €CTh XOPOIIIO M3yUueHHbIe (TaKye KaK, Halpumep, KJIacChl KeJIePOBbIX, TIPU-
OJI/DKEeHHO KeJIePOBbIX, TOUTH KeJIePOBBIX U JIOKAJbHO KOH(POPMHO KeJlepOBbIX MHOT000-
pasuit). OTMeTHuM, YTO KJIaccC CrielyaabHbIX 3pMUTOBBIX (special Hermitian, SH-) MHo-
roo6pasmii Tak)ke OTHOCUTCS K TaK Ha3bIBaeMbIM «MaJIbIM» Kitaccam ['pesi-XepBeJsiyibl, KaKk
M YIIOMSIHYTBIE BbIllle Apyrue kiaccbl. OmHAKO M3yUeH OH ropa3o MeHbllle 3TUX K/IacCOoB.
[71aBHAasl MpUuMHA 3TOTO, HA HAII B3I/IsA[, COCTOMT B TOM, YTO Kjiacc S H-MHOroobpasuit
SIBJISIETCS TMTOJK/IACCOM KjIlacca SpMUTOBBIX MHOT006pasuit. IIpu aToM paboT, yUnThIBAIO-
X 0COOEHHOCTY MMEHHO CHelMaabHbIX 9PMUTOBBIX MHOTO00Opa3mii COBCEM HEMHOTO.

2. HamoMHMM, YTO ITOYTH SPMUTOBBIM Ha3bIBAIOT MHOr00Opasue MZ”, OCHaIlleHHOe
PMMaHOBOM MeTPUKOI g = (-, -) ¥ IIOUTU KOMILJIEKCHO CTPYKTYPOi1 J, KOTOpbIe COIIaco-
BaHbI YUIOBMEM

JX,JY)=(X,Y), X,YeRWM?"),

rae yepes N(M 21y 0Go3HaueH MOJTY/Ib IJIAJIKMX BEKTOPHBIX I10JIeit Ha MHOroob6pasum M 2n
[1]. Takske HaTTOMHMM, UTO DyHIaMeHTaabHas (MM KejepoBa) (popma MoOUTH SpMUTOBA
MHOT006pa3us onpenesieTcss paBeHCTBOM

F(X,Y)=(X,JY), X,YeXRWM?").

[TouTy 3pMUTOBO MHOTOOOpa3ye Ha3bIBaeTCs CIlelMalbHbIM 3PMUTOBBIM (Wi W3-)
MHOT006pa3ueM, eciu BhITIOTHSIOTCS CleyIoliye YCI0OBUS:

8F=0, Vx(F)(Y,2) -V x(F)JY,2)=0, X,Y,ZeR(M*"),

roe 6 — onepartop KoguddepeHuypoBanus [1].

3. B moksage ripeamnosnaraeTcsl IpoBeCcTy KpaTKuit 0030p OCHOBHBIX pPe3y/lIbTaTOB, MO-
JIyYeHHbIX B IOCJIeIHNE TOfbl Pa3/IMUHbIMM MaTeMaTUKAMU B reOMEeTPUU CIIelaIbHbIX
9PMUTOBBIX MHOTO00PA3uit, a Takxke MPeICTaBUTh HECKOIBKO Pe3yJbTaTOB aBTopa (Kak
omy6MKOBaHHBIX [2], [3], Tak ¥ HeOITyOIMKOBAHHbIX). B OCHOBHOM 3TU pe3y/ibTaThl CBSI-
3aHbI C IOUTY KOHTAKTHBIMM METPUUYECKMMU TUIIePIIOBEPXHOCTSIMM S H-MHOTr0o06pasuii,
B YaCTHOCTHU, C TUneprioepxHoctssMmu Cacaku 1 KeHmMoI1y crienuaabHbIX SPMUTOBBIX U
KeJIepOBbIX MHOT000pa3uit. B uacTHOCTM, aBTOPOM ITOJTyU€HbBI TTPOCTbIe KPUTEPUU MMU-
HUMJIbHOCTU TaKUX IMIIEPIIOBEPXHOCTEN U UX XapaKTepu3alus B TEpMUHAX TUIIOBOTO
yucna.
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OTMeTyM, YTO MEeTO/IbI McciemoBaHMs S H-MHOroo6pasuii pa3paboTaHbl B X0/Ie 1cciie-
IOBaHUSI 6-MePHBIX IPMUTOBBIX MOAMHOT006pa3uit anredpel Kanm [4], a 6osbiiast yacTb
pe3y/IbTaTOB, ITOTYYEHHBIX aBTOPOM B T€OMETPUM CITEIIMATbHBIX SPMUTOBBIX MHOI000-
pasuii, IBJsseTcsl 0000IeHeEM COOTBETCTBYIOIIMX PE3YIbTATOB I 6-MePHbIX ITOIMHO-
roo6pasuii anredpbl OKTaB.
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ITIOHNMAHWUE T’EOMETPUMU I1.K. PAIIIEBCKM
H.T. Bapanen!

Ingbaranetz@gmail.com, YIbSHOBCKUI FOCYIapCTBEHHbI YHUBEPCUTET

SIpkuit coBetckmit reometp, nmpodeccop MIY IléTp KoHcTaHTMHOBUY PaiieBckuii
(1907-1983) HeomHOKpATHO Mucaa O MpeaMeTe U MeTohe cBoelt Hayku [1]. He kacasice
OHTOJIOTUM MaTeMaTUKM, OH OOBSICHSJI pealMCTUUYECKYI0 B TIJIATOHOBCKOM CMbICJIe TI0-
3UIUIO B HEJ CJIMIIIKOM paHHMM O3HaKOMJIEHMEM C nmpeameTom. ['eomeTpust oTpakaet
CBOJCTBA ¥ 3aKOHbI MaTepuaabHOro mupa. T.H. “MaeanbHOCTh” — eCcTh abCTparnpoBaHe
OT HEeCYIIECTBEHHbIX aCIIeKTOB Beleil. “3aKoHbl zeomempuu 06a3amensHol 01 pupodsl
nomomy u nocmoJibKy, NOCKONbKY OHU U3 Heé useneueHst” [1, c. 2]. BaskHO, UYTO MCTUHBI reo-
MEeTPUM, OTPaKkasi IeCTBUTETbHOCTb, BOCIIPOM3BOIST €€ MPUOIMKEHHO, B YITPOIIEHHOM
Bue. OTKa3 OT MHOTMX 3aITyTaHHbBIX (DAaKTOPOB JapUT TEOPUU CTPOMHOCTD. [ToaTOMY reo-
MeTpus EBKIMIa Auiiib OrpaHMueHHO MIpWIoXKMMa K MaTepuaibHomMy mupy. O6Hapyxe-
HJe HOBBIX (DaKTOB IOTPe60BajIo 60j1ee rIMOKMX aOCTPaAKLIMIA, TOUHEe OTPAsKAIOIIMX CBOI-
CTBA MPOTSDKEHHOCTH, paCCMaTPUBAKOIINX paHee UCKIYEHHOE.

T'eoMeTpus He eCcTb HAGOP OTHENBbHO 3HAUMMBIX (PaKTOB. Bce e€ momoskeHMs oTMYe-
CKM CBSI3aHbl. BO3MOXHOCTb OXBATUTb BCIO CUCTEMY CBSI3€Ji TEOMETPUM JAET €€ aKCMOoMa-
TUYeCcKoe nocrpoeHne. OHO MO3BOISET MOTYUYUTh B TEOPUN BCE JIOTMUECKM BO3MOKHOE.
YacTb MososkeHui 6epeTcs B KauecTBe akKCMOM, a 3 HUX BBIBOJISITCS TeopeMbl. biiaromapst
aKCMOMATHMKE COMIepyKaHMe TeOMeTpUM 00peTaeT SICHbIV BU/I, ITOSIBJISIETCS BO3MOXKHOCTh
omMcaThb €€ HeMHOTMMM akCcuoMaMM. 31eCh eCTh M 000pOTHAsI CTOPOHA — aKCMOMAaTHU-
Ka MPUBOAUT K OKOCTEHEHUIO TeoMeTpui, GuKCcHUpys e€ cogepskanue. [Ipuponaa cioxkHa u
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MHOT00bOpa3Ha — He c/eyeT UCKaTh YHUBEPCATbHYIO CUCTEMY, OTpakalolyio reoMeTpu-
yecKye CBONMCTBA Bellleil nAealbHO TOUHO M OJHO3HAUHO. Vmeanu3sauus MpOTSHKEHHOCTU
B MaTeMaTiKe MHOTOBapMaHTHA — e€CTb pa3Hble TeoMeTpuueckue cucteMbl. OgHU reo-
MeTpUM MoIydeHbl 00001IeHMeM 3KcIieprMeHTOB. OHM 0060 3HAUMMBI IJ1sI GU3UKU —
eBkimpoBa reometpusi, reomerpust CTO u OTO. [Ipyrue BO3HUKIIN ITyTEM CJIOKHBIX, MHO-
rOCTYIE€HYAThIX abCTpaKIINii, SIBJISISICH TIPeIMETOM MaTeMaTHM4yecKoro u3yueHus. B co-
BpPEMEHHOJ HayKe HaubOojee BasKHbI reOMEeTPUM, aKCMOMAaTHKa KOTOPBIX CTPOUTCS Ha
QHAJIUTUYECKON OCHOBE.

PalieBcKkuit mmcai, 4To 00 MOSIBJIeHMSI B KOHIE 19 B. COBpeMeHHOM aKCMOMAaTUKM He
OBLJIO KPUTEPUSI CTPOTOTO FeoOMeTPUUYeCKOro AoKa3aTeabCTBa. JJoImyckaaach HarIsIgHOCTh
6e3 MOHMMAaHMS MpeIesioB e€ 3aKOHHOCTHU. COCTOSITETbHOCTD AOKa3aTeabCTBa yraJblBa-
Jach “Hambosnee CuUabHbIMM yMmamu”. IToc/ie 0CO3HAHMS OrPAHMUYEHHOCT UHTYULIAU U
HaISIAHOCTM B pa3iMUHbIX TeOMEeTPUSIX Mepeluiv K aKCMoMaTuyeCKoMy CIocody Mx 1o-
cTpoeHusi. PanieBckuii IleHM akCMoMaTHUKy ['mibbepTa 1 CTpOrocTh A0Ka3aTeabCTB, ei0
OTKpbIBaemy10. Ho KasaBimiicst ToHavyaay IMpoCThIM U IJIaAKUM ITyTh ['M1b6epTa, — oTMe-
T PareBckuii, — 0OHAPYKMJI HEMAJIO TPYAHOCTEN, YCIOXKHMUBIINMX MOCTaBIEHHYIO M
3agauy [2].
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OB OPTOT'OHAJIBHOCTU CUCTEMbI ®YHKIIUI OJTHOTO BUJA

A.H. Bapmenkos!, H. A. BapmeHKoB>

Lanbarmenkov@mail.ru, Hayuno-Wccnegosarenbckuii Apepubiii Yausepcurer «MUDKU»
2nbarmenkov@at-consulting.ru, «AT-CONSULTING»

K. HlaiigykoB B 1953 1. B [3] mokasays MeTOAOM Teopuu (yHKIMIT IefiCTBUTETbHOTO
repeMeHHOTO IMOJHOTY B L2[0,27] mocienoBaTe/IbHOCTU

cos(nt+ bt);sin(nt+bt),n=0,1,2,..., (D)

nipu b<2/3, MoNOXMUB HAYaJIO 11eJIOMY HallpaB/IeHMIO UCCaef0BaHuit Takux cuctem. B [1],
[2] meTomamu MoHOrpad ¥y [4] MOKAa3aHo, YTO MOJTHOTA, MMHUMAIBHOCTD B Ly [0;27], p >
1 6051ee 061IE cyCTEeMBI (PYHKIINIA

{cos(nt+a(n));sin(nt+a(0)})_, (2)

3aBJCUT TOJBKO OT Pa3HOCTY 3HAUeHUI1 re/bAepoBCcKoil GYHKIMM a(f) Ha KOHILIAX OTpe3-
Kka [0;27]. Tax, 4TO IOCIeS0BaTeNBHOCTD (2) MOMHA B Lp[0;27], p > 1 mipn W <
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% + ﬁ. To ectb cuctema K. llarinykosa (1) monHa B L2[0;27] gnst a(t) = bt npu b < %.

Jlokya IMOCBSIIEH OMMCAHMIO TTOJTHBIX ¥ OPTOTOHAIbHBIX ITOC/IEA0BATEIbHOCTEN BUAA

1ePD cos(nr + a(1); eV sin(nr + a(D)}52os ®)

roe a(r), f(t) — pevictBuTenbHble GyHKIMM Ha [0;27].

Teopema. [Tycmo a(t), B(t) — deticmeumenvHeie 2enbdeposcKkue pyHKYUU, 02paAHUUEHHOU
gapuayuu Ha ompeske [0; 2], npuuem & (t) omauuHa om KOHCMAaHmMul.

JTnga mozo, umoOsl cucmema QyHkyuti (3) 6vi1a NoHa u opmozoHansHa 8 Ly [0;27], Heob-
X00UMO U 0CMAamMo4HO 8bINOJIHEHUE YC08UL

1 (27 st it it
——f 2pB(s)ctg——ds=2a(t) —argBg(e’") +InW¥(e""), 4)
21 Jo 2

20e By(z) = %f’__dzz, npuacC,lal<l,a#0u

B4(z) = z, npu a = 0, npuuem % < %;“(m < %,‘I’(z) — ¢yHKUUS, aHarumuueckas 8
(Iz| < 1) u HenpepovieHas 6 (|z] < 1), ¥Y(z2) #0 (|z] < 1).

3ameuanme. CoomHouieHue (4) no3eossiem epl6upamo NoJHvle 0PMO2OHATbHbBLE NOCTIE00-
samesibHocmu 8uda (3), Haubonee yOoOHble 0151 KOHKPEMHbIX NPUKIA0HbIX 3aday. Hanpumep,
6356 23(t) = 2cos(t), ¥(e'’) =1, a=0, mo

t N
{ecos(l‘) cos(nt+sin(f) + > e sin(nr +sin(r) + 5)}
0

s8715emcst 0080J1bHO NPOCMBIM NPUMEPOM NONHOL U 0PMO2OHAILHOLL hocnedosamenbsHOCMU
suda (3).
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PEAJIU3AIIVS AJITOPUTMA ITOCTPOEHUSI MACHITABUPYIOIIEN
®YHKIINUN HA JIOKAJIbHBIX ITOJISIX ITOJIOXKUTEJIbHOM
XAPAKTEPUCTHUKU

A. A. Bappies!, 10. C. Kpycc?

1BaryshevAA@gmail.com, CapaTOBCKMIi HallMOHAIbHBIN MCCIeL0BaTeNIbCKUI TOCyIap-
CTBEeHHbIN YHUBepcuTeT uM. H.I. YepHbIlieBCKOTo

2KrussUS@gmail.com, CapaTOBCKMII HalMOHAJbHBI MCCIeN0BATEIbCKUI TOCyAap-
CTBeHHbIN YHUBepcuteT uM. H.I. YepHbIlIeBCKOTO

B mociemHue rompl BBIPOC MHTEPEC K ITOCTPOEHMIO KPaTHOMACIITaOHOrO aHaim3a
(KMA) 1 BCIIJIECKOBBIX 6a31COB Ha JIOKAJbHO-KOMITAKTHBIX abejieBbIX TPYIIIaxX M Ha JIO-
KaJIbHBIX TTO/ISIX. [JaHHBIN MHTepec 00ycI0BIeH BO3MOKHOCTBIO ITPUMeHeHMsI TToTy4YeH-
HBIX BCIJIECKOB B (P PoBOIt 060pabOTKe IMCKPETHOM MHDOPMaLIUN.

Ins rpynn BunenkuHa G airOpUTMbI TOCTPOEHMSI MaclITabupytoieii GyHKIuu @, mo-
poxparonieii KMA Ha Lo(G), a Takke MeTOAbl ITOCTPOEHUSI OPTOTOHAJIbHBIX BCIIJIECKOB
{1//1}7:1 M3JI0KeHbI B paborax [1], [2]. i ToKaabHbIX roneii F () HonoskuTeNnbHOI XapaK-

N
TePUCTUKU p M3BECTHA CXeMa II0OCTPOeH NS BCIIZIeCKOB {Y/ l}le [3], mpu yo1oBMM, UTO Mac-
mrapubyomas GyHkius ¢ usectHa. Crocob mocTpoeHus Macurtabupyioiiein GyHKIUu
( TIOSIBWIICS B pabore [4].

Ecm pyHkuus ¢ € ® M(FES])V) rnopoxzuaeT oproroHaibHbIT KMA, TO OHa SIBJsIeTCs pe-
IIeHMeM MacCIITabVPYIOIIero ypaBHeHUS

PO = mo( Pyt ™h, (1)

roe GyHKUMS mo(y) — Macka JAHHOTO ypaBHeHus, y € X, X — rpymnma xapakTepoB agIu-
TUBHOW TPYIIIIbI F* jokanpHoro nosns F(S), &/ — ornepaTop pacTsKeHUs.

VpaBHeHMe (1) MOXXHO TepenucaTth B BUe

- k
o) = [ moxse ™). )
k=0

OcHOBHbI€ 3Tallbl IOCTPOEHUS @ [4]:
1. Beioupaem mpoctoe unciio p. Crpoum N-BanumHoe gepeso 7.
2.Tlo nepeBy T ctpoum rpad I'.
3. Tlo rpady I onpenensiem 3HaYeHMsI MacKu mg ().
4. Crpoum @(x), UCIIOIb3YS1 PABEHCTBO (2).
5. Berumcnsiem QyHKIMIO @ TI0 (P, UCIIONb3YSI 06paTHOe rpeodbpasoBaHme Dypbe @(x) =

S o) (x, x)dux).
X

Ha ocHOBe JaHHOTO aJrOpMTMa HalycaHa MIporpaMma, IO3BOJISIOINIAs TT0JIb30BaTENTI0
BbIOpaTh mpocToe unuciao p u co3pathb rpad I'. ITo rpady I' paccunMThIBaIOTCS 3HAUEHMS
bynkuuit mo(x), ¢(x), @(x). [Ipu atrom rpaduku GYHKINI BBIBOASITCS HA SKPaH.

PaboTa MoAroToBjeHa B paMKax rOCyIapCTBEHHOrO 3amanusi MuHoOpHayku Poccum
(mpoexT N2 1.1520.2014/K).
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O ITOCTPOEHNUA NU30JIATOPA IIOAI'PVYIIIIbI
B HEKOTOPOM KJIACCE I'PVIIII KOKCTEPA

B. H. Be3Bepxumii', 1. B. Jo6pbIHMHA>

1vnbez@yandex. ru, Akagemus rpaxkgaHckoi 3amuTtbl MUC Poccun
2dobrynirina@yandex.ru, TyabCKMii TOCYJApPCTBEHHbIV I1€ArOrMYECKUil YHUBEPCUTET
um. JI. H. TocToro

Ilycte G — KOHeuHO MopoxaeHHas rpymnmna Kokcrepa ¢ kompezncrasieHueM G =
(ay,...,an; (al-aj)mif =1,i,j = 1,n), Toe mjj — SJIeMeHTbI CMMMeTPUUYECKO MaTPULIbI
Kokcrepa: Vi,jel,n, mj;=1,m;j=2,i #j.

Ecin rpynine G cOOTBeTCTBYeT KOHEUHbI AepeBo-rpad I' Takoii, uto BepiuiMHaM rpada
I' COOTBEeTCTBYIOT 06pasyiomue a;,i = 1,1, a BCIKOMY pedpy e, COeIMHSIoIeMy BepLIl-
HBI C 00pa3yOLIMMH d; U d j, COOTBETCTBYET COOTHOLIEHME (a;a ]-)mif =1, TO MBI UMeeM
rpynny Kokcrepa ¢ npeBecHO CTPpyKTYpoii [1].

Onpepenenue 1 [2]. [lodzpynna A zpynnst G Ha3vleaemcst u3onuposaHHoli 8 G, ecaiu ons
11006020 2n1emenma g u3 G u3 mozo, umo gk npuxaonexcum A, gk # 1, cnedyem, umo g npu-
Hadnexcum A.

Onpepenenue 2 [2]. [lodzpynna, pasHas nepeceueHuio 8cex U30aUpo8amHslx 8 G nod-
2pynn, codepxcawiux nodzpynny A, Ha3vl8aemcs U30Jas5MOPOM UL KOPHEBLIM 3aMbIKaHUeM A
8 G.

Teopema 1 [3]. B 2pynnax Kokcmepa c dpesecHoli cmpykmypoti paspewiuma npoobiema
8x0Mc0eHusl.

Teopema 2 [1]. IlepeceueHue d8yx KOHEUHO NOPOXOEHHbIX nodzpynn 2pynnsl Kokcmepa
¢ dpesecHoll cmpykmypoui KOHEUHO NOPOHOEHO U Cywjecmayem ai20pumm, 8blnuUcCbI8awjull
obpasywujue 0aHH020 nepeceyeHusl.

Teopema 3 [5]. B epynnax Kokcmepa c dpesecHoli cmpykmypoti pazpewiuma npobiema
nepeceueHust KOHEUH020 UUCIA KAACCO8 CMEHCHOCMU KOHEUHO NOPOHOEHHbIX NO02PYNN.

Wcnonb3ys U3noxkeHHOe BbIllle U pe3yabTart [5], JoKa3biBaeTcs
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Teopema 4. B zpynnax Kokcmepa ¢ dpesecHoli cmpykmypoii u3onsimop 8csiKoli KOHeu-
HO NopoxcdeHHOtl nodzpynnst KOHEUHO nopoxdeH. Cywjecmeayem anzopumm, 8bINUCbIBaAOWULE
obpasywujue 0aHHO020 U307151Mopa.

Pabora BbImosHeHa Tpu (uHaAHCOBOV monaepskke POOU (mpoekt 15-41-03222
p_LIeHTp_a).
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AHAJIOT CBAA3HOCTU HEVI®EJIbJIA
ITPOCTPAHCTBA IIEHTPUPOBAHHBIX ITJIOCKOCTEN

0. 0. Benosa!

Lolgaobelova@mail.ru, Bantuiickuit dbenepanbHblii yauepeuter umenu W. Kanra, Vn-
CTUTYT HpMK}Ia}:LHO]Z MaTeMaTUuK1 u ]/IH(I)OpMaLU/IOHHbIX TeXHOJIOTUM

B n-MepHOM IIPOEKTUBHOM IIPOCTPAHCTBE Pj; pacCMOTPUM IIPOCTPAHCTBO 1 Bcex 1ieH-
TPUPOBAHHBIX 11-TVIOCKOCTEN.

[IpousBenem crienuaan3alio MOABUKHOTO periepa {A, Ag, Aq}: BepliMHy A mmome-
CTUM B LIEHTP M-MepPHOW IIJIOCKOCTU Ly, a BepIIMHBI A, — Ha IJIOCKOCTh Ljy,. basuc-
Hble GopMblI ITpocTpaHCcTBa [1 yI0BIETBOPSIIOT BHITEKAIOIIVIM M3 CTPYKTYPHbBIX YpaBHEHUIA
KapraHa [1] ypaBHeHUSIM

Dw® = 0* A% +wP A QY Da)“:wb/\QZ+wa/\QZ,

ﬁ)

a_, P ab a .
Dwa—wb/\Qﬁa+a) N Qga;

— — — — b_ sb b
e Qg =g, Qp =], Qg =0g, Va = -—we, Qg =605 —0zwq.

B’ B BB
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Haz npocTpaHCTBOM LIEHTPUPOBAHHBIX IJI0CKOCTeN [T BO3HMKaeT rmaBHOe pacciioe-
Hue L£(I1), TUTIOBBIM CJIOEM KOTOPOTO SIBJsIeTcs rpymmna Jiu £, neiicTByoolias B KacaTeslb-
HOM mpoctpaHcTBe K 1. B paccnoennn £(IT) 3aganum a”anor csa3HocTy Helidenbaa [2]
crioco6oM JlanteBa-JIymucre. BBoast HOBble OPMBI

AY _ % _1ta Yy _tra a_gjaa, Y
Qﬁ Qﬁ Tﬁya) Fﬁaw Lﬁywa,

Qp=Q7 -T) 0% -T) 0 -1y wg,

b=
~a_ana_va ,B_vra ,b_rab,6 P
Qq=Qq Faﬂw Lo pw Laﬁwb’

Qa = Qa - Laawa - Labwb - Hgawg,

~ab _ ~ab ab ab ¢ abc, Y

1 Haxons ux auddepeHIMatbl, MoayyaeM, UTO CBI3HOCTh B I7laBHOM paccioenun £(I1)

3a7jaeTcsl C TOMOIIIbIO IO/t 0O0bekTa cBsI3HOCTH I Ha 6a3se I1.
Ananor cuinbHOM HopMmanu3sainuu HoppeHa [3] maHHOTO MHOTO0Opa3sus MO3BOJSIET

OXBaTUThb KOMIIOHEHTHI 00beKTa CBA3HOCTY I’

aa __ _saqd a _ _s«a a __saxq _ s«

Lyq =04Aa Tpe=—0pAe =8¢ Ap, Ty, = =0ppia + A,

ab _ bra va _ a a _ bqa
L3% = -AGAG, Ty, = ~0pka, Tap = ~ApAgAf,

M5, = 6520, Lap = Aalp, Laa=—~AadpAd,

G0 = ~8005 A5 - 64664y, Lo, =6560Aa,

Bay Yo Up Bac
LGy = ~0a051p=85Aaly (o =Aa=AGAa).

TeopeMa. AHAN02 CUMBbHOU HOpMAIU3AUUU NPOCMPAHCMBA UEHMPUPOBAHHBIX NJIOCKO-
cmeli uHOyyupyem avasnoz cesi3Hocmu Hetigpenvoda e accoyuuposarnHom paccnoeruu L£(IT).
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Ob OBOBIIEHWUA ITOHATUA UHTET'PUPYEMOCTU U ET'O IIPUMEHEHNUA B
V3VUYEHUU OJTHOTO OTOBPAJKEHUI CJIEJIA

C. C. BenbmecoBa, JI. C. Edpemosa!

Uefunn@gmail.com, HauyoHaJbHBI MCCIeI0BaTeNbCKMIT Hyskeropomckuii rocymap-
CTBeHHbII yHUBepcuteT umM. H.U. JlobaueBCKOTO

[ToHSITME MHTErPUPYEMOCTM HEIPEPBIBHOTO OTOOPAsKeHMST B TVIOCKOCTY, BBEAEHHOE
aBTOpamMu B [1], 0606111€HO Ha CTy4yait MoSyHelpepbIBHOTO CBEPXY ABY3HAUYHOTO OTOOpa-
SKeHMSI, 3aJaHHOTO B HEKOTOPOM BBIMTYKJIOM HEOTpaHMUEHHOM MOJIMHOXKECTBE IIJIOCKO-
CTHU.

IlokazaH KpUTepuit MHTETPUPYEMOCTH TaKOTO pOoAa MHOTO3HAUYHOTO OTOOpaskeHMs,
OCHOBaHHbBIN Ha CBEeJIEHUM 3TOTO OTOOpaskeHMSI K TTOTyHEeIIPEPLIBHOMY CBEPXY IBY3HAU-
HOMY KOCOMY ITPOM3BeIeHNI0 OTOOPaKeHU T MHTepBasia, 3aJaHHOMY B HEOIPaHUYEHHOM
(110 BTOpPOVI MepeMeHHO) PSIMOYTOJIbHMUKE TJIOCKOCTH.

[TomyyeHHBIE pe3y/lbTaThl MPUMEHEHBI K M3YYEeHNIO0 HEKOTOPOTO ABY3HAYHOIO ITOY-
HEeMpepbIBHOTO CBEPXY, OTOOPakeHMsI, CBSI3aHHOTO C OTOOpakeHMeM ciena

F(x,y) = (xy, (x-2)2),

BO3HMKAIOUIMM B M3¥Ke KBa3UKPUCTAJIOB.
PaccmoTpeHnst TaHHOM paboThl OCHOBAHbI HA MCIIOIb30BaHMM JIOKAJIbHONM JaMMHa-
LIMU, TIOCTPOEHHOI [IJIS yKa3aHHOTO BbIIllle 0TOOpaskeHMs ciefa B cTaTbe [1].

VWccnemoBaHusi BTOPOTO aBTOpa MO 0000IIeHNI0 TTOHSITHUSI MHTETpUPyeMOCTH Ha CIIy-
yaif IBY3HAYHBIX ITOJTYHEIIPEePbIBHBIX CBEPXY OTOOpaskeHMIi B IVIOCKOCTY BBITIOTHEHBI 3a
cuet rpanTa N2 16-11-10036 PH® B MI'Y um. M.B.JlomoHOCOBa.

VccnenoBanus epBOro aBTopa 1o nNpuMMeHeHUI0 BOIIPOCOB MHTETPUPYEMOCTHU K UCCIe-
IOBAHMIO AMHAMMKIM OTOOpakeHMsI C/iefia BBITIOJIHEHBI 3a cueT rpaHTa N2 14-10 MuHo6p-
HayKku PO.

JIureparypa

[1] BelmesovaS.S., Efremova L. S. On the Concept of Integrability for Discrete Dynamical
Systems. Investigation of Wandering Points of Some Trace Map// Nonlinear Maps and
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CBA3b MEXXY HEOBXOJAMMbIM N TOCTATOYHBIM YCJIOBUSIMUA
MACIHITABUPYIONIEN ®YHKIIUU HA I'PYIIIIAX BUJIEHKUHA

I. C. Bepguukos!

Leyrointelligent@gmail.com, CapaToBckuii [ocymapcTBeHHbI YHUBEPCUTET

ITycts (Gp, +) — JIOKAJIbHO KOMIIAKTHAS I'PyIlna BuieHKkMHaA, 27ileMeHTaMy KOTOPOJi SIB-
NS1I0TCS1 6eCKOHEeUHbIe B 00e CTOPOHBI MTOC/IeloBaTeNbHOCTY X = (...,0,—1, X5, Xp+1,---),
xj=0,p-1,r1mep - n060e mpocToe unciio. Onepanust CJIOKeHUsT + ompeneseTcs: Kak
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MMOKOOPAMHATHOE CJI0KeHMe 110 MOAYIIo p, T. e. X+) = (X j-i— y ]-)(x itYj mod p). [TycTtp
Gn={xeG:x=(..,0p-1,xn, Xp+1,...)},ne”Z,

OCHOBHa4 Ler04YKa MOATPYIII, G,Ll — COBOKYITHOCTb aHHYJISITOPOB.

Ha rpymnmax BuaeHKMHa BO3MOXHO ITOCTPOUTH OPTOTOHAJIbHBINM KpaTHOMACIITA0-
HbBIII aHajaM3. 3aJayva MOCTPOeHMSI KPaTHOMACIITAOHOTO aHaM3a CBOAMTCS K HAXOX-
IeHUI0 MacuITabupyiomeit GyHKIMU ¢, KOTOpasl YIOBJIETBOPSIET PaBEHCTBY P(y) =
mo(Y)Q(x < _1), rae of — onepaTop pacTsikeHus, a QyHKLMS nig(y) Ha3bIBaeTCs MacKOJA.
MbI Oygem paccMaTpuBaTh CTyreHUaTbie GuHUTHBIE GyHKIMKU. B pabore [1] HaligeH ai-
TOPUTM, TTO3BOJISIONINI CTPOUTH TaKue MacIiTadbupyoie GyHKIMM Ha JIOKATbHbBIX T10-
JISIX TIOJIOKUTE/TbHOM XapaKTePUCTUKM TI0 0COOBIM 00pa30M ITOCTpoeHHOMY rpady. Amau-
TUBHAasI IPYyIINa TaKMX I0J1eil Ipu s = 1 gBisieTcs rpynmoii Bunenkuna. Takum obpazom
HaliIeHO JOCTAaTOYHOe YCUJIOBME MacIITabupyomei GyHKLIMM Ha TpyInax BumeHkmHa.

[anee mpencras/ieH pe3ynbTaT, IMTOKA3bIBAIOIINIA, UTO BBILIEYIIOMSIHYTHIN aJITOPUTM
SIBJIIETCS HE TOJIbKO JOCTATOYHBIM, HO 1 HEOOXOAMMBbIM YCIIOBMEM.

Teopema 1. ITycms @(x) — macwmabupyrwas ¢pyHkyus, npuuem @(x) umeem Hocumesns
8 05*4 U NOCMOSIHHA HA CMEXCHBIX KAccax no @fN. Tozoa opepagh T ¢ sepwiunamu suda a =

(a:,-)ﬁ.\il, nocmpoeHHslii no gyHkyuu @(y), obradaem credyowumu ceoticmeamu:

1) Ecnu umeemcs dyza al — Rk, moVvVi=1,N-1, a{H = ai?.
2) M3 noboii sepuiunst opepagda, omauuroii om 0 = (0,0, ...,0), ecms nymo 6 6epuiury 0.
3) I'pag He codeprcum KOHMYpPO8, MO eCMb 3AMKHYMbIX nymeti.

4) U3 sepwuHsl 0 He ucxooum dye.

Teopema 2. Knaccwl 2pagos, onucartsix 8 pabome [1], u zpagos, obnadaroujux ceoticmea-
Mu u3 meopemsl 1, coenadarom.

Taxkum o6pa3om, aaropuTM 13 paboTsl [1] onuchiBaeT Bce BO3MOKHbIE MaCIITaOUpPy-
1o1vie GyHKIMM C KOMITAaKTHBIM HOCUTEJIEM, a He HeKUii y3Kuii ux Kiacc. biarogaps Teo-
pemam 1 1 2 OSIB/ISIeTCS 1Ba 9KBMBaJI€HTHBIX ONMMCAHUS TakKMX QYHKIINIA, KaKI0e U3 KO-
TOPBIX MOXXHO pacCMaTpUBaTh KaK HEOOXOAMMOe U I0CTaTOUHOe yCIOBMeE.

PaboTa MoAroToBiieHa B paMKax BBIMOTHEHMSI TOCYIapCTBEHHOTO 3aaaHuss MUHOOD-
Hayku PO (mpoexT N2 1.1520.2014/K).

JInteparypa

[1] C.®. Jlykomckuii, I. C. Bepauukos, 10. C. Kpycc, “O6 OpTOroHaaIbHOCTM CUCTEMBI
CIBUTOB MacITabupyioieit GyHKIMM Ha rpymmnax BuieHkuHa”, MaTeM. 3aMeTKH,
98:2 (2015), 310-313.
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O YACTHOM CJIVUYAE ITOYTH TEOJE3UYECKUX OTOBPASKEHUI
INEPBOI'O THUIIA

B.E. Bepesosckmii!, 1. Muxenr?

Lperez.volod@rambler.ru, YMaHCKMIi HAllMOHAIbHBI YHUBEPCUTET CafOBOICTBA, YMaHb,
YKkpanHa
Zjosef-mikes@upol.cz, Palacky University of Olomouc, Czech Republic

PaccMOTpuM YacCTHBIN CJTydali KAHOHUMYECKUX ITOUTHU Teofe3uuecKuX OToOpaxkeHMit
npocTpaHcTB ab@UHHOI CBA3HOCTU f: A, — Ay, KOTOPbBI XapaKTepu3yeTcsl YCIOBUS-
MM Ha TeH30p JedhopMalumu CBI3HOCTeM

h a ph _ <h
P T PiiPra =90( i )

rae chj — TeH30p Jedopmaliuy CBSI3HOCTEMH, a; j — HEKOTOPbIii CUMMeTPUIeCKIit TEH30D,

) f’ - cumBoJibl KpoHekepa, “, ” — KoBapyaHTHAs IIPOM3BOIHAs 10 CBSI3HOCTHM B IIPOCTPaH-
CTBe Ay M KpyIJIBIMM CKOOKaMM 0603HaYaeM CMMMEeTPUPOBaHME MHIEKCOB 6e3 IeIeHMs..
N3 ypaBHeHui1 (1) rmosydyeHsl ypaBHEHUS

ho _ paph o sh.
Piix=~PijPait0kaij 2)
(n=1) a3k = P&:Rak — Ph ;R% 5 — (n=1) Pagy, 3)

roe Rjju thj i ~ TEH30DBI Pyuyuu n PumanHa ripoctpaHcTBa Ay.

OueBuIHO, ypaBHeHMS (2) 1 (3) B JaHHOM IIPOCTPAHCTBE Ay MpeacTaBIIsSIoT cob0ii 3a-
MKHYTYIO CUCTeMY Tuia Komi OTHOCUTENIbHO HeU3BeCTHbIX (PYHKIMi Pihj (x) u a; j(x),

KOTOpbIE€, €CTECTBEHHO, OO/IXKHbBI YOOBJIETBOPSATDH €1l1€ KOHEUHBIM YCJIOBUSM anre6pane-
CKOrI'0o XapaKkTepa
PlLx) =Pl n a;j(x) = aj;x). @)

Tem cambIM mJOKa3aHa

Teopema 1. /[ng mozo umo6sl npocmpaHcmeo ap@uHHoli c8ss3Hocmu Ay, 00nycKaio no-
umu zeodezuueckoe omobpaxceHue, onpedensiemoe ypagHeHusmu (1), Ha npocmpavcmeo ag-
(umnHoil ceszHocmu Ay, He06X00UMO U JOCMAMOUHO, YMOoObl 8 HeM CYU|eCB08AJI0 PEUIEHUE
cmeuiarHolti cucmemst muna Kowu (2), (3), (4) omHocumensHo Heu38ecmHuiX yHKYuli Pl.hj (x)

u aij(x).

BBemeM B pacCMOTpEHMe TeH30PbI

~h _ ph 1 Coh o sh
Wijk = Rije= 5,27 (Rijo) ~ Rik07j),
Wij :Rij_Rji-
Hamu nokasaHa
Teopema 2. TeH30pol Wi}; U W; j, a makice mensop npoekmueHotU Kpueu3Hsl Betiis, s16-

JIIOMCS UHBAPUAHMHBIMU 2e0Mempuyeckumu 06sekmamu npocmpancmes apurHoti ces3-
HOCMU OMHOCUMEILHO NoOUMuU 2e00e3udeckux omoopaxceHutlli nep8o2o muna, onpedensiemoix
ypasHeHuamu (1).
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IMTPOBJIEMA JIN U TN®OGEPEHIINAJIBHBIE THBAPUAHTDI ITOAT'PVIIIL
B I'PVIIITIAX KPEMOHbI

I1. B. bubuxkos', A. 1. Manaxos?

ltsdtp4u@proc.ru, U'HctuTyT nipo6ieM ynpasinennus PAH
2amalakhov2011@gmail.com, UacTtuTyT npo6iem yrpasaeHus PAH

B pa6ote permiaetcs rpobinema Codyca JIn o BbrumcieHuu anredpsl auddepeHiaib-
HBIX MHBAPMAHTOB € CTBUS TICEBIOTPYIIIHI TOUEUHBIX CMMMETPHII Ha Ki1acce OObIKHO-
BeHHBIX AubdepeHLanbHbIX YpaBHeHMIi BToporo nopsaaxa y” = F(x, y), a Takxe Ipe[-
JlaraeTcsl HOBbIN Moaxo[ K u3yueHuio auddepeHIanibHbIX YpaBHEeHU 1 6€CKOHEUHO-
MepPHBIX ITOATPYIII B rpyIine KpeMoHBI.

Paccmorpum guddepenyanbabie ypaBHeHus Buaa y'' = F(x, y). DTu ypaBHeHUsI AB-
JISTIOTCSI 0COOBIMM C TOUKM 3peHust Knaccudukanym Tpecce-Kpymkosa [3], mosToMy OHU
Tpe6yloT oTAebHOrO U3ydeHusi. C. JIu mpeAipyHsII MOMbITKY BBIYMCIUTD areopy aud-
(dbepeHIMaTbHBIX MHBAPMAHTOB J€CTBUS TICEBAOTPYIIIBI TOUYEUHBIX CMMMETPHUII TaKUX
ypaBHEHMI, OMHAKO He CyMesI HaliTy Hi OAHOTro AuddepeHIaaIbHOTO MHBApMUAHTA, 10-
Ka3aB JIMIlb, YTO MHBAPMAHTOB IMOpsAKa < 3 He CYyleCTBYyeT.

B mepBoii yacTu paboThl MbI TIOJIHOCTHIO pelliaeM 3Ty IMpobdiiemy JIu, BBIYMCIUB KO-
JIMYECTBO He3aBUCUMBIX nuddepeHIIMaabHbIX MHBAPMAHTOB BO BCEX MOPSAKaX, yKa3aB
6asucHblie quddepeHIMaTbHble MHBAPUAHTBI, MHBapUaHTHbIE AM(depeHIMpOBaHNS U
CU3UTUM ITOI airedopsl.

Tem He MeHee, Take 3HaHUS Bceit anreOpbl AudbdepeHIMaTbHbIX MHBAPMAHTOB HEJ0-
CTATOYHO [IJISI TOTO, UYTOOBI peIIUThb TPOO6IEeMY SKBUBAJIEHTHOCTH IBYX AubdepeHIab-
HbIX ypaBHeHumit Buaa y'' = F(x, y) OTHOCUTEIbHO [eliCTBUS [ICeBAOTPYIIIbI CUMMETPMUIL.
OTO CBSI3aHO C T€M, UTO TpyIa CMMMeTpuit 6eCKOHeUHOMepHa, IT03TOMY CTaHJapTHbIe
paccyxmeHus1, IpUMeHMMble B KOHEUHOMepPHOM cTydae [1] 3mech He paboTaloT.

Iyist TIipeoioieHnsT 9TOM MpoOieMbl MTPeAJIOsKeH HOBBIV MOAXOM K M3ydeHuto audde-
pPeHIMabHbIX YPaBHEHMIT, OCHOBAHHbBI Ha HEOXXUIAHHON CBSI3U MeXay auddepeHIn-
aJbHBIMM YPaBHEHUSIMU U a/irebpanyecKoii reoMeTpueit. A MMeHHO, paCCMOTPUM JIUIIb
Te nuddepennmanbabie ypaBHeHus Buna y” = F(x, y), Y KOTOPbIX IpaBasi 4aCTb ABISETCS
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panoHanbHOM dyHKIMel. Torma rpyrna TOYeUHbIX CMMMETPHUit Takoro Kiaacca andde-
peHLMaIbHbIX YPaBHEHU SBJISIeTCS OAIPYIIION B rpyniie KpeMoHsI [2].

Bo BTOpOIT yacTy paboThl BbIUMCIeHa anrebpa auddepeHIMaTbHbIX MHBAPUAHTOB
IeJACTBMSI 3TOV MOATPYIINLI, @ TaKKe C ITOMOIIbIO 6a31coB I'pebHepa OYIYT IMOACUYUTAHBI
COOTHOIIIEHMS MeXIYy MHBapMaHTaMM IJIs1 pa3IMIHbIX nvddepeHIIMaabHbIX ypaBHEHMI,
SIBJISTIOIIMECS TIOJIMHOMAaMU U 3a1afolye B IPOCTPAHCTBe MHBAPUAHTOB aJiredpanueckie
MHOTr000pa3us.

PaboTta mepBOro aBTopa BbITIOJHEeHA MPY GMHAHCOBOI roaaepskke PODU (rmpoekT
Mon_a Ak 16-31-60018).

JInreparypa
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Ob MHTETPAJIbHBIX ITPOEKTVBHbBIX NTHBAPUAHTAX
IrpyIiIi JUOGOEOMOP®P3MOB

I1. B. Bubuxkos!, . C. CtpenbioBa?

Itsdtp4u@proc.ru, UHCTUTYT 1po6iieM yrpasieHust PAH
2strelzova_i@mail.ru, ACTpaxaHCKMii TOCYIAPCTBEHHbIN YHUBEPCUTET

[Tyctp rP! — MpoeKTuBHas npsimasi u PGL(2) — rpyrina nmpoeKTUBHBIX aBTOMOPdM3-
MOB 3TO¥ ITPSAMOI. PacCMOTpUM rpyIimy Diff(RPl) BCEBO3MOXKHBIX IMTagKkux auddeomop-
db13MoB mpoekTUBHOI Mpsimoii. [TpoekTuBHas rpymia PGL(2) geiicTByeT Ha Heli COIpsI-
SKEHUSIMU: @ — gogoog_l.

[IpencraBisieT MHTEpeC 3aa4a HaxXOKIeHMS (IJI00aIbHbIX) MHBAPUMAHTOB ITOT0OHOTO
neicTBus (B uaealie — BhIUMCIEHME BCEli aire6phbl TAKMX MHBAPUMAHTOB). DTa 3a/1a4a Tec-
HO CBfI3aHa C TAKMMM KIaCCUUYECKUMMU MMOHATUSAMMY, KaK Ipou3BoaHad llIBapiia, Koromo-
JIOTUM TPYIIIIbI Diff(IRPl), anrebpa Bupacopo u ap. (moapobHee 06 3TUX BOIIPpOCaX MOXKHO
y3HaTb U3 [1]).

Llesbio JaHHOM pabOThI SIB/ISIETCSI TTOCTPOEHME NBYX MHTErpaibHbIX MPOEKTUBHBIX
VHBApPMaHTOB TPYIIIIbI Diff(RP'). Ilins sToro mbl IIPYMMEHUM KOHCTPYKIMIO, aHAJIOIUY-
HYIO OIpeneieHMI0 MHBapMaHTa Kanabu mjist CMMITIEKTMUYECKO TPYIITbI aBTOMOPhU3-
MOB JABYMEpPHOTO AucKa (cM. [2]). A MMeHHO, Mbl BbIYMUIMM JBe AuddepeHiaaibHbie
1-dbopmbl, 3aBucsIIye OT 1- 1 2-mKkeToB JaHHOrO Auddeomopdusma ¢: x — y 1 MHBa-
pPUaHTHbIE OTHOCUTEIILHO IIPOEKTUBHOM I'PYIIIbI, @ 3aTeM [IPOUHTErpUpyeM Ux o rRPL.



116 CEKLIMOHHBIE AOKTALDI

Takum 06pa3omM, BO3HMKAET 3ajavya HaxokaeHus nuddepeHIInaabHbIX MHBAPMAHTOB U
MHBapMUaHTHBIX AuddepeHManbHbIX 1-DopM HAeiicTBUS MPOEeKTUBHOI Trpymibl PGL(2)
Ha TpyIime Diff(RP!) conpsorennsimu.

Teopema 1. @yuxyusa J := VZ(X—J;)y+|233//21(y1+1) u I-gpopma w = Vx|_y;/|dx A6JIAI0MCA
1

PGL(2)-uHsapuanmHusimu (30ecs uepes y1, y2 0003HaueHst KoopouHameol 1- u 2-0xemos oug-
peomopusma ).

C nmomo1ipio HalileHHbIX MHBAPMAHTOB MIOCTPOUM IJI0OabHbIe MHTETpaabHble MHBA-
pUMaHTBI IPOEKTUBHOM rpyIibl PGL(2).

Teopema 2. [Tycms dudpdeomopdusm ¢ € Diff[RP) ne umeem nenodeusicrsix mouex. To-

2da yHKuuu
Il::fw u Ig:zf]w

RP1 RP!
ABA10MCSA 8eWeCMB8EeHHO3HAUHBIMU NPOEKMUBHBIMU UHBAPUAHMAMLU.

OTMeTMM, UTO 3HaHME MHBApMaHTa J 1 POPMBI w MO3BOISIET ONMMCATh BCIO alre6bpy
nuddepeHIMaTbHBIX MHBAPMAHTOB JIEMCTBUS IIPOEKTUBHOM I'PYIIIbI Ha Diff(RPY). On-
HAaKO C ITOMOIIIbI0 3TOJ a/redpbl HEBO3MOXKHO ITOCTPOUTh HOBBIE MHTErPaIbHbIE MHBAPU-
aHTBI, T.K. JTI00ast MHBapMaHTHas 1-dopma, 3aBuUCSILas oT 3-7keToB fudpeomopdnsma

¢, BbIpaykaeTcs uepes w, Jw ¥ MoHbI auddepeHunan dJ, MHTerpaa oT KOTOPOTO paBeH
0.

Pa6oTa BbInosiHeHa Mpy GyHaHCOBOI rogaepskke PODU (rmpoekT Moi_a 16-31-00044).

JIureparypa
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O [TPOEKTUBHBIX TUOOEPEHIIVIAJIBHBIX UHBAPUAHTAX
TMMPSIMOJIMHEMHBIX 2-TKAHEM HA IVIOCKOCTU

I1. B. bubuxkos!, 1. C. CrpenbioBa’

Itsdtp4u@proc.ru, UHcTUTYT 1ipo6ieM yrpasiennus PAH
2strelzova_i@mail.ru, ACTpaxaHCKUii TOCYLAPCTBEHHbIN YHUBEPCUTET

PaccMoTpuM yIopsiioueHHYI0 2-TKaHb Ha IJIOCKOCTU M = R2(x, ¥), COCTOAILYIO U3
IBYX NPSIMOJIMHENMHBIX c/ioeHnii. Kaxkpoe Takoe ¢JioeHMe MOKHO 3aaTh JIMHUSIMU YPOB-
Hs QyHKIMK u(x, y), KOTOpas yIOBJIeTBOPSIeT ypaBHeHMIO drekca

2 2
uyuxx —ZUyuxey + uyyux =0.
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OTO0 ypaBHeHMe mmeet rpynny cummetpuii SL3(R) x Dif feo(R), rme SL3(R) — rpyn-
Ta MPOeKTUBHBIX Mpeobpa3oBaHuit maockoctu, a Di f feo(R) — rpynma KaanbpoBOYHBIX
npeobpasoBanmii Buga u — f(u) [1],[3]. [Tocne dbakTopusaimumu ypaBHeHus duiekca 1o
rpyIine KaauOpoBOUYHBIX ITpeoOpa30oBaHMit Mbl ITOTyYyaeM ypaBHeHMe Jitjiepa. ITO IT03BO-
JIeT HaxXOOUThb IIpoeKkTHBHbIe OuddepeHIaTbHble MHBAPUAHTHI MPSIMOIMHEHBIX TKa-
Hell Ha IJIOCKOCTH [2].

[Tyctp ul(x, ), u? (x,y) — maakue QyHKIMM OOIIEro MOJOKEeHNST Ha TUIOCKOCTH, 3a-
naroriue 2-TKaHb. Kakmast 13 sTux QyHKIMI SIB/ISIETCST pellieHeM ypaBHeHMsT Ditiepa.
[TpoekTuBHOe meictBue rpynnsl SL3(R) MHoAYLIMPYeET OeiiCTBIe Ha pellleHUSIX YpaBHeHUS
Oiinepa, a ero MHBAPUAHThI AAIOT MPOEKTUBHbIE MHBAPUAHTBI IIPSIMOIMHENHBIX CIOEHUIA.

Teopema. OyHKyus
(vvyy — 21}%,) w3

]2— )
(wwyy—ZwJZ,)v3

20e

u dugpgpeperuuposarus

01 = Vi, 6o= Vo,
! Vi1(J2) ! 2 Va(J2) 2
20e
viept_4 _, 4 _4d
YWWax ay YT Tadx ay

UHBAPUAHMHbBI OMHOCUMEbHO delicmaust npoekmusHoti epynnst SL3 (R).

Pa6oTa BbinosHeHa mpy huHaHCOBOI rogaepkke PODU (rmpoekT mon_a 16-31-00044).

JIuteparypa
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[2] KruglikovB.S., Lychagin V.V. Global Lie-Tresse theorem. // Selecta Mathematica.
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0 CXOIMMOCTU UHTEI'PUPYEMBIX OIIEPATOPOB,
IMPYCOEJVUHEHHBIX K KOHEYHO! AJITEBPE ®OH HEMIMAHA

A.M. BukueHnTaen!

L Airat.Bikchentaev@kpfu.ru, Kasanckuii (IIpuBOmKCKMii) dpemepanbHblii YHUBEPCUTET

ITycTh T — TOYHOE HOpMAaJbHOE CIeI0BOe COCTOsIHMe Ha anrebpe doH Helimana .,
AM(P' — pemeTka MpoekTopoB B ./, I — enyHuna /. Hamu uccnenoBaHa CXOAMMOCTb
B 6aHAXOBOM MPOCTPaHCTBe Lj (A, T) UHTETpUPYEeMbIX OTHOCUTEIBLHO T OTIepaToposB [1],
[2]. Beegena gucrniepcusi D(X) = | X —7(X) [ II% oneparopa X € Lo(.#,T) M yCTaHOBJIEHBI €€
OCHOBHbIe cBOJiCcTBA. ITokazaHo, UTO Lilreldf: I X—al II% =D(X) nns Bcex X € Lo (4, 1). Ilpen-

JIOKeH KpUTepUii CXOOUMOCTH IMOC/Ief0BaTeIbHOCTEN oTiepaTopoB U3 Lo (4, T) B TepMU-
Hax gucnepcun. Ilycrs £y ={X € Lo( A, T) : T(X) =0}. Ona Xy, X € £y (n € N) nokasa-

Ha 5KBUBAJIEHTHOCTb ycaoBuii: (i) Xy, w» X nipu n — oo; (il) Xy . Xu D(Xy) — D(X)

npu n — oo. I[lokaszaHo, yro misi X € Li(#,T) cnenywiiye yCI0BUSI S5KBUBAJIEHTHBI:
(1) 7(X)=0; (i) [I+2zX]|ly =1 pnsaBcex z€ C.

HomonueH pesynbraT A.P. [TagmaHa6xaHa [3] 06 omHOM CBOVCTBE HOPMbI ITPOCTPaH-
crBa L1 (4, 1): ecnu onepatop A€ L (4, t)t Hecunrynsapesn, To

Ve>030>0 VPe4P' (1(P)=¢e= |PAP|;=9).

YcTaHOBJIeHA CXOOMMOCTb B Lo (4, T) MHMMBIX KOMIIOHEHT HEKOTOPbIX OrPaHNUYEHHbBIX
[OwIeI0BATEIbHOCTEN OIepaTopoB U3 4 . [1oyyeHbl IPUIOKEHUS K CXOAUMOCTU IC-
nepcuit. [lokazaTenbCTBa MPUBeAEHHBIX (PakKTOB CM. B [4].

Pabora BbITIONIHEeHA TPy noaaepskke Poccuiickoro ¢oHma ¢pyHAaMeHTaIbHBIX MCCIIe-
IOBaHMI ¥ IpaBUTeNbCcTBa Pectry6nmyky TaTtapcraH (rpaHT 15-41-02433).
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POJIb ITOYTMH BIIO/JIHE PA3JIO>KMMBbIX I'PVIIII B TEOPUM ABEJIEBBIX
I'PVIIII BE3 KPYYEHUSA

E. A. BraroBemeHckas’

Lkblag2002@yahoo.com, (Iletep6yprckumii FocynapcTBEHHbI YHUBEPCUTET IIyTeii CO06-
eHus umriepaTtopa Anekcasapa I)

bosnee monmyBexka Hasaz Teopust noumu 6noJiHe pas3ioxuMbslx TPYIII Bblaeaniach B ca-
MOCTOSITETbHYIO BETBb 0011ei1 Teopuu abesieBbIX Py 6e3 KpyueHus, cm. [1]. E€ ncroku
c/eyeT UCKaTh B JABHUX pe3y/bTaTax, B KOTOPBIX ObUIO OTKPBITO CyllleCTBOBaHMe abe-
JIeBBIX TPYIII 6e3 KpyueHUsI, He SIBJISIONIMXCS ITPSIMbIMM CYMMaMM TPYIIN paHra 1. Ajiek-
caunp 'enHagbeBny Kypoin B cBoeil 3HaMeHUTOM KHure «Teopus rpymr» mmcain: «Mbl
YBUOUM I1033Ke, YTO BIIOJIHE PA3JIOKMMBIMU TPYIIIaMU JAJIEKO He MCUYePIIbIBAIOTCS BCe
abeJieBbl IPYIIIbI 6€3 KPYUEHUSI».

TpaauIMOHHBIM MHCTPYMEHTOM ajrebpandyecKkux MCCIeI0BaHMIA SIBJISIETCS pa3Jioske-
HMe aJIUTUBHBIX CTPYKTYP B IMPSIMYIO CYMMY HEpas3jI0osKMMBbIX 00BbEKTOB. JIjisT abereBbIX
rpyni 6e3 KpyueHMsl, eCTeCTBEHHO OIlpeJie/iseMbIX KaK agJuTUBHbIe TMOATPYIIbl Jie-
MEHTOB JIMHEeHOrO IIPOCTPaHCTBA HAJ [10JIeM paliMOHAIbHbBIX unces (Q, Takue pasjioxe-
HUSI OTIpeeNsIIoTCsl HeoqHO3HauHO. [IpocToTa onpeesieHUsT 3TUX IPYII obecreynBaeT
UX IPUCYTCTBME BO MHOTUX IIPUKJIAAHBIX UCCIeLOBAHNAX, a CJIOKHOCTb CTPOEHMUS CO3a-
€T MPersITCTBUS B CBSI3aHHBIX C HUMU BbIYMUCIIEHUSIX.

Kiacc «mouT BITOJIHE Pa3JIOKUMBbIX IPYTIT», 6e3yCJI0BHO, TI0 CTPOEHUIO SIBJISIETCSI Hau-
607ee 6GIM3KUM K KJIacCy BIIOJTHE Pa3JIOXKMMbIX TPyl KOHEYHOTO paHra, Tak Kak COCTO-
UT U3 Tpynil X, comepskalinx eAMHCTBEHHbBIM 00pa30oM OIlpeieJIeHHYIO BITOJIHE XapaKTe-
PUCTUYECKYIO TTIOATPYINY A KOHEYHOT'O MHEKCa, Ha3bIBaeMYI0 «PeryassTOPOM», KOTOpast
SIBJISIETCSI BITOJTHE Pa3JIOKUMOIA.

B oT/inyyie OT BITOSIHE Pa3/IOKMMBbIX TPYIII, OTHO3HAYHO C TOYHOCTBIO 10 M30MOpPU3-
Ma IpefCTaBMMBbIX B BUe MPSMbBIX CYMM HepaslOXMMBbIX (JlaraeMbIX paHra 1, B Kjac-
ce TIOYTH BIIOJTHE Pa3JIOKMMbIX I'PYIIIT peaan3yeTcs Bce MHOTO0Opa3ye Hen30MOpP(hHBIX
MIPSIMBIX Pa3JIO’KeHU, BbIpa)keHHOe B TEPMMHAaX PaHr'0B C1araeMbIX, KOTOpOe CYIIeCTBY-
eT B abejieBbIX IrpyInax 6e3 KpyueHus KOHEYHOTO paHra.

MHorue cBojicTBa abeneBbIX I'PYIIN, B TOM UKC/Ie, UX MPSIMBbIX pa3jioXKeHU, orpee-
JIAIOTCSI CTPOEHMEeM UX Kojiell 9HA0OMOp(13MOB. [Ij1s1 TOUTH BITOJIHE Pa3jI0KMMBbIX IPYIII
X C «IIUKINYECKUM PEeryIsITOPHBIM (pakTopomM» X/A ¥ HEKOTOPbIMM OTpaHMUEHUSIMU
Ha TUIIbI IPSIMBIX CJIaraeMbIX paHra 1 perynsitopa A nokasaHa TeopeMa B dopme Bapa-
KanaHckoro, cBUIETe/NbCTBYIONIAs O MaKCMMAaJIbHO JONYCTMMOM B3aMMOCBSI3U TPYIIIL
M3 9TOTO KJIacca M UX Kojiel SHAOMOP(GMU3MOB («IIOUTH M30MOPGMU3M», UCIIOIb3yEMbIN B
dbopMynMpoBKe TeOpeMbI, ITpeACTaBsieT c000it HEKOTOPOe YKe CTaBlliee TPAAUIMOHHBIM
B Teopuu abesieBbIX I'PYII 6e3 KpydeHus ocnabaeHnue MOHSATUSI u3oMopdu3ma, Heob6Xo-
ouMoe JJ1s TIoyueHMs KacCu(pUKalMOHHBIX pe3yabTaToB B Teopuy abeneBbIX Pyl 6e3
Kpy4YeHUs BBULY UX CJIOXKHOM CTPYKTYPDI):

Teopema (E. biarosemenckas, I. iBanos, @. lllyabTn) IIycms X, Y — noumu
8NOJIHE PA3NI0HCUMbLE 2PYNNbL C YUKAUUECKUM pe2ynsimopHbiM pakmopom. Tozda X u Y no-
umu u3oMop@Hwl, eciu u MmoJibKo eciu ux Koavua sHoomoppusmos EndX u EndY uzomopa-
Hbl.
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O HEPEAJIM3YEMOCTU HEKOTOPBIX PACITOJIOJKEHUI
PACITATAIOIIVIMUCS INIOCKUMU BEHIECTBEHHBIMU KPUBBIMU
CTEITEHEN 7 U 8

1. M. Bopucos!, I. M. TTonoToBcKuit?

1i. m.borisov@mail.ru, HauyoHaNIbHBIA MCCIemOBaTeNbCKIUI Hiskeropogckuii rocygap-
CTBeHHbII yHUBepcuteT umM. H.U. JlobaueBCKOTO

2polotovsky@gmail.com, HauoHaIbHbIi MCCIeL0BaTeIbCKIi Hiskeropomckuii rocygap-
CTBeHHbIN yHUBepcuteT um. H.W. Jlo6aueBckoro

MbI mIpofio/iskaeM TOIOJOTMUECKYI0 KiaccudUKaIuio TPOeKTUBHBIX TIJIOCKUX pacria-
IAMOIIMXCS BellleCTBEHHbIX alirebpanvyeckuxX KPUBBIX JaHHOI CTeNeHM n TIPU OIpee-
JIEHHBIX YCJIOBUSIX MAKCYMMAaTbHOCTHM M OOIIIEr0 MOOKEeHMSI KPUBBIX-COMHOKUTeEE. [IJis
n = 6 Takas knaccudukaiys 6buia mosydeHa B [1], Ajist n = 7 B cyyae IBYX COMHOKUTE-
Jiei aToi 3amade nmocBsineHa cepust pa6ot C.10. OpeBkoBa, E.W. Illyctuna, A.B. Kopuaru-
Ha, ['M. [TonotoBckoro u Ap. (cm. [2]-[6] u 6Gubnuorpaduio B [5].)

B naHHOIt paboTe paccMaTpUBAIOTCSI KpUBbIe CTeleHM 7, pacragaliyecs B Ipou3Be-
IeHyue NBYX KOHUK M M-KyOuKM MPU YUIOBUSIX, UTO KOHMUKM TTepeceKaroTcsl IPyT C Opy-
T'OM B YEThIPEX TOUKAX, a HEUETHAS BETBb KyOMKM ITepeceKaeT Kaxkaylo 13 KOHMK B IIeCT
TOYKaXx, IPUYEM BCe 3TU 16 TOUEK BellleCTBEHHBI U ITOMapHO pa3anyHbl. [JokazaHa Hepea-
JIN3yeMOCTb TaKMMM KPUBBIMU PsiJia PACIIOIOKEeHU (CM. TIpUMep Ha puUC.1, rae BHEIIHSA
OKPY>XKHOCTb — I'paHuLia Mmozgenu [TyaHkape nMpoeKTUBHOM IVIOCKOCTH). B HacTosmuin mo-
MEHT OCTa€TCSI OTKPBITHIM BOIIPOC O peayin3yeMOCTy 23 MOI0OHbIX PACIIOIOKEHMIA.

PaccmoTpeHa Takke cepysi KPMBBIX CTeeHM 8, pacIiafarolnxcs B Ipou3BeneHne Ko-
HUKU U M-CeKCTUKH, TIepeceKarnmxcs B 12 momapHoO pasjInMuHbIX TOYKAX, JeKallMx Ha
OIHOM M3 OBaJIOB CeKCTUKMU. JloKazaHa Hepeaanu3yeMOCTb TaKMMU KPUBBIMMU CEMU He 3a-
MpeIEHHBIX paHee PacCIIoIOKeHMI, OGHO M3 KOTOPBIX IIPUBEAEHO 4J1s IpuMepa Ha PUC.2.

JloxaszaTesnbCTBa COCTOAT B UCII0/Ib30BAaHMUM TOIIOJIOTMYECKUX CIIeNCTBUI TeopeMbl be-
3y U B IIipuMeHeHuN metona OpeBKkoBa (CM. [2]), OCHOBaHHOTO Ha TeOpUM KOC U 3aLierie-
HUIA.

Puc.1 Puc.2

PaboTa BbINO/IHEHA TP YaCTUUHOM pMHAHCOBO Iogaeps;kke MuHo6pHayku PO (rmpo-
ekt 1.1410.2014/K).
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POCT LEJIBIX ®YHKIIWUI C HY/ISMU HA 3ATAHHBIX MHOYKECTBAX,
NMEIOIIVMHA ®UKCUPOBAHHBIE INIOTHOCTU

I.T. Bpaiiues!

Ybraichev@mail.ru, MoCKOBCKMII ITeAarornyeckuii rocysapCcTBeHHbI YHUBEPCUTET

Ilycrs f(z) - wenast yHKUMS C HyIIMM A p = A = (An)5. s na(r) — canraromas GpyHk-
L[MS1 9TOVA [TOC/Ief0BATEIbHOCTH.

3amagum p > 0. BepxHssl U HVOKHSISL p-TIZIOTHOCTHM NOC/IeOBATeIbHOCTYU A onpesess-
I0TCSI paBeHCTBAMU

—~ —— np(r) . np(r)
Ap(A):= 1 , A (A):=1 .
) r—l}Poo rP —p( ) r_l)_l’ﬁjo rP
NG
3ameHa 31ech np (r) Ha Np(r) := [ dt omnpenenseT ycpegHeHHbIe BePXHIOI U HIK-

0
— %
HIOI0 P-IVIOTHOCTN A, (A), é’;(A).
TUITOM ¥ HUKHUM O-TUIIOM 11e10i yHKIMK f(z) Ha3bIBAIOT BEIMUMHBI

op(f) = lim r~PInmax|f(z)], gp(f) = lim r~Plnmax|f(z)|.
Ir—+oo |z|=r r—+00 |z|=r1

B mokIazie 1ar0TCs TOUHbIE OLEHKM TUIIA Y HIDKHETO O-TUIIA 1e/Ioii GyHKIUM Jepes
O-IUIOTHOCTY VIV YCPeIHEHHbIe 0-TUIOTHOCTY ee HyJleli B CIeAYyIOIMX CIydasx: Bce Hy-
1M JIeXKaT B yIie; MeXAY ABYMS Mapa/leIbHBIMM WM IlepeceKaiolMyCcs IPSIMbIMM; Ha
yJax, paszensolMX KOMIVIEKCHYIO IIOCKOCTb Ha paBHbIe YIVIbl, @ TaKXe B 00/1aCTsX,
ACUMITTOTMYECKM OIU3KMUX K YKa3aHHBIM.

B kauecTBe mpuMepa pUBeeM TaKye pPe3ylbTaTbl
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Teopema 1. Tun yenoii ¢ynkyuu f(z) nopsioka p € (0,1) ¢ HyaIMU, PACNONOHEHHDL-
mu 8 yene pacmeopa 20 € [0,7] u umernowumu ycpedHeHHble p-NJIOMHOCMU A;(Af) =
B*, A Z(A £) = a’, ydoenemeopsem mouHsiM, 0OCIMUMCUMBLM OYEHKAM

* In(a? +2 0+1
B 0 . n(a“ +2acos )

op(f) = , op(f) =
p ! 2  a>0 aP p )
aa“p
* * —p_ * —p
mTa™ cospl a a’T (T + cosB)
>p| — L axf G 5 ) dr |,
sinzp a>0 / T4+ 27Cc0s0 +1
1/p
61611
k
e a
2de ay, az (0 < aj <1< ap < e)—-KOpHU YpasHeHUsl aln—:F.
a

Teopema 2. HuxcHuti p-mun L;eﬂou ¢yHxyuu f(z) nopsoka p € (0,1) ¢ Hynamu, umero-
WumMu ycpeOHeHHble p-NJI0MHOCMu AL (Af) B* uA*® (Af) = a™, pacnonoxceHHsIMU NPo-
U360J1bHO 8 KOMNJIEKCHOU NJIOCKOCMU, yaosﬂemeopﬂem MOUHBIM, JOCMUNUMbBIM OUEHKAM

_1
bal p
* * —o0—1 T+1
a* <o (f) < , —su 7P n dt
zp(f)<pp sinzp bfé P b+1 |
_1
0
ba,
e aF
2de ay, ap — KOpHU ypasHeHus aln— = E
a
Ecnu xce mynu pyrxyuu f(z) nexcam Ha 00HOM Jiyue, Mo 8bINONHIEMC MOYHAS OYEHKA
I, (f) = P a”,
sinz p

npuvuem paseHcmao 30ecb Moxcem docmuzamscs npu 1060M 3HaueHuu sepxHeti ycpeoHeHHOT

p-njaomHocmu K;(Af) =p*=a”.

O CIIEKTPE OIIEPATOPOB, ITOPOXJEHHbBIX MHTEI'PAJIbHBIM
YPABHEHVEM

B. M. Bpyk!

Wiladislavbruk@mail.ru , CapaTOBCKMi1 TOCYAapCTBEHHbII TeXHUUECKII YHUBEPCUTET

Ha oTpe3ke [a, b] paccMaTpuBaeTcsl ypaBHeHMe

I3 t t
Y =x+ f (dp)y(&) + A f YO+ f FOde, )
S S S

rae y — HeusBectHas byukuusi, A e C, x€ H, fe L1(H; a, b), H - KOHEYUHOMepHOe TUIb0ep-
TOBO IPOCTPAHCTBO, p — Mepa, olpee/ieHHAsl Ha 60pesieBCKUX MHOKecTBaxX A c [a, b] <R
U IPUHMUMaAIOLIAs 3HAUeHMSI B MHOXeCTBe JIMHeNHBIX OllepaTopoB, AeMCTBYIIINX B H.
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Mepy p npopomkaemM Ha HEKOTOPbIN OTpe3oK [a, bgl (bg > b), nonaras p(A) =0 gjis1 Bcex
6openeBCcKUX MHOXeCTB A C (b, bg]. DyHKUMIO f pomomkaem Hyslem Ha (b, byl. B (1) cun-
t
Taem t, s € [a, bg]. CumBosn f o6osHauaer [ ,ecmn s<t;— [ ,ecnu s>t;0, ecnu s=t1.
[s,1) (£,$)

Teopema 1. /[na 1060t pyHxkyuu f € L1 (H; a, b) uniob6ozo x € H cyujecmgyem eOUHCMBEH-
Hoe peweHue ypasHeHus (1) Ha ompeske [s—0, bgl, 20e 6 =6 (s) >0 docmamouHo manou d =0
npu s=a.

CnenctBue 1. Ecnu s = a, mo cyujecmgyem eduHcmeeHHoe peuweHue ypasHerus (1) Ha
[a, bo].

OTtMeTum, uTO pelieHue ypaBHeHMsI (1) HempepbIiBHO cieBa. OO603HAUMM uepes
U(t, s, A) oniepaTop, CTaBsLMil B COOTBETCTBYME KaXAOMY S/1eMeHTy x € H 3HaueHue y(f)
pelureHus y ypaBHeHus (1).

Teopema 2. I[Tycme 6 (1) s = a. Tozda peweHue ypasHeHus (1) umeem eud y(t) =
U(t,a,/l)x+f U(t,s,A)f(s)ds.

la,t)

B nipoctpaHcTBe L1 (H;a, b) onipenenm MakCMMaJIbHbIN L ¥ MMHUMAaJbHBIN L oTle-
paTopsl, MOpOXKAeHHbIe ypaBHeHMeM (1) ipu s=a, A = 0. dyukuuio y € L1 (H;a, b) oT-
HeceM K o6yiacTu orpepeneHus ornepaTopa L, e HaayTcs sneMeHT X € H u GyHK-
uusi [ € L1(H;a,b) takue, yro BoinonHsercs (1) npu s = a, A = 0. [lonaraem Ly = f.
Omnepartop Lo — 3TO cy>keHMe L Ha MHOXXeCTBO (DYHKLVIA y, YIOBIETBOPSIOUIMX YCTOBUIO
y(a) = y(bo) =

[TocTaBUM B COOTBETCTBMe Kaxkaoil GyHKuuM y € D(L) mapy TpaHUMYHBIX 3HaUeHUI
Y1¥, Y2y 1o dopmynam: y1y = y(a), y2y = y(bg) — U(bg,a,0)y(a). Torna yeTBepKa
(H,H,y1,Y2) SIBIeTCSl MIPOCTPAaHCTBOM T'DaHUYHBIX 3HAUeHUIt B CMbicjie paboTsl [1].
Mexny cyskeHusIMuU L oreparopa L TakuMy, 4To Lo € L C L, ¥ THeHBIMY OTHOIIeHM-
samu 0 € H x H cyliecTByeT B3aMMHO OAHO3HAauYHOE COOTBETCTBME, OMpeesisieMoe COOT-
HOIIIeHMEeM: y € D(L) Torma u TONbKO TOTAA, KOrAa Iapa (Y1),7v2Y) € 6. B aTOM City4ae
o603HauaeM L = Ly. [Tonosxkum @y = U(by, a,A) — U(bg, a,0). U3 [1] cienyer

Teopema 3. Touka A € C moz